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Abstract 
Canonical correlation analysis is a versatile multivarite technique that is prone to distortion as a result of 
correlation outliers. The detection and treatment of such outliers is complicated by outlier masking 
effects. Methods that check the effect of one observation at a time are therefore unsuccessful as 
diagnostic tools. In this paper we suggest that an approach involving the robust estimation of correlation 
matrices be used for canonical correlation analysis, with the robustness weights used to identify outliers. 
We apply this approach to the full correlation matrix before performing a canonical correlation analysis, 
and then we apply this approach  to the canonical variate scores after performing an initial canonical 
correlation analysis. Real and simulated examples suggest that, provided an appropriate weighting system 
is chose, the last approach produces the best performance in terms of detecting canonical correlation 
outliers and containing them.  
 
Introduction 
In canonical correlation analysis components are extracted from two sets of variables in such a way as to 
maximise the correlation between these components. When one of the variable sets consists of indicator 
variables canonical correlation analysis is equivalent to a discriminant analysis. When both sets of 
variables consist of indicator variables canonical correlation analysis is equivalent to a correspondence 
analysis. Canonical correlation has also been used to develop structured time series models (Harvey, 
1989). In this case the two sets of variables are identical except that the predictor set is lagged by one 
period.  
 
More recently Johansen (1996) has used canonical correlation to test for cointegration between time 
series. In econometric and financial data it is often important to determine whether variables have a long-
term relationship. Such variables are said to be cointegrated and the relationship between them may be 
described using an error correction model. Consider a number of time series measured at regular intervals 
of time (e.g. monthly). Most econometric variables move around quite a bit and are therefore said to 
display non-stationary behaviour. When variables are co-integrated it is possible to find linear 
combinations of these variables that are stationary.  
 
When there are only two time series it is easy to test for cointegration. This is done by regressing the 
output series on the input series and testing the residuals for stationarity. If the residuals are stationary it 
means that the two series are cointegrated and the relationship between the two series is expressed using 
an Error Correction Model. In its simplest form this model is given by the equation 

ttttt ebaba +−+∆=∆ −− )( 1110 βγγ  
In this equation at denotes the output series, bt denotes the input series and the series et is a white noise 
process of independent errors. The symbol ∆ is the difference operator used to indicate the change in a 
variable from one period to the next. In this equation the vector (1 -β) is referred to as the co-integrating 
vector because it produces a stationary process despite the fact that x and y are non-stationary. When 
there are more than two non-stationary time series it is not so easy to test for cointegration and one needs 
to use canonical correlation analysis. This approach is also reputed to give more reliable results for the 
two series case. However, to the best of the author’s knowledge the effect of outliers in this comparison 
has not been investigated.  
 
A brief description of canonical correlation analysis follows. If the two variable sets are labelled x and y 
the solution to a canonical correlation analysis can be expressed as the solution to the following equations 
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when the full correlation matrix (R) for x and y is partitioned as follows 
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The eigenvalues µ and λ are equal, providing estimates for the squared canonical correlations. The 
eigenvectors, w and v, yield pairs of canonical variables (w’x and v’y) which have the maximum possible 
(canonical) correlation. The other important properties of these canonical variates are given in Anderson 
(1984).  
 
 Below we briefly describe how canonical correlation analysis can be used to test for cointegration using  
the step-by-step procedure of Harris (1995) and Sims (1980). Let zt denote a vector of two or more non-
stationary time series at time t. These series must become stationary after a first difference (i.e. ∆zt must 
be stationary). 
a) Determine the appropriate number of lags required in a model for zt in order to produce independent 

(white noise) residuals (ut). For example, in the two lag case, 

tttt uzAzAz ++= −− 2211  
b) Test for a significant linear trend and a significant constant term in the Dickey-Fuller equation 

ttt eztz +++=∆ −110 δββ . 
Also test for the significance of any policy interventions or seasonality using dummy variables. If 
any such terms are significant they should be incorporated in the above model.  

c) Now formulate a dynamic model for ∆z, incorporating the appropriate number of lags in the model in 
order to ensure that the residuals are independent. For example, in the two lag case, 

tttt ezzz +Π+∆Γ=∆ −− 211  
where the residuals (et) are independent and normally distributed. In general this equation only 
makes sense if Π has rank zero because it is impossible for a set of stationary series to equal a set of 
non-stationary series. If the rank of the Π matrix is zero it means that it is not possible to obtain a 
linear combination of z series that is stationary. This means that the series are not co-integrated. If 
the matrix Π has full rank it means that all the z series are stationary to start with, so the whole 
question of cointegration is irrelevant.  

d)   Cointegration occurs when the rank of matrix Π lies between these two extremes. Assume that this is 
the case with rank(Π)=r. If we express this matrix in the form 'αβ=Π where β represents the 
cointegration vectors and α represents the speed of adjustment to equilibrium, only r of the columns 
in β are independent. We determine r by consider the canonical correlation between ∆zt and zt-2 
controlling for the influence of ∆zt-1. This can be done using canonical correlation between the 
residuals (r and s) for the following models. 

ttt
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−
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1  

The eigenvectors corresponding to the significant eigenvalues for the s-residuals define the co-
integration vector (β).  
 
The following philosophy justifies this approach. The first set of residuals (rt) will obviously be 
stationary because the dependent and independent variables are stationary. The second set of 
residuals (st) is expected to be non-stationary because the zt series is non-stationary. However, it is 
possible for these residuals to be stationary if the zt series are cointegrated. If we find a significant 
canonical correlation between the rt and the st residuals it suggests that we have a stationary st series 
(i.e. cointegration). The number of cointegration vectors contained in β equals the number of 
significant canonical correlations because this is the effective rank of Π. 
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 In this study diagnostics and robust estimation are investigated in the context of canonical 
correlation analysis. Four methods are considered for detecting outliers and reducing the effect of 
these outliers in the context of canonical correlation analysis. These four methods use normal 
probability plots, canonical score regressions, robust correlation analysis and robust canonical 
correlation analysis respectively. We illustrate these methods using two simple examples, Linnerud’s 
physiology-exercise data (SAS Institute, 1989) and the Black Eagle study of Bailey (1993). The first 
example considers the canonical correlation between two distinct sets of variables for a random 
samples of observations, while the second example considers a structured time series model. 
However the results are also valid in the very important cointegration setting. In the case of both the 
examples it was found that the robust canonical correlation method produced the best results 
provided that the Huber weighting system was used. The same conclusion was obtained when the 
four methods were applied to contaminated simulated Gaussian data. 
 

 
Methodology 
An empirical approach was used to compare four different methods for identifying and containing 
outliers in canonical correlation analysis. These methods were applied to two real data sets and were then 
applied to simulated data. In particular we monitored the effect of these methods on the first canonical 
correlation coefficient. 
 
The first diagnostic method involved detecting influential points and outliers using normal probability 
plots and then deleting these points before performing a canonical correlation analysis. Standard 
regression diagnostics (See Cook(1977), Cook and Weisberg (1982) and Velleman and Welsh (1981)) 
were applied to the residuals. Outliers were identified by high standardised absolute residuals and 
influential points were identified by their leverage (h), Mahalanobis distances or DFITS values. The 
canonical correlation analysis was rerun after successively removing all these points and any change in 
the first canonical correlation coefficient was noted. 
 
The second diagnostic method involved regression diagnostics for the canonical scores. For significant 
canonical correlations it is usual to illustrate this correlation by plotting the corresponding canonical 
scores (w’x and v’y) against each other. A simple linear regression can then be used to model the 
relationship between these scores. When one of the data sets consists of predictor variables while the 
other consists of response variables, the choice for the regression response and predictor variables is 
obvious. When this is not the case it is advisable to consider a w’x on v’y regression as well as a v’y on 
w’x regression. After deleting any outliers or influential points the canonical correlation analysis was 
rerun and any change in the first canonical correlation was noted. 
 
Gnanadesikan and Kettenring (1972) and Devlin, Gnanadesikan and Kettenring (1981), claim that outlier 
detection procedures should be tailored to protect against specific types of situations. In the case of 
canonical correlation analysis it is correlation distortion that must be guarded against. This suggests that 
the best method for protecting a canonical correlation analysis against the effect of outliers is to perform 
canonical correlation on a robust version of the correlation matrix (R). In such an analysis observations 
with low weighting can be identified as outliers. This was done in the third diagnostic method. As 
recommended by Devlin, Gnandesikan and Kettenring (1981) robust M-estimators were used for the 
correlation matrices in view of the small sample sizes. Two different weighting systems attributed to 
Huber (1964) and Campbell(1980) were considered. 
 
Huber (1964) suggested a system of non-descending weights for the robust estimation of correlation 
matrices. The weight for the ith observation (zi) is determined by its chi-squared distributed Mahalanobis 
distance, defined in the usual way using the sample estimate for the covariance matrix, Σ. 
  )(ˆ)'()( 1 zzzzid ii −Σ−= −  . 

The Huber weights are defined below in terms of the 90th percentile of the distribution when there are 
p-variables. 

2
pχ
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Campbell (1980) suggested an alternative system of weights. 
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In the case of both weighting systems observation weights for any iteration are taken as the minimum for 
the previous iteration’s weights and the calculated weights, producing non-descending weights and 
preventing solution oscillation (Campbell (1980)), hence the name non-descending weights. These 
weights were used to obtain more robust estimates of the covariance matrix (and correlation matrix) as 
indicated below. 
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The fourth and final method we have called the robust canonical correlation method. This method was 
designed to identify outliers that are distorting the canonical correlation coefficient itself. Only these 
observations were down-weighted with the weights of other outliers left intact at one. This method can be 
explained in four steps:- 
a) Perform a canonical correlation analysis and compute the canonical scores (α=w’x and β=v’y). 
b) Determine a robust correlation matrix for the canonical scores using an appropriate non-descending 

weighting system. 
c)  Use this correlation matrix to perform a canonical correlation analysis and computer the canonical 

scores. 
d) Repeat step (b) and (c) until successive estimates for the canonical correlation coefficient are 

sufficiently close. 
This method obviously addresses directly the idea that outlier detection should take into consideration the 
type of analysis being performed (Gnanadesikan and Kettenring (1972)).    
 
 
Results 
The above four methods are compared in the context of two small real examples and two slightly larger 
simulations. In particular we consider the number of outliers detected and the effect on the canonical 
correlation coefficient. In the case of the two examples we do not know the true value of the correlation 
coefficient so it is not really clear which of the four methods is producing the most accurate coefficient. 
The simulation analysis allows us to structure the data so that a higher canonical correlation coefficient 
always means a more effective method. 
 
Example 1: Physiology-Exercise data 
This data considers the relationship between physiology and fitness in twenty middle-aged men using 
three physiological variables and three exercise variable. Only the first canonical correlation (0.80) was 
found to be fairly significant (P-value = 0.06). Canonical scores were calculated for the first pair of 
canonical variables. High physiological scores were associated with small body size and a high pulse rate, 
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while high exercise scores were associated with high performance in terms of chins, situps and jumps. 
This suggested that small men with high pulse rates were more likely to be relatively fit.  
 
But was this analysis reliable? In particular, were there any outliers in the data causing inaccuracy? Any 
correlation analysis is known to be very sensitive to outliers. The above four methods for detecting and 
containing canonical correlation analysis outliers were used to address this question. Method 1 is 
considered in Figure 1, Method 2 in Figure 2 and the results for all four methods are presented in Table 1. 
 
Normal probability plots for the canonical scores suggested that the data was reasonably normal in 
distribution (See Figure 1), however, there were two notable outliers. Participant number 9 had a 
particularly high physiological score and participant number 14 had a particularly low physiological 
score. Deleting these outliers reduced the canonical correlation from a significant 0.80 to an insignificant  
0.75. 
 
Figure 2 shows regression plots for the original canonical variable scores against each other. Is 
physiology the response variable or is exercise the response variable? Arguments could be raised for both 
these viewpoints so two regressions were performed in order to accommodate both arguments.  From the 
second graph in Figure 2 we can see two very influential points and one outlier. If we ignore these three 
points and rerun the canonical correlation analysis the canonical correlation increases from 0.80 to 0.82. 
 
Figure 1: Physiology-Exercise Data: Normality Plots for first canonical scores 

 
Figure 2: Score Regression to Identify Outliers and Influential Points 
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Now methods 3 and 4, robust correlation analysis and robust canonical correlation analysis are applied 
with this data. Huber and Campbell weights are tested producing the results shown in Table 1. 
 
Table 1: Comparison of Results for Four Methods in the case of the Physiology-Exercise Data 
 
Method 1st Canonical 

Correlation 
(P-value) 

Outliers and/or Influential People (*)  
[Non-zero weights given below] 
 

Original Analysis 0.80(0.06)  
1. Identification of outliers and/or 
influential points using normal 
probability plots for scores 

0.75(0.18) 9,   14 

2. Identification of outliers and/or 
influential point from Canonical 
Score Regression:  
Physiology on Exercise 

0.82(0.10) 9(*) ,  14(*) 

2. Identification of outliers and/or 
influential point from Canonical 
Score Regression:  
Exercise on Physiology 

0.82(0.10) 9(*),  14(*),  19 

3. Huber Weights Robust Correlation 0.86(0.04) 9,        10,      14 
[0.13] [0.15] [0.15] 

3. Campbell Weights Robust 
Correlation 

0.88(0.04) 9,        10,     14 
[0.00] [0.00] [0.00] 

4. Huber Weights Robust Canonical 
Correlation 

0.63(0.59) 9,        14,      17,     19 
[0.05] [0.07] [0.54] [0.78] 

4. Campbell Weights Robust 
Canonical Correlation 

0.72 
(unreliable) 

7,      9,      13,    14,   16,    17,    18,    19 
[.04] [.00] [.02] [.00] [.03] [.04] [.02] [.02] 

 
An analysis of  Table 1 suggests that the Campbell weighting system deleted rather too many 
observations (40%) when the Robust Canonical Correlation Method was used, so this method is 
considered unreliable. But otherwise there was fairly good agreement between the four methods with 
observation 9 and 14 being classified as outliers in all cases. However, it was only the analysis specific 
method (robust canonical correlation) that could identify observation 17 as an outlier, while observation 
19 was identified only by one other method. This suggests that one should indeed use analysis specific 
methods in order to detect outliers. The effect of outliers 17 and 19 is enormous in terms of the canonical 
correlation. With these observations down-weighted from one to 0.54 and 0.78 respectively, the canonical 
correlation coefficient drops from 0.80 to an insignificant 0.63. It seems that there is really no significant 
relationship between physiology and fitness.  
 
Example 2: Black Eagle Example 
This data set involves the effect of rainfall on black eagles in the national parks of Zimbabwe during a 26 
year period. A structured time series model was used to determine the relationship between annual 
rainfall, number of occupied territories, breeding attempts and successful breeding attempts in successive 
years. In the case of this example there was also only one significant correlation (0.70 with a P-value of 
0.05). The results suggested that a previous year with good rainfall and a low success rate, in spite of a 
high attempt rate, tends to produce a higher success rate but lower attempt rate in the following year. 
Ornithologists could probably explain this higher success rate in terms of better condition in breeding 
birds and less competition for food from immature siblings.  
 
But was this analysis reliable? In particular, were there any outliers in the data causing inaccuracy? Again 
we used the above four methods for detecting and containing canonical correlation analysis outliers in 
order to address this question. Method 1 is considered in Figure 3, Method 2 in Figure 4 and the results 
for all four methods are presented in Table 2. 
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Figure 3 suggests that first pair of canonical scores are reasonably normal in distribution and although 
there are no obvious outliers the lowest unlagged canonical score is probably  highly influential. This 
observation was deleted in order to produce an insignificant canonical correlation coefficient of 0.67. 
 
Figure 3: Black Eagle Data: Normality Plots for first canonical scores 

 
 
Figure 4 shows a regression analysis for the original canonical correlation scores. The current (unlagged) 
score must, of course, be regressed on the previous (lagged) score, so only one regression is necessary. 
Figure 4 suggests that there are three outliers (one of them fairly influential) and one other highly 
influential point. These points were deleted in order to produce a canonical correlation analysis under the 
second method (Diagnostics for Score Regression). This again produced an insignificant canonical 
correlation coefficient of 0.67. 
  
Figure 4: Method 2: Regression for Current Scored on Lagged Score: Black Eagle Data 
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Finally we performed a robust correlation analysis and a robust canonical correlation analysis for this 
data. Again we considered both Huber and Campbell weights. The results are shown in Table 2. 
  
Table 2: Comparison of Results for Four Methods in the case of the Black Eagle Data 
 
Method 1st Canonical 

Correlation 
(P-value) 

Outliers and/or Influential Years (*)  
[Non-zero weights given below] 
 

Original Analysis 0.70(0.05)  
1. Identification of outliers and/or 
influential points using normal 
probability plots for scores 

0.67(0.21) 1998(*) 

2. Identification of outliers and/or 
influential point from Canonical 
Score Regression 

0.67(0.16) 1978,  1988,  1989(*),  1990(*) 

3. Huber Weights Robust Correlation 0.77(0.02) 1968,  1986,  1987,  1989 
[0.64]  [0.47] [0.99]  [0.41] 

3. Campbell Weights Robust 
Correlation 

0.88 
(unreliable) 

1966,  1968,  1979, 1986,  1987,  1989,  1990 
 

4. Huber Weights Robust Canonical 
Correlation 

0.69(0.08) 1979,  1990,  1991 
[0.60]  [0.62] [0.91] 

4. Campbell Weights Robust 
Canonical Correlation 

0.88 
(unreliable) 

1967, 1969, 1976, 1979, 1987, 1990, 1991 
[.03]   [.03]   [.02]  [.03]  [.04]  [.03]  [.03]  

 
Table 2 shows that too many years were rejected when the Campbell weighting system was used so we 
shall again ignore this approach. There was little agreement between the other methods in terms of the 
outliers detected, with only 1989 and 1990 being detected by more than one method. Only the Robust 
Canonical Correlation Analysis identified 1979 and 1991 as outliers. The following simulation shows the 
superiority of this method more conclusively. The examples have really only shown that the robust 
canonical correlation identifies outliers that other methods fail to detect. 
 
Monte Carol Simulations 
Two Monte Carlo simulations have been performed each using 100 samples each consisting of 100 
observations of which ten observations are correlation outliers, the most dangerous type of outlier in 
canonical correlation analysis. This gives a 10% contamination rate, well below the 25% breakpoint 
proposed by Huber (1977, 1991) and the 20% proposed by Maronna (1976) for a four variable data set. 
The “clean” data was generated assuming a N4(0,Σ) distribution with Σ as shown below. 

   



















=Σ

00.180.058.072.0
80.000.172.090.0
58.072.000.180.0
72.090.080.000.1

The contaminated observations were generated assuming a N4(0,Σc) distribution with Σc equal to the 
identity matrix in the first simulation and Σc as shown below in the second simulation. 

   



















=Σ

00.180.000.000.0
80.000.100.000.0
00.000.000.180.0
00.000.080.000.1

c

The contaminated points were expected to reduce the canonical correlation because they were associated 
with zero correlations between x and y as opposed to fairly high correlations between x and y for the 
clean data. The contamination was obviously less in the case of the second simulation where correlations 
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between the x-variables and correlations between the y-variables were unchanged. We therefore expected 
that contaminated points would be more difficult to detect in the second simulation. Table 3 confirms that 
the effect of removing contaminated points was to increase the canonical correlation. 
 
Table 3 shows the results of the two simulations when an ordinary canonical correlation analysis was 
performed and when the first two of our four diagnostic methods were applied. Table 4 shows the results 
when the last two of our four diagnostic methods were applied using both Huber and Campbell weighting 
systems. The distributions for the canonical correlations were reasonably normal allowing t-tests to be 
performed in order to compare these four methods.  
 
As shown in Table 3 deleting one of the contaminated points (method 1) caused a significant increase in 
the canonical correlation for both simulations. Using score regression diagnostics produced a significant 
improvement in the canonical correlation only in the case of the first simulation where, on average, 
27.4% of the contaminated points were deleted while only 3.1% of the clean points were deleted. In the 
less contaminated second simulation, score regression diagnostics had little effect on the canonical 
correlation because only 6.5% of the contaminated points were deleted while 5.74% of the clean points 
were deleted on average. Comparing the canonical correlation coefficients for methods 1 and 2 there was 
no significant difference for simulation one but in the less contaminate simulation two, method 1 was 
significantly better. 
 
Table 3: Canonical Correlation Analysis for the Simulated Data: Method 1 and 2 
Covariance Matrix for 
Contaminated Points 

Simulation One (Identity 
covariance for contaminated data) 

Simulation Two (Σc covariance for 
contaminated data) 

Diagnostic Method None 1 2 None 1 2 
Average number of 
contaminated points deleted 

0 1 
 

2.74 0 1 0.65 

Average number of clean 
points deleted 

0 0 2.78 0 0 5.17 

Mean Canonical Correlation 0.8256 0.8417 0.8425 0.8125 0.8309 0.8144 
Standard Error 0.0041 0.0041 0.0038 0.0047 0.0048 0.0045 
 
Table 4 shows the mean weights for the observations when the Robust Correlation and Robust Canonical 
Correlation methods are used as well as the average number of points deleted for the two simulations. 
The canonical correlation coefficients are all much higher than those found in Table 3 suggesting that 
methods 3 and 4 are more effective than methods 1 and 2. The best result (highest canonical correlation) 
is obtained with method 4 (robust canonical correlation) and the Campbell weights, however this method 
down-weights too many observations too heavily for comfort (60.5% and 67.4% of the contaminated 
points, 35.6% and 34.2% of the clean points, in simulations 1 and 2 respectively). The next best result is 
achieved with the Huber weights and the robust canonical correlation method. This method is much less 
aggressive in its down-weighting  (average weights of 0.96 for clean points down-weighted, but the 
percentage of contaminated points down-weighted is still fairly high (48.0% for simulation one and 
52.3% for simulation one). In the case of simulation one there is little difference in the results for 
methods 3 and 4 (Huber weights), however, in the less contaminated simulation one situation there is a 
very significant improvement when the robust canonical correlation method is used.  
 
These simulations have shown that when performing a canonical correlation analysis with contaminated 
data it is best to reduce the effect of any outliers using robust canonical correlation analysis using A 
Huber weighting system rather than a Campbell weighting system. These simulations have therefore 
confirmed what the two examples suggested. 
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Table 4: Canonical Correlation Analysis for the Simulated Data: Method 3 and 4  
 
Covariance Matrix for 
Contaminated Points 

Simulation One (Identity 
covariance for contaminated data) 

Simulation Two (Σc covariance for 
contaminated data) 

Diagnostic Method 3 3 4 4 3 3 4 4 
Weights(*) H C H C H C H C 
Average number of 
contaminated points deleted 

4.66 5.42 4.80 6.05 2.56 2.96 5.23 6.74 

Average Weight for 
Contaminated points 

0.78 0.46 0.72 0.41 0.90 0.70 0.69 0.34 

Average number of clean 
points deleted 

1.45 2.35 12.78 32.03 1.80 2.45 11.80 30.75 

Average Weight for Clean 
points 

0.997 0.974 0.96 0.65 0.997 0.970 0.96 0.67 

Mean Canonical Correlation .8704 .8877 .8789 .8889 .8559 .8763 .8799 .8947 
Standard Error .0026 .0027 .0027 .0053 .0031 .0029 .0027 .0059 
* H=Huber, C=Campbell 
 
Conclusions 
This study has shown that canonical correlation analysis is not naturally robust to correlation outliers. In 
our two examples and the simulations it has been shown that robust canonical correlation using Huber 
weights is a good method for detecting canonical correlation analysis outliers and for reducing their effect 
in canonical correlation analysis. This confirms that diagnostics should always be performed in the 
context of the analysis method (Gnandesikan and Kettenring (1972), Devlin, Gnandesikan and Kettenring 
(1981)).  
 
This result has great significance for cointegration testing using the Johansen method. Financial data is 
characterised by some very serious outliers, caused by financial events such as stock exchange crashes, 
company announcements, and etcetera. These outliers can have very serious effects for cointegration 
testing. This paper has suggested a promising method for minimising their effect. 
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