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0.1 Notation and Definitions

For x, y ∈ Rk, the Euclidean distance ‖x− y‖ = [
∑

i(xi − yi)2]1/2.
For a real matrix A = (aij), A

′ denotes transpose, ‖A‖ = sup{‖Ax‖ : ‖x‖ = 1} is the
operator norm, ‖A‖HS = [

∑
i,j a

2
ij ]

1/2 is the Hilbert-Schmidt or Frobenius norm. The p× p
identity matrix is Ip.

The p-dimensional normal or Gaussian distribution with mean µ and covariance matrix
Σ is Np(µ,Σ). Unit point mass at µ is denoted δµ.

δij is the Kronecker delta, = 1 if i = j, 0 otherwise. ∂z denotes differentiation w.r.t.
variable x.

Modes of convergence. Let (Xn)n≥1, X be a sequence of random vectors, defined on a
common probability space (Ω,B,P), and taking values in Rk.

• Xn converges almost surely to X, written Xn
a.s.−→ X, if ‖Xn(ω)→ X(ω)‖ → 0, i.e.

P({ω : Xn(ω)→ X(ω)}) = 1.

• Xn converges in probability to X, written Xn
P→ X, if for every ε > 0,

P(‖Xn −X‖ > ε)→ 0.

• Xn converges in distribution to X, written Xn
D−→ X, if

P(Xn ≤ x)→ P(X ≤ x)

at every x at which the limit P(X ≤ x) is continuous. This can be shown to be
equivalent to: for every bounded continous function f : Rk → R, one has

E f(Xn)→ E f(X).

Convergence a.s. implies convergence in probability implies convergence in distribution,
but no converse implication holds. Much more on this can be found in standard texts, e.g.
Tao (2012), Durrett (2010), also (van der Vaart 1998, Ch.2).

Stochastic order notation. Let Xn be random vectors and Yn a deterministic or random
positive sequence. The notation Xn = OP(Yn) means that for each ε > 0, there exists M
such that for large n

P (‖Xn‖ > MYn) < n.

If Xn = Xn(u) depends on a parameter u, we say Xn is uniformly OP(Yn) if there exists
M such that for large n

sup
u
P (‖Xn(u)‖ > MYn) < n.
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1 Preliminaries on PCA

Principal Component Analysis (PCA) is used throughout science and engineering to help
summarize, represent and display data measured on many variables in terms of a smaller
number of derived variables. The method originated with Karl Pearson (1901) and Harold
Hotelling (1933); further historical discussion appears in the book Jolliffe (2002). Its routine
use in analysis of data required—and boomed with—the advent of electronic computers:
for example, an early classic in meteorology is the use by Lorenz (1956) of the Whirlwind
general purpose computer at MIT in the early 1950s to summarize air pressure data from
p = 64 stations across the U.S.

Insert Novembre et. al. example.

We start with observed data y1, . . . ,yn ∈ Rp, using n for the number of observations
on each of p variables, dimensions, or features. In these notes, the observations will be
assumed independent, though frequently they are correlated, as in time series. The data
for us is real-valued, but everything goes over to the complex valued data that arises in
signal processing, and indeed results are sometimes easier to prove for complex valued data.

The p× p sample covariance matrix is

Sn = n−1
n∑
i=1

(yi − ȳ)(yi − ȳ)′

Mean correction by ȳ is important in practice, but here for simplicity we assume that
Eyi = 0, and work instead with

Sn = n−1
n∑
i=1

yiy
′
i = n−1Y ′Y (1)

where the n× p data matrix Y has as its ith row the observation y′i.
Our main focus is the eigenstructure of covariance matrices. Linguists and information

theorists note that the most basic concepts typically have short representations in many
languages. So it is with the eigenvalue-eigenvector decomposition of a sample covariance
matrix, which has been given acronyms in many fields, curiously always with three letters,
for example: PCA: Principal Component Analysis, KLT: Karhunen Loeve Transform, EOF:
Empirical Orthogonal Functions, and POD: Proper Orthogonal Decomposition. It is also
closely related to the SVD: Singular Value Decomposition of the data matrix Y .

It is important to distinguish the population and the sample versions of the eigende-
composition. For the population covariance matrix, we write the eigenvalue-eigenvector
decomposition as

Σ = `1u1u
′
1 + . . .+ `pupu

′
p = ULU ′, (2)

where U is a p × p orthogonal matrix whose columns are the eigenvectors ui and L is a
diagonal matrix, with entries `i being the eigenvalues of Σ, by convention arranged in de-
creasing order, and assumed here to be distinct. The sample covariance eigendecomposition
is

Sn = λ1v1v
′
1 + . . .+ λpvpv

′
p = V ΛV ′, (3)

where now the orthogonal matrix V has columns which are the sample eigenvectors vi and
diagonal Λ has entries being the sample eigenvalues λi, again in decreasing order. Even with
distinct eigenvalues, the sign of the eigenvectors is not identified—this is usually handled
by specifying a convention for choice of sign.
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1.1 Asymptotics for fixed p

In the traditional formulation of large sample theory, p is taken as fixed and n is large.
In statistics generally, and in PCA specifically, this mode of asymptotics was dominant in
the last century, and a large literature accumulated. For traditional asymptotic statistical
theory one can refer to van der Vaart (1998), while comprehensive references for PCA
include classic texts such as Anderson (2003), Muirhead (1982) and Jolliffe (2002).

It will be helpful for the discussion of the spiked model to follow to review some the
results as they apply to PCA.

Sample Covariance matrix. Suppose that the yi are independent and identically dis-
tributed (i.i.d.) as y with Eyy′ = Σ = (σjk). The strong law of large numbers1 then
implies that the sample covariance matrix Sn in (1) is a consistent estimator of the popu-
lation covariance: as n→∞,

Sn
a.s.−→ Σ. (4)

Since Sn −Σ is then the normalized sum of i.i.d. elements yiy
′
i −Σ of fixed dimension,

the classical multivariate central limit theorem also applies, and says that

√
n(Sn − Σ)

D−→ G, (5)

where G is a symmetric p × p random matrix whose elements on and above the diagonal
are jointly Gaussian with

Cov(gjk, glm) = Cov(yjyk, ylym). (6)

where (yj)j=1,...,p are the components of y. If y is Gaussian2, then

Cov(gjk, glm) = σjlσkm + σjmσkl. (7)

Exercise: 1. Verify this using the moment generating function E exp(t′y) = exp(1
2t′Σt).

2. If Σ is diagonal, Σ = diag(`j), then

Cov(gjk, glm) = 0 if {j, k} 6= {l,m}
Var(gjk) = `j`k if j 6= k

Var(gkk = 2`2k.

(8)

In particular, if Σ = σ2Ip, then G is a matrix from GOE(p), the finite Gaussian Orthogonal
Ensemble.

Sample spectral decomposition. Again, in the traditional setting of p fixed, and large
i.i.d. samples n, the sample eigen-quantities converge to their population targets. If we for
simplicity assume that the population eigenvalues `i are distinct, then the sample eigenval-
ues and vectors are continuous functions of the sample covariance Sn, (see e.g. the Details
below) and so from (4) we immediately have that

λk
a.s.−→ `k

vk
a.s.−→ uk,

1e.g. (Durrett 2010, Th. 2.3.5) gives a quick proof based on the Borel Cantelli lemma.
2If y is not Gaussian, then the covariance (6) clearly involves fourth moments, indeed the difference

between (6) and (7) defines the fourth order cumulant tensor κ which then appears in all succeeding formulas.
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for each k = 1, . . . , p as n→∞.

The central limit theorem (5) for Sn also implies one for the sample eigenvalues and
eigenvectors in PCA, which we will revisit later in the spiked model setting.

Theorem 1.1 (Anderson (1963)). Suppose that (yi)i=1,...n are independent Np(0,Σ) vec-
tors, with sample covariance matrix S defined at (1). Suppose that Σ and S have the
eigendecompositions (2) and (3) respectively, and that the population eigenvalues `i are all
simple. Then as n→∞, with p fixed,

(a)
√
n(Λ− L)

D−→ N (0, T ), T = 2L2 = diag(2`2i )

(b)
√
n(vk − uk)

D−→ N (0,Wk), where Wk =
∑

j 6=k
`k`j

(`k − `j)2
uju
′
j

(c) nCov(vk, vl)→ −
`k`l

(`k − `l)2
ulu
′
k for k 6= l,

(d) Λ and V are asymptotically independent.

If Σ is diagonal, which can be arranged by transforming the data to ỹ = U ′y, then the
population eigenvectors are just the co-ordinate direction vectors ek, the matrices Wk are
diagonal, and the components vk,l of vk are asymptotically independent. Note however that
even in the diagonal case, the asymptotic correlation between vk,l and vl,k is −1!

What happens if the population eigenvalues are not simple? If all the population eigen-
values `i are equal, then the sample eigenvalues of

√
n(Λ−L) converge to those of a multiple

of GOE(p), compare (8). More generally, if there are clusters of population eigenvalues of
multiplicity pl > 1, then the corresponding cluster of scaled sample eigenvalues converges
to a GOE(pl), which is independent of the limiting distribution of the other eigenvalues.
Anderson (1963) has a full discussion.

Details. We only sketch a proof, again for comparison with the later large p work. Checking the
steps could be taken as an Exercise.

Matrix perturbation expansions. Suppose that A and B are symmetric m×m matrices. Kato
(1995, §II.6) shows that one can choose eigenvalues {λk(ε)} and an orthobasis {pk(ε)} of A + εB
such that λk(ε) = λk(A+ εB) and pk(ε) = pk(A+ εB) are analytic functions of ε. Show, using the
power series expansions

λk(ε) = λk + ελ̇k(0) + 1
2ε

2λ̈k(0) λk = λk(0)

pk(ε) = pk + εṗk(0) + 1
2ε

2p̈k(0) pk = pk(0)

that the defining equations
(A+ εB)pk(ε) = λk(ε)pk(ε) (9)

lead to expansions

λk(A+ εB) = λk(A) + εp′kBpk +O(ε2) (10)

pk(A+ εB) = pk(A) + ε
∑
j 6=k

p′jBpk

λk − λj
pj +O(ε2). (11)

If A = diag(λk) is diagonal, so that pk = ek, the k-th coordinate basis vector, then this becomes

λk(A+ εB)− λk = εbkk +O(ε2) (12)

pk(A+ εB)− pk = ε
∑
j 6=k

bki
λk − λj

ej +O(ε2). (13)
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Gaussian convergence. To diagonalize the population covariance, define ỹi = U ′yi ∼ N (0, L),

with sample covariance S̃n = U ′SnU . We have, as in (5), that
√
n(S̃n−L)

D−→ G, with the Gaussian
matrix elements having covariance (7). In particular the diagonal elements {gkk} and {gkj , k > j}
are independent, important for (d).

Apply the perturbation expansions (12) and (13) to

A = Λ, ε = 1/
√
n, B =

√
n(S̃n − L)

to find that

√
n(λk − `k)

D−→ gkk
√
n(vk − uk)

D−→
∑
j 6=k

gjk
`k − `j

uj .

Claims (a) - (d) now follow.

Expansions vs. bounds. One may contrast the perturbation expansions with perturbation
bounds in which the estimates of the error are explicit. We give two examples for later use. For a
symmetric matrix A, let λk(A) denote its eigenvalues in decreasing order, and ‖A‖ = maxk |λk(A)|
the matrix operator norm.

For eigenvalues, a standard bound for symmetric matrices A and B (e.g. (Tao 2012, (1.64)))
states that

|λk(A+B)− λk(B)| ≤ ‖B‖.

For eigenvectors, we will use a second order bound corresponding to expansion (11). Let A be
a symmetric matrix with eigenvalues λs and corresponding unit eigenvectors us = us(A). Suppose
that λr is simple, and define the eigengap

δr(A) = min
s 6=r
|λr − λs|,

and the ‘reduced resolvent at λr’, namely

Rr =
∑
s 6=r

1

λr − λs
usu
′
s (14)

[note that Rr(A− λrI) = (A− λrI)Rr = I − uru′r].

Proposition 1. If B is symmetric with ‖B‖ < δr(A)/3, then λr(A+B) is also simple. Let ur(A+B)
denote the corresponding unit eigenvector, with sign chosen so that ur(A+B)′ur(A) ≥ 0. Then

ur(A+B)− ur(A) = RrBrur(A) + εr,

with the quadratic error bound
‖εr‖ ≤ 10δ−2

r (A)‖B‖2.

Johnstone & Yang (2018, Appendix C) spells out a proof, with references to earlier literature.

1.2 Large (white) Wishart matrices

We noted that the traditional setting has p much smaller than n. Conversely, there are now
many applications in which p is much larger than n - for example in genomics, in which
there may be hundreds of patients n but millions of SNPs. For definiteness, these notes, and
much literature, considers the important “boundary” case, where p is of the same order of
magnitude as n, so that it makes sense to do asymptotic approximations in which p and n
grow proportionately: γn = p/n→ γ ∈ (0,∞). We use n as the indexing variable (‘sample
size’), so that p = p(n) depends on n, though this is usually not shown explicitly.
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We begin with a review, without proofs, of results for the ‘white’ case in which Σ =
Σn = Ip(n).

Wishart matrices. Suppose X = (Xiα) is an n×N rectangular ‘data matrix’ with i.i.d.
entries Xiα having mean zero and EX2

iα = n−1. The matrix X ′X is often called a Wishart
matrix, not to be confused with the Wishart distribution, corresponding to Gaussian Xiα,
see Section 4.2. A more general quantity, X ′TX with T a symmetric and often diagonal
and/or positive definite matrix, is often considered in the literature. We focus on the
simplest case, T = I, sometimes called ’white’ because all eigenvalues of T are the same.

Let the eigenvalues of X ′X be µ1 ≥ . . . ≥ µN , with empirical distribution defined by

F̂ = N−1
n∑

α=1

δµα .

The companion matrix XX ′, which is n×n, has the same nonzero eigenvalues as X ′X and
we denote its empirical spectral distribution by F̂. The two distributions are related by

nF̂ = (n−N)δ0 +NF̂ . (15)

Warning: A rectangular data matrix, with two parameters for the number of rows and
columns and a third for the entry variance, offers infinite scope for notational confusion
across—and even within—papers: caveat lector!

Marchenko-Pastur distribution. [Add refs.] If N/n → γ > 0, then the empirical
distribution converges, FN (x)→ Fγ(x) for all x, with the limit distribution Fγ having

Fγ(dx) = (1− 1/γ)+δ0(dx) + fMP (x)dx,

and the Marchenko-Pastur, or quarter-circle density

fMP (x) =
1

2πγx

√
(β − x)(x− α), α ≤ x ≤ β, (16)

where the endpoints

α = α(γ) = (1−√γ)2, β = β(γ) = (1 +
√
γ)2.

The larger the ratio p/n, and hence γ, the larger the interval, in other words, the larger
is the spreading of sample eigenvalues. If p is small relative to n then the distribution con-
centrates at 1, as occurs for p fixed, and as is to be expected when the data asymptotically
allows perfect estimation. Figure 1 shows the examples p = n/4 in blue, and the extreme
case p = n in green.

The Stieltjes transform of a probability distribution F whose support supp(F ) ⊂ R, is
defined by

m(z;F ) =

∫
(µ− z)−1dF (z), z ∈ C\ supp(F ).

The empirical Stieltjes transform of the eigenvalues (µα)N1 of X ′X is then

m̂(z) = m(z; F̂ ) = N−1
n∑

α=1

(µα − z)−1.

The empirical Stieltjes transform corresponding to the companion XX ′ will be denoted
m̂(z); from (15) we have

m̂(z) = −1− c
z

+ cm̂(z), c = N/n. (17)

7



0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.5

1

1.5

 

 

n=4p
n=p

Figure 1: Two instances of the Marchenko-Pastur quarter circle law fMP (x) from (16):
blue for γ = p/n = 1/4, green for γ = 1.

Theorem 1.2 (MP). (a) For each z ∈ C+ and c > 0, there exists a unique m(z) = m(z; c)
satisfying

z = − 1

m(z)
+

1

1 + cm(z)
(18)

The function m(·; c) : C+ → C+ defines the Stieltjes transform of a probability measure Fc,
the Marchenko-Pastur law, on R.

(b) If there exist positive constants b < B such that N,n→∞ with b < N/n < B, then

m̂(z)−m(z)
a.s.→ 0 for all z ∈ C+ and

F̂ − Fc
a.s.⇒ 0. (19)

(a) The quantities m̂, F̂ as well as m(·, c), Fc all depend on (N,n), though this is sup-
pressed in the notation, and so the convergence statement refers to differences. The con-
clusion (19) may be restated as follows: for any bounded continuous function f ,

N−1
N∑
α=1

f(µα)−
∫
f(µ)dFc(µ)

a.s.−→ 0. (20)

In view of (29) below, this may be strengthened to hold for functions f that are continuous
in a neighborhood of the support of Fγ (in the case c = cn → γ).

(b) For the companion matrix XX ′, a corresponding result holds:

m̂(z)−m(z)
a.s.→ 0, F̂− Fc

a.s.⇒ 0. (21)

The corresponding equation for m(z), derived from the relation (17), is

z = − 1

m(z)
+ c

1

1 + m(z)
. (22)

(c) The theorem holds more generally, for matrices X ′TX with, for example, T =
diag(tα) such that ‖T‖ ≤ B uniformly in n. In this case the ‘Silverstein form’ of the
Marchenko-Pastur functional equation for m(z) becomes

z = − 1

m(z)
+

1

N

n∑
α=1

tα
1 + tαm(z)

.

[Choose T = cIn with c = N/n to recover (18).]
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Exercise: Solve (18) for m(z) and use the inversion formula

f(x) =
1

π
lim
z↓x
=m(z;F ) [= = imaginary part]

(valid at points x ∈ R where F has a density f(x)) to recover the formula (16) for FMP (x).

The Stieltjes transforms m(x; c) and m(x; c) of Fc and Fc are well defined and mono-
tonically increasing for x > b(c). Further,

lim
x↘b(c)

m(x) = −[
√
c(1 +

√
c)]−1, lim

x↘b(c)
m(x) = −(1 +

√
c)−1, (23)

and both m(z) and m(z) are O(|z|−1) for |z| large.

Heuristics for Theorem 1.2. We sketch how the equation (18) for m(z) arises. The (N+n)×(N+n)
‘linearized resolvent’ matrix (

−zIN X ′

X −In

)−1

=

(
GN (z) Go(z)

′

Go(z) Gn(z)

)
has, via the Schur complement identity

GN (z) = (X ′X − zIN )−1,

so that m̂(z) = trGN (z) is the Stieltjes transform of the empirical spectral distribution of X ′X.
Similarly, one obtains Go(z) = XGN (z), Gn(z) = XGN (z)X ′ − In, though we don’t need these
explicit forms here.

Some notation: i ∈ {1, . . . , n} indexes rows of X while α ∈ {1, . . . , N} indexes columns. Denote
by xi ∈ RN and xα ∈ Rn the ith row and αth column of X, both viewed as column vectors. X(i)

respectively X(α) denotes X with row i, resp. column α removed; G(i), G
(i)
N etc., resp G(α), G

(α)
n

etc., denote those quantities defined with X(i) resp. X(α) in place of X. Then the partitioned
matrix inversion formula yields

G−1
αα = −z − x′αG

(α)
n xα, G−1

ii = −1− x′iG
(i)
N xi.

Since xα is independent of X(α), and xi of X(i), we have

E[x′αG
(α)
n xα|X(α)] = n−1 trG(α)

n , E[x′iG
(i)
N xi|X(i)] = n−1 trG

(i)
N ,

and surmising that trG
(α)
n ≈ trGn and trG

(i)
N ≈ trGN , we expect the approximations

G−1
αα ≈ −z − n−1 trGn, G−1

ii ≈ −1− n−1 trGN = −1− cm̂.

Use the second equation to approximate

n−1 trGn = n−1
n∑
1

Gii ≈ −1/(1 + cm̂),

and use this and Gαα ≈ N−1 trGN = m̂ in the first equation to arrive at

z ≈ − 1

m̂
+

1

1 + cm̂
,

which strongly suggests that if m solves (18), then m̂(z)−m(z)→ 0.
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The leave-one-out approach is standard in the Stieltjes transform derivation of the Marchenko-
Pastur equation, e.g. Silverstein & Bai (1995) for the more general case of diagonal T . The version
here based on the linearized resolvent is specialized from Knowles & Yin (2016), see also Fan et al.
(2018).

Central limit theorem for linear statistics. A remarkable consequence of the repulsion
of sample eigenvalues is that the fluctuations of the centered linear statistics

Xf =
N∑
α=1

f(µα)−N
∫
f(µ)dFc(µ) (24)

are, for f suitably smooth, not merely OP(N1/2) as experience from sums of independent
variables might suggest, but in fact are of constant order OP(1). This phenomenon occurs
widely in random matrix theory; its formalization for (certain classes of) Wishart matrices
is due to Bai & Silverstein (2004). We will state their result here only for our special case
of white (and real) Wishart matrices.

Suppose then that Y = (Yiα) is an n×N real random matrix with the Yiα i.i.d. with

EY11 = 0 EY 2
11 = 1 EY 4

11 = 3. (25)

(so that only distributions with the same kurtosis as Gaussian are included.) Let (µα)N1 be
the eigenvalues of the sample covariance Sn = n−1Y ′Y . Assume that c = N/n→ γ > 0.

Theorem 1.3 (Bai-Silverstein). Assume that f is analytic on a neighborhood of an interval
containing supp(Fγ). The centered linear statistic Xf defined at (24) satisfies, as n→∞,

Xf ⇒ N (µf , σ
2
f ) (26)

where

µf = − 1

2πi

∫
Γ
f(z)

cm3(z)

(1 + m(z))3 − cm(z)(1 + m(z))
dz (27)

σ2
f = − 1

2π2

∫
Γ1

∫
Γ2

f(z1)f(z2)

[m(z1)−m(z2)]2
m′(z1)m′(z2)dz1dz2, (28)

where the contours Γ,Γ1,Γ2 are closed and encircle the support of Fc in a counterclockwise
direction (and do not overlap, in (28)).

The contour integrals for µf and σ2
f do not look friendly, even in this special case.

Nevertheless they can often be evaluated by fairly routine methods in many cases of interest.
Bai-Silverstein have some examples, and we need some other cases in Section 4 below.

Largest Eigenvalue. The weak convergence of the sample eigenvalues (µi) to a distri-
bution supported on [α(γ), β(γ)] does not, per se, say much about the behaviour of the
extreme eigenvalues. However, for the eigenvalues of a white Wishart matrix X ′X, it is
indeed the case that

µ1
a.s.−→ (1 +

√
γ)2 (29)

µn∧N
a.s.−→ (1−√γ)2

10



as was shown by Geman (1980) and Bai & Yin (1993) respectively.
For fluctuations, we get the celebrated Tracy-Widom distribution, at the scale n−2/3:

n2/3µ1 − b(γ)

σ(γ)

D−→ TWβ, (30)

where TWβ refers to the distribution F2 (Tracy & Widom 1994) for β = 2 in the case of
complex valued Xiα, and the real distribution F1 (Tracy & Widom 1996) for β = 1 for our
case of real-valued data. In both cases, the scaling constant

σ(γ) = (1 +
√
γ)4/3γ−1/6.

For Gaussian Xiα, the convergence (30) was established in the complex case by Johansson
(2000) and in the real case by Johnstone (2001). The result was extended to non-Gaussian
Xiα, at least with sufficiently high moments, by Pillai & Yin (2014).

The n−2/3 rate and the form of the scaling constant can be guessed from the square
root singularity of the Marchenko-Pastur density (16) at the upper edge.

Exercise. Solve approximately the equation∫ b

b−τ(γ)n−α
fMP (x)dx = N−1,

with b = (1 +
√
γ)2 and N/n→ γ to find that, for an absolute constant c0,

α = 2/3, τ(γ) ∼ c0(1 +
√
γ)4/3γ−1/6.

From the perspective of statistical application, the Tracy-Widom approximation is ef-
fective even for relatively small values of n and N . For Xiα Gaussian, if we adjust the
centering and scaling constants for nµ1 to

mnN = (
√
n− +

√
N−)2 σnN = (

√
n− +

√
N−)

(
1√
n−

+
1√
N−

)1/3

, (31)

where n− = n− 1
2 , N− = N − 1

2 , then for any s0

P (nµ1 ≤ mnM + σnNs)− F1(s) = O(n−2/3e−s/2, s ≥ s0,

see Ma (2012) for a careful statement. Ma (2012) presents numerical evidence that for the
conventional significance levels of 10%, 5% and 1% that correspond to the right tails of the
distribution, the approximation is quite good even when N is as small as 2!

1.3 Spiked Model

Our main focus in these notes will be on a class of models that represent a relatively
simple way to add some structure to the white Wishart setting. We consider models for
the population covariance matrix Σ consisting of a known ‘base’ covariance matrix Σ0 and
a low rank perturbation:

Σ = Σ0 +

m∑
k=1

`kuku
′
k, (32)

11



The signal strengths, or “spikes” `k, as well as the orthonormal eigenvectors uk are
taken as unknown. The rank m is small, (and stays fixed in asymptotic models as p and
n grow). In the simplest form of this “spiked” model, Σ0 is assumed equal to the identity
matrix, or to a (possibly unknown) scalar multiple Σ0 = σ2I, Johnstone (2001). The term
generalized spike model is used when Σ0 is not necessarily a multiple of the identity Bai &
Yao (2012), Yao et al. (2015).

Our study of statistical properties will be asymptotic, and we remark that an essential
feature of high dimensionality captured in the (generalized) spiked model is that as p grows,
the empirical spectrial distribution of the population eigenvalues of Σ is approximated by
a non-trivial limiting probability distribution, given in our case Σ = I just by point mass
at 1. Contrast this with, for example, the important domain of “functional data analysis”
and functional PCA, in which the observation vectors Xi have some intrinsic temporal or
spatial smoothness, and the eigenvalues of Σ decay at some rapid rate, e.g. Ramsay &
Silverman (2005), Horváth & Kokoszka (2012).

Returning to model (32), regarding the eigenvectors u1, . . . , um, we distinguish two
situations. The first makes no assumptions about them (our primary focus in these notes),
while in the second, we assume that they are sparse in some known orthonormal basis.

For simplicity, we mostly assume distinct population eigenvalues so that eigenvectors
are identified. Many of the papers cited in fact include cases when population eigenvalues
coalesce (i.e. are degenerate) and some consider estimation of the resulting eigensubspaces.

1.3.1 Some examples

A (generalized) spike model may be an attractive and plausible idealization for data arising
in many domains in science and engineering. An early example Lu (2002), Johnstone & Lu
(2009) is provided by electrocardiogram (ECG) traces, Figure 2. The signal measured in
the ith beat might be modeled as

Xi = µ+
m∑
k=1

√
`kskiuk + σZi. (33)

The periodic beats vary about the mean beat according to a small number of modes uk
with random Gaussian amplitudes, the kth mode having variance `k. Independent Gaussian
measurement noise is added. The corresponding covariance matrix Cov(Xi) has the finite
rank perturbation form (32) with Σ0 = σ2I.

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
−500

0

500

1000

1500

Figure 2: sample from an ECG trace sampled at 500 Hz, via Jeffrey Froning and Victor
Froelicher, then at cardiology group at Palo Alto Veterans Affairs Hospital.

Some other examples, described superficially, might include

• Microarrays: Xi might represent the levels of expression of p genes in the ith indi-
vidual. The eigenvector ui may be sparse as only a small number of genes may be
involved in a given pathway.

12



• Satellite images: Xi may be suitable sub-images. After a discrete cosine transform,
the ui may be sparse, Schizas & Giannakis (2012).

• Medical shapes: Xi may be vectors derived from landmarks of body organs. Eigen-
vectors ui may be sparse due to localized variation, Sjöstrand et al. (2006).

• Climate: Xi might be measurements from a global sensor network at time i, the EOFs
ui are often localized.

• Signal detection: Xi are observations at sensors, ui columns of the steering matrix,
with signals ski (compare model (33)).

• Finance: Xi is a vector of returns of p assets at time i, ui are factor loadings, often
not sparse, fki =

√
`kski are factors and Zi idiosyncratic terms.

In summary, the many examples suggest that the spiked model is worthy of theoretical
study, especially because it is relatively easy to manage.

13



2 Biases and fluctuations in the spiked model

This section studies the asymptotic behaviour of the top sample eigenvalues and vectors in
the spiked model as p/n → γ > 0. We focus on the behavior for spikes above the Baik-
Ben Arous-Péché phase transition (Baik et al. 2005). Here, the high dimensionality of p
brings out phenomena of practical importance not seen in the fixed p setting. The largest
sample eigenvalues and vectors, corresponding to the supercritical spikes, are inconsistent
as estimators of their population analogs. The main results are Propositions 3 and 4,
which describe the biases, and Propositions 5 and 6, which give the asymptotic (Gaussian)
fluctuation behaviour.

The results are presented for the special case of Gaussian data, and are due to Baik et al.
(2005), Baik & Silverstein (2006) and Paul (2007); we largely adopt the matrix perturbation
approach of Paul, and the proofs rely on the properties of large Wishart matrices reviewed
in Section 1.2.

The results have since been established in greater generality—non-Gaussian data, more
general covariance structure. Our goal here is threefold:

• to introduce the phenomena in a simple setting,

• to compare the results to the traditional fixed p recalled in Section 1.1: much of the
structure carries over, but with crucial differences, and

• to provide results, Propositions 3–5, needed in Sections 3 and 3 below.

The presentation here is an amalgam of that in the expository notes of Johnstone &
Yang (2018) and in Fan et al. (2018), which considers more general variance component
models. The former manuscript has a fuller set of references to the literature on this topic
since Baik et al. (2005).

Model M. Assume that Y1, . . . , Yn are independent p-variate Gaussian vectors with
mean zero and

Cov(Yi) =

(
Γ 0
0 IN

)
. (34)

Suppose that p = m + N , where m = dim(Γ) is fixed, and that N and n grow so that
c = N/n→ γ > 0. Write the spectral decomposition of Γ as

Γ = UΛUT , U = [u1, . . . , um], Λ = diag(`1, . . . , `m).

The population eigenvalues `ν of Γ satisfy

`1 > · · · > `m0 > 1 +
√
γ ≥ `m0+1 ≥ · · · `m. (35)

Remarks. 1. Under the Gaussian assumption, the data (Yi) may be rotated to have
block covariance structure (34). Much literature, starting e.g. with Baik & Silverstein
(2006), Bai & Yao (2008), assumes only that the Yi have 4+δ moments, covariance structure
(34), and with the m spike components of Yi independent of the i.i.d. noise co-ordinates.

2. Again for simplicity here, we assume that the ‘supercritical’, or ‘distant’ spikes
`ν , ν ≤ m0 are simple, and that all spikes `ν > 1. Corresponding results can be established
both for spikes with higher multiplicity and for spikes below 1.
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Decompose the n× p data matrix Y as

Y =
√
n
(
X1 X2

)
,

so that the rows of X1 ∈ Rn×m are indpendent N (0, n−1Γ), while the entries of X2 ∈
Rn×N are i.i.d. N (0, n−1). Let the sample covariance matrix S = n−1Y ′Y have spectral
decomposition

Svν = λνvν .

Here λ1 ≥ λ2 ≥ · · · and we restrict attention to indices ν = 1, . . . ,m. Partition S and vν
as

S =

(
S11 S12

S21 S22

)
=

(
X ′1X1 X ′1X2

X ′2X1 X ′2X2

)
, vν =

(
vν
v̌ν

)
. (36)

Thus X2 is a Gaussian noise matrix, scaled so that the eigenvalues of S22 = X ′2X2, denoted
µ1 ≥ · · · ≥ µN , satisfy the properties reviewed in Section 1.2.

The Schur complement of the lower right block of S − zI plays a fundamental role in
the perturbation analysis. For z /∈ spec(S22), define

K̂(z) = (S11 − zIm)− S12(S22 − zIN )−1S21 (37)

and observe for later use that

∂zK̂(z) = −Im − S12(S22 − zIN )−2S21. (38)

From the determinant properties of the Schur complement,

det(S − zIm) = det(S22 − zIm) det(K̂(z)). (39)

When the eigenvalues of S22 are all less than b(γ) + δ, say, as occurs with high probability,
cf (29), the roots of det(K̂(λ)) = 0 greater than b(γ) + δ will be sample eigenvalues of S.

To make the dependence on X1 explicit, write

K̂(z) = X ′1B(z)X1 − zIm,

where the n× n matrix

B(z) = B(z,X2) = In +X ′2(zIN −X ′2X2)−1X2

= z(zIn −X2X
′
2)−1

is independent of X1, and we used the Woodbury matrix identity in the second line.

Deterministic approximation to K̂(z). First observe that if B is a constant matrix, or
is independent of X1, then

E X ′1BX1 = n−1 tr(B)Γ.

[Write X1 = (xiµ)i=1,...,n;µ=1,...,m and (X ′1BX1)µν =
∑

i,j xiµbijxjν . Since E xiµxjν =

n−1δijΓµν , the result follows.]
Second, approximate the empirical distribution of eigenvalues in

n−1 trB(z) = n−1
n∑
i=1

z(z − µi)−1 ≈ z
∫

(z − µ)−1dFc(µ) = −zm(z)
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using the ‘companion’ Marchenko-Pastur law Fc with its Stieltjes transform m(z).
This suggests the deterministic approximation to K̂(z) defined by

K(z) = −zm(z)Γ− zIm z /∈ supp(Fc). (40)

Observe that
− ∂zK(z) = Im + ∂z(zm(z))Γ > Im (41)

in the sense of positive definite matrices, since

∂z(zm(z)) =

∫
λ(λ− z)−2dFc(λ). (42)

Properties of the deterministic approximation. The function K(z) = K(z; c) encodes
the ‘supercritical spike locations.’ Indeed, let

Λ0 = {λ > b(γ) : detK(λ; γ) = 0}.

and define the function

λ(`) = `+ γ
`

`− 1
(43)

which maps [1 +
√
γ,∞) monotonically onto [(1 +

√
γ)2,∞).

Lemma 1. Let the eigenvalues of Γ be {`ν}ν=1,...,m. Then the supercritical spike locations

Λ0 = {λ(`ν) : `ν > 1 +
√
γ},

See Figure 3. We will write λν = λ(`ν).

Figure 3: Definition of the function λ(`).
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Proof. For λ > b(γ) = (1 +
√
γ)2,

detK(λ) = (−λ)m
m∏
ν=1

[m(λ)`ν − 1].

A solution λ > b(γ) to detK(λ; γ) = 0 clearly satisfies m(λ) = −`−1
ν for some `ν > 1 +

√
γ.

As m(λ) is strictly increasing on [b(γ),∞), the equation m(λ) = −`−1 has a unique solution
λ = λ(`) for ` > 1 +

√
γ. As seen in Section 1.2, the Stieltjes transform m = m(z; γ) =∫

(λ− z)−1dFγ(λ) is the unique solution in C+ to the equation (22), or equivalently to the
quadratic equation

zm2 + (z + 1− γ)m + 1 = 0. (44)

Inserting m(λ) = −`−1 into this equation, one obtains formula (43), and the proof.

Equations for spiked sample eigenvectors. Rewrite the eigenvector equation Svν = λ̂νvν
using matrix decomposition (36):

S11vν + S12v̌ν = λ̂νvν

S21vν + S22v̌ν = λ̂ν v̌ν .

The second equation yields v̌ν = −(S22 − λ̂νIN )−1S21vν . Substituting this into the first
equation yields

(S11 − λ̂νIm)vν = S12(S22 − λ̂νIN )−1S21vν ,

or, in other words, K̂(λ̂ν)vν = 0. Substituting it into the unit norm condition ‖vν‖2 +
‖v̌ν‖2 = 1, we get

1 = v′ν(Im + S12(S22 − λ̂νIN )−2S21)vν

= −v′ν∂λK̂(λ̂ν)vν ,

using (38).
Finally, observe that the eigenvectors of Γ for `ν > 1 +

√
γ are also eigenvectors of

K(λν):
K(λν)uµ = −λνm(λν)Γuµ − λνuµ = κµuµ,

where from REF the eigenvalues of K(λν) are

κµ = −λν
`ν

(`µ − `ν).

To summarize, the key equations for studying the spike subeigenvectors are

K(λν)uν = 0, (45)

K̂(λ̂ν)vν = 0, (46)

−v′ν∂λK̂(λ̂ν)vν = 1. (47)

Equation (45) is valid if `ν > 1 +
√
γ, while (46) and (47) hold if λ̂ν is not an eigenvalue of

S22.
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Equation (47) indicates that vν has norm strictly less than one, since −∂λK̂(λ) > Im.
So we define normalized versions of the sample subeigenvectors:

qν = uν/‖uν‖.

When `ν > 1 +
√
γ, we may view the unit eigenvector qν of K̂(λ̂ν) as a perturbation of

the eigenvector uν of K(λν). The perturbation bound of Proposition 1 yields an important
representation

qν − uν = Rν [K̂(λ̂ν)−K(λν)]uν + εν , (48)

where the reduced resolvent of K(λν) is

Rν =
`ν
λν

∑
µ 6=ν

1

`ν − `µ
uµu

′
µ. (49)

[Note that in (14), (κν − κµ)−1 = −κ−1
µ = (`ν/λν)(`ν − `µ)−1.] The eigengap δν =

(`ν/λν) min{|`µ − `ν |−1, µ 6= ν} > 0 since `ν is simple, and the error term has quadratic
bound

‖εν‖ ≤ C‖K̂(λ̂ν)−K(λν)‖2.

Bounds for the approximation. Decompose the difference

K̂(z)−K(z) = E1(z) + E2(z), (50)

where we make the definitions

E1(z) = X ′1B(z)X1 − n−1 trB(z)Γ, (51)

E2(z) = n−1Gn(z)Γ, (52)

Gn(z) =

n∑
1

z(z − µi)−1 − n
∫
z(z − µi)−1 dFc(µ).

Let
Uδ = {z ∈ C : dist(z, [0, b(γ)]) ≥ δ}. (53)

Proposition 2. With the preceding assumptions and definitions,

sup
z∈Uδ
‖K̂(z)−K(z)‖ = OP(n−1/2) (54)

and for any positive integer r

sup
z∈Uδ
‖∂rzK̂(z)− ∂rzK(z)‖ = OP(n−1/2). (55)

An immediate consequence of these bounds, along with (40) (41) and (42), is that

sup
z∈Uδ
‖K̂(z)‖+ ‖∂zK̂(z)‖+ ‖∂2

z K̂(z)‖ = OP(1). (56)
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Proof sketch. For E2(z), it follows from the proof of the Bai & Silverstein (2004) central
limit theorem that

sup
z∈Uδ
|Gn(z)| = OP(1),

so that uniformly on Uδ,
E2(z) = OP(n−1). (57)

For E1(z), first write X1 = ΞΓ1/2, where the entries of Ξ ∈ Rn×m are i.i.d. N (0, n−1).
Denote the columns of Ξ by ξµ; we have

u′µE1(z)uν =
√
`µ`ν

(
ξ′µB(z)ξν − δµνn−1 trB(z)

)
. (58)

Using, for example, the Hanson-Wright inequality, one can show that

n1/2
(
ξ′µB(z)ξν − δµνn−1 trB(z)

)
= OP(n−1/2‖B(z)‖HS),

where here OP is interpreted in the strong sense that for s ≥ 1 and an absolute constant c,

P{|LHS/RHS| ≥ s} ≤ 2e−cs. (59)

Referring again to the the weak convergence (21) of the empirical distribution of the eigen-
values (µi) of X2X

′
2,

n−1‖B(z)‖2HS = n−1
n∑
i=1

z2

(z − µi)2

= z2∂z

∫
1

µ− z
dF̂c(µ)

a.s.→ z2m′(z).

Again from the proof of the Bai-Silverstein CLT, it can be shown that the convergence is
uniform over Uδ. The bound (54) follows by combining the preceding displays.

Since Dij(z) := K̂ij(z)−Kij(z) is analytic over Uδ/2, Cauchy’s integral formula yields,
with γ a circle of radius δ/2 around z,

|∂zDij(z)| ≤
1

2π

∫
γ

|Dij(w)|
|z − w|2

dw ≤ 4

δ
max
z∈γ
|Dij(z)|,

so that if we apply (54) with δ/2 in place of δ, we obtain also the bound (55) for r = 1,
and the argument clearly extends to positive integer r.

[Details on use of Hanson-Wright. The Hanson-Wright inequality, e.g. (Vershynin 2018, Thm.
6.2.1), is stated here for the special case of a Gaussian vector x = (x1, . . . , xn) ∈ Rn with independent
mean zero coordinates and K = maxi Ex2

i . Let A be an n× n matrix. Then for every t ≥ 0,

P{|x′Ax− Ex′Ax| ≥ t} ≤ 2 exp

(
−cmin

(
t2

K2‖A‖HS
,

t

K‖A‖

))
.

In the present case Ex2
i ≡ n−1, and K = n−1. Set t = sn−1‖A‖HS, and since always ‖A‖ ≤ ‖A‖HS,

we have
t/(K‖A‖) ≥ t/(K‖A‖HS) = s,

and so for s ≥ 1, the right side of the H-W bound reduces to 2e−cs. Hence we may write

x′Ax− n−1 trA = OP(n−1‖A‖HS) (60)
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in the sense (59). If y is independent with the same distribution as x, then

x′By = OP(n−1‖B‖HS)

follows from (60) applied now to (x,y) with A now a 2× 2 matrix with blocks 0, B,B′, 0.]

First order convergence: eigenvalues.

Proposition 3. Assume Model M. For ν ∈ {1, . . . ,m},

λν
a.s.→

{
λ(`ν) `ν > 1 +

√
γ

b(γ) `ν ≤ 1 +
√
γ
. (61)

In addition, when `ν > 1 +
√
γ,

λν − λ(`ν) = OP(n−1/2). (62)

Proof. We begin with (62). Informally, from the Schur complement identity (39), the spike
eigenvalues of S are the roots of det(K̂(λ). Since K̂(λ) is n−1/2-close to K(λ), these roots
are n−1/2-lcose to those of det(K(λ)), which by Lemma 1 are just λ(`ν). See Figure 4.

Figure 4: schematic of zeros

More carefully, let E be the event where

µ1(X2X
′
2) ≤ bγ + δ/2,

sup
z∈Uδ/2

‖K̂(z)−K(z)‖ < Mn−1/2, sup
z∈Uδ/2

‖∂zK̂(z)− ∂zK(z)‖ < Mn−1/2,

which holds with probability 1 − η for all n ≥ n0(δ,M). On E , by the Schur complement
identity

det(S − λIm) = det(X ′2X2 − λIm) det(K̂(λ)),

within the interval Iδ/2 = [bγ + δ/2,∞), the eigenvalues of S coincide with the roots λ̂ of

det(K̂(λ̂)), counting multiplicity.
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Let µ̂1(λ) ≤ . . . ≤ µ̂m(λ) be the eigenvalues of K̂(λ), and let µ1(λ) ≤ . . . ≤ µm(λ) be
those of K(λ). The bound (41) implies that ∂λK(λ) has maximum eigenvalue at most -1,
so for any b(γ) < λ < λ′, and any ν ∈ {1, . . . ,m},

µν(λ)− µν(λ′) ≥ λ′ − λ.

On E , for λ ∈ Iδ/2, we may bound the largest eigenvalue of ∂λK̂(λ) above by −1/2. Then
similarly

µ̂ν(λ)− µ̂ν(λ′) ≥ (λ′ − λ)/2.

For each (λ, ν) with λ ∈ Iδ and µν(λ) = 0, we have

µν(λ−Mn−1/2) ≥Mn−1/2, µν(λ+Mn−1/2) ≤ −Mn−1/2,

and hence on E , using the ordered eigenvalue perturbation bound |µν(A)− µν(B)| ≤ ‖A−
B‖,

µ̂ν(λ−Mn−1/2) > 0, µ̂ν(λ+Mn−1/2) < 0.

So there is a (unique) λ̂ with µ̂ν(λ̂) = 0 and |λ̂− λ| < Mn−1/2. Conversely, for each (λ̂, ν)
with λ̂ ∈ Iδ and µ̂ν(λ̂) = 0, there is a (unique) λ with µν(λ) = 0 and |λ− λ̂| < Mn−1/2.

Consequently, we have |λν − λ(`ν)| < Mn−1/2 for each `ν ∈ Λ0 ∩ Iδ.
A variant of this argument also establishes the almost sure result (61). Indeed, if on a

subsequence λm0+1 → b > b(γ) then one would have a contradiction to the conclusion of
Lemma 1 that |Λ0| = m0.

First order convergence: eigenvectors. The next result shows that while the normalized
qν are consistent for supercritical `ν , the (squared) alignments 〈vν , uν〉2 converge to a limit
strictly less than one, so that vν cannot be consistent.

Proposition 4. (a) If `ν > 1 +
√
γ, then

qν
a.s.→ uν , qν − uν = OP(n−1/2). (63)

(b) For all ν = 1, . . . ,m,

lim〈vν ,uν〉2 = lim〈vν , uν〉2 = lim ‖vν‖2 = c2(`ν) < 1,

where

c2(`) =


`λ′(`)

λ(`)
=

1− γ/(`− 1)2

1 + γ/(`− 1)
` > 1 +

√
γ

0 1 < ` ≤ 1 +
√
γ.

Proof. For (a), we show the OP(n−1/2) convergence in (63); the argument for a.s. conver-
gence is similar. We use the decomposition (48). Let us write

K̂(λ̂ν)−K(λν) = [K̂(λ̂ν)− K̂(λν)] + [K̂(λν)−K(λν)].

Let E be the event used in the proof of Proposition 3. We work on the event E ∩{‖X ′1X1‖ ≤
C}, which also has high probabilty. On this event, note from (55) that ‖∂zK̂(z)‖ ≤
Mn−1/2 + C(η) ≤ C, and hence the first term is O(n−1/2) from (62). The second term is
O(n−1/2) on E by (54). Inserting these bound in decomposition (48) along with ‖Rν‖ ≤ δ−1

ν ,
we obtain (63).
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For (b), we argue only the supercritical case. [For λν ≤ 1 +
√
γ, see (Johnstone & Yang

2018, p. 14). First note that 〈vν ,uν〉2 = 〈vν , uν〉2 = ‖vν‖2〈qν , uν〉2, and part (a) shows
that this has the same limit as ‖vν‖2. When `ν > 1 +

√
γ, one can argue essentially as in

part (a)
∂λK̂(λ̂ν)

a.s.→ ∂λK(λν),

and so from (47) and part (a),

‖vν‖2 = q′ν [−∂λK̂(λ̂ν)]qν
a.s.→ u′ν [−∂λK(λν)]uν = `νm

′(λν)λν ,

from equation (41). Differentiating the equation m(λ(`)) = −`−1, we obtain `νm
′(λν) =

1/[`νλ
′(`ν)] and hence

c2(`ν) = `νλ
′(`ν)/λ(`ν).

Exercise: Modify the arguments as needed to show that for `µ 6= `ν , both > 1 +
√
γ,

〈vµ,uν〉
a.s.−→ 0. (64)

Fluctuations: eigenvalues. Recall from Theorem 1.1 that the limiting variance of λ̂ν
was t2(`ν) = 2`2ν .

Proposition 5. Assume Model M and that `ν > 1 +
√
γ. Then

√
n[λ̂ν − λ(`ν ; c)]

D−→ N (0, τ2(`ν ; γ)), (65)

where τ2(`ν ; γ) = λ′(`ν ; γ)t2(`ν).

Thus the asymptotic variance in the spiked model setting is reduced by a factor

λ̇ν = λ′(`ν ; γ) = 1− γ/(`ν − 1)2 < 1.

This factor increases monotonically with `ν from 0 at `ν = 1 +
√
γ (where the rate of

convergence should be n−2/3, according to Bloemendal & Virág (2013)) to 1 as `ν →∞.

Remarks. In the subcritical case `ν ∈ (0, 1+
√
γ), for complex data, β = 2 a remarkable

conclusion of Baik et al. (2005) was that the Tracy-Widom limit (30) continues to hold,
with the center µ(γ) and scale σ(γ) unaffected by `ν . The same result holds for real valued
data, β = 1, Benaych-Georges et al. (2011), though entirely different methods are required
for the proof. The statistical import of this result, to which we return in Section 4, is that
the subcritical spike sample eigenvalues asymptotically contain no information for learning
about `ν .

In the critical case, `ν = 1 +
√
γ + κn−1/3, the rate of convergence is of λ̂ν is still

n−2/3, but with fluctuations described by a one-parameter family of deformations of TWβ,
described by Baik et al. (2005) for β = 2 and Bloemendal & Virág (2013) for general β,
including the real case β = 1.

Proof. Since K̂(λ̂ν)qν = K(λν)uν = 0, we have

u′ν [K̂(λ̂ν)−K(λν)]uν = (uν − qν)′K̂(λ̂ν)(uν − qν) = OP(n−1),

in the second equality because ‖K̂(λ̂ν)‖ = OP(1) by (56) and qν −uν = OP(n−1/2) by (63).
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Recall from Proposition 3 that λ̂ν − λν = OP(n−1/2). Applying a second-order Tay-
lor expansion to K̂(λ̂ν) about λν , approximating ∂λK̂(λν) by ∂λK(λν), using (55) and
bounding ∂2

λK̂(λν) using (56), we get

K̂(λ̂ν)− K̂(λν) = (λ̂ν − λν)∂λK(λν) +OP(n−1). (66)

Recall from (50) and (57) that

K̂(λν)−K(λν) = E1(λν) +OP(n−1). (67)

Combining the last three displays, we arrive at the important equation

(λ̂ν − λν)u′ν [−∂λK(λν)]uν = u′νE1(λν)uν +OP(n−1).

In the proof of Proposition 5 we saw that u′ν [−∂λK(λν)]uν = c2(`ν), while from (58) we
have

u′νE1(λν)uν = `ν [ξ′νB(λν)ξν − n−1 trB(λν)].

Verification of (65) now proceeds by the following steps, whose proof we leave as an Exercise:
(a) If z ∼ N (0, In), w ∼ N (0, In), and the random matrix A ∈ Rn×n are independent,

and A satisfies ‖A‖/‖A‖HS
a.s.→ 0 as n → ∞, then, e.g. from the Lyapunov central limit

theorem,

‖A‖−1
HS(z′Az− E z′Az)

D−→ N (0, 2)

‖A‖−1
HS z′Aw

D−→ N (0, 1).

(b) For `ν > 1 +
√
γ, we have n−1‖B(λν)‖2HS

a.s.→ λ2
νm
′(λν).

(c) The asymptotic variance

AsyVar[
√
n(λ̂ν − λν)] = 2`2ν

λ2
νm
′(λν)

c4(λν)
= 2`2νλ

′(`ν).

Fluctuations: eigenvectors.

Proposition 6. Assume Model M and that `ν > 1 +
√
γ. Then

√
n(qν − uν)

D−→ Nm(0, Qν), (68)

where the asymptotic covariance matrix

Qν =
1

λ̇ν

∑
µ 6=ν

`ν`µ
(`ν − `µ)2

uµu
′
µ.

When compared with the asymptotic covariance matrix Wν in the fixed p case Theorem
1.1(b), one sees that here Qν = λ̇−1

ν Wν is inflated by the factor 1/λ̇ν , which is the reciprocal
of the factor appearing in the eigenvalue variance of Proposition 5
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Proof. As in the first order analysis of qν , we use decomposition (48). As in the eigen-
value fluctuation analysis, we use approximations (66) and (67). Note however that since
Rν [uµu

′
µ]uν = 0 for all µ, we now obtain

√
nRν [K̂(λ̂ν)− K̂(λν)]uν = OP(n−1/2),

and so √
n(qν − uν) =

√
nRνE1(λν)uν +OP(n−1/2).

Use (49) and (58) to write

√
nRνE1(λν)uν =

∑
µ 6=ν

dµZnµuµ,

with

dµ =
`ν
λν

√
`ν`µ

`ν − `µ
, Znµ =

√
n[ξ′µB(λν)ξν − δµνn−1 trB(λν)].

A simple extension of (a) and (b) in the proof of Proposition 6 shows that

Zn = (Znµ)
D−→ Z ∼ Nm(0, λ2

νm
′(λν)J),

where the entries of the diagonal matrix J all equal 1 except for Jνν = 2. Finally, then we
obtain convergence to a Gaussian vector

√
n(qν − uν)

D−→
∑
µ6=ν

dµZµuµ,

and the covariance formula for Qν follows from the definition of dν and `2νm
′(λν) = 1/λ′(`ν).
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3 Optimal shrinkage of eigenvalues in spiked model

In this section we consider some estimation questions for covariance matrices in the spiked
model. The main goal, following Donoho et al. (2018), is to show that the choice of error
measure, or “loss function”, has a profound effect on optimal estimation.

Suppose that we observe n independent yi ∼ Np(0,Σ), with spectral decomposition Σ =
ULU ′ as in (2). Form the sample covariance matrix S = n−1

∑
yiy
′
i with its decomposition

S = V ΛV ′ as in (3). Consider the spiked model with p/n→ γ ∈ (0, 1] and r simple spikes
`1 > . . . > `r ≥ 1 = `r+1 = · · · = `p.

Stein (1956, 1986) observed that the maximum likelihood estimator S ought to be
improvable by eigenvalue shrinkage. He proposed to shrink the eigenvalues by applying a
specific nonlinear mapping ϕ on positive diagonal matrices, producing the estimate Σ̂ϕ =
V ϕ(Λ)V ′.

Here we consider a scalar shrinkage function η : (0,∞)→ [1,∞) and estimator

Σ̂ = Σ̂η = η(λ1)v1v
′
1 + . . .+ η(λp)vpv

′
p, (69)

We will see LATER that nothing is lost in our setting by specializing from the matrix function
ϕ(Λ) to scalar shrinkage. A technically useful variant of (69) assumes that the number of
spikes r is known: the rank-aware estimator

Σ̂η,r =
r∑
i=1

η(λi)viv
′
i +

p∑
i=r+1

viv
′
i, (70)

Let us restate the results from Section 2 that we need, with the notation lightly modified
to comport with that of Donoho et al. (2018). Thus we now write λ1n ≥ . . . λpn for the
sample eigenvalues, and uin, vin for the corresponding population and sample eigenvectors.
From Proposition 3 (top eigenvalue bias),

λin
a.s.−→ λ(`i) (71)

where the ‘biasing’ function

λ(`) =

{
`+ γ`/(`− 1), ` ≥ `+(γ),

λ+(γ) ` ≤ `+(γ),
(72)

where we set
`+(γ) = 1 +

√
γ, λ+(γ) = (1 +

√
γ)2.

From Proposition 4 (top eigenvector inconsistency), and (64) below it,

〈uin, vjn〉2
a.s.−→ δijc

2(`i), 1 ≤ i, j ≤ r, (73)

where the cosine function is given by

c(`) =

√
1− γ/(`− 1)2

1 + γ/(`− 1)
` ≥ `+(γ) , (74)

and c(`) = 0 for ` ≤ `+(γ).
We evaluate estimators using a loss function Lp(Σ, Σ̂) ≥ 0, where the subscript p

indicates dimension. Many loss functions have been considered in the literature—Donoho
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et al. (2018) lists 27, most with citations! Here we concentrate on (some of) the following
representative examples. The first three, based on operator, Frobenius and nuclear norms,
use the eigenvalues σi of Σ̂− Σ:

LO(Σ, Σ̂) = ‖Σ̂− Σ‖∞ = max
i
|σi|,

LF (Σ, Σ̂) = ‖Σ̂− Σ‖22 =
∑
i

σ2
i ,

LN (Σ, Σ̂) = ‖Σ̂− Σ‖1 =
∑
i

|σi|,

LSt(Σ, Σ̂) = tr(Σ−1Σ̂− I)− log det(Σ−1Σ̂).

(75)

The fourth is Stein’s loss, widely studied in covariance estimation. We may also refer to
the precision loss LP (Σ, Σ̂) = ‖Σ̂−1 − Σ−1‖∞.

In constructing estimators, it is natural to expect at first that the effect of the biasing
function λ(`) in (72) might be undone simply by applying its inverse function `(λ), given
by

`(λ) =
(λ+ 1− γ) +

√
(λ+ 1− γ)2 − 4λ

2
λ > λ+(γ). (76)

However, eigenvector inconsistency makes the situation more complicated (and interesting!),
as we illustrate using Figure 5. Focus on the plane spanned by u1, the top population
eigenvector, and by v1, its sample counterpart. We represent `1u1u

′
1, the top rank one

component of Σ, by the vector `1u1. The corresponding top rank one component of S is
λ1v1v

′
1, represented by λ1v1. If we apply the inverse function (76) to λ1, we obtain `(λ1)v1v

′
1.

Since v1 is not collinear with u1, there is a non-vanishing error `(λ1)v1v
′
1 − `1u1u

′
1 that

remains, even though `(λ1) − `1 = Op(n
−1/2). As the picture suggests, it is quite possible

that a different amount of shrinkage, η(λ1)v1v
′
1 will lead to smaller error. However, we will

see that the optimal choice of η depends greatly on the particular error measure Lp(Σ, Σ̂)
that is chosen.

?
error

Figure 5: Shrinking empirical eigenvalue λ1 to a value η(λ1) that is smaller than the inverse
function `(λ1) may reduce the error of estimation.

The following simple, but central, lemma describes simultaneous diagonalization of Σ
and Σ̂η,1. We state it first in the single spike case, where both Σ and Σ̂η,1 can be written
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as rank one perturbations of the identity:

Σ = Ip + (`− 1)u1u
′
1, (77)

Σ̂η,1 = Ip + (η − 1)v1v
′
1. (78)

Lemma 2. Suppose that r = 1, and let c = 〈u1, v1〉 and s =
√

1− c2. There exists an
orthogonal matrix W = W (Σ, Σ̂) such that

W ′ΣW = A(`)⊕ Ip−2, W ′Σ̂W = B(η, c)⊕ Ip−2, (79)

where the fundamental 2× 2 matrices A and B are given by

A(`) =

(
` 0
0 1

)
, B(η, c) = I2 + (η − 1)

(
c
s

)(
c s

)
. (80)

Proof. We work in the basis of u1 and v1, using Gram-Schmidt to define

z =

{
(v1 − cu1)/s if s 6= 0

up if s = 0,

so that the columns of the p×2 matrix W2 = [u1 z] are orthonormal and their span contains
both u1 and v1. Fill out W2 to an orthogonal matrix W = (W2 W⊥2 ). Observe now that if
y ∈ colspan(W2) and α ∈ R, then

W ′(Ip + αyy′)W = (I2 + αy̌y̌)⊕ Ip−2, y̌ = W ′2y.

Apply this to the rank one perturbations (77), (78), so that (79) follows from

W ′2u1 =

(
1
0

)
, W ′2v1 =

(
c
s

)
.

Properties of loss functions.
Orthogonal invariance (OI). For each orthogonal matrix O,

Lp(A,B) = Lp(OAO
′, BOB′). (81)

Decomposability (D). Given block matrix decompositions

A = ⊕iAi B = ⊕iBi, (82)

call Lp sum-decomposable if for all such decompositions

Lp(A,B) =
∑
i

Ldi(A
i, Bi), (83)

and max-decomposable if
∑

i is replaced by maxi.
The loss functions in (75) are orthogonally invariant and sum/max-decomposable, and

so, in the setting of Lemma 2 we have the important reduction

Lp(Σ, Σ̂) = Lp(W
′ΣW,W ′Σ̂W )

= Lp(A(`)⊕ Ip−2, B(η), c)⊕ Ip−2)

= L2(A(`), B(η, c)).
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Asymptotic Loss. We continue to focus on a single spike `1 = ` > λ+(γ). Showing the
dependence on n explicitly, we have, with c1n = 〈u1, v1〉,

Lp(Σ, Σ̂η,1) = L2(A(`), B(η(λ1n, c1n))),

and according to (71)– (74),

λ1n
a.s.−→ λ(`), c1n

a.s.−→ c(`).

Continuity (C). Suppose that η(λ) is continuous in λ ∈ (λ+(γ),∞) and that L2(A,B)
is continuous in B ∈ R2×2.

It will be helpful to have an abbreviation for the limit:

B(`, η) = B(η(λ(`)), c(`)).

Proposition 7. Under assumptions (OI),(D) and (C),

Lp(Σ, Σ̂η,1)
a.s.−→ L2(A(`), B(`, η)).

We have shown that the loss functions converge to a deterministic limit, the asymptotic
loss, which depends on ` and the nonlinearity η(·):

L∞(`|η) = L2(A(`), B(`, η)).

If a nonlinearity η∗ satisfies
L∞(`|η∗) ≤ L∞(`|η)

for any other nonlinearity η and any value of `, and if strict inequality occurs at some `, then
we may call η∗ the unique asymptotically admissible (“optimal” for short) nonlinearity.

Optimal Shrinkers. Observe that

∆(η) = A(`)−B(`, η) =

(
¯̀− η̄c2 η̄cs
η̄cs η̄s2

)
¯̀= `− 1
η̄ = η − 1

.

Consequently, the Frobenius loss

‖∆(η)‖2F = ¯̀2 − 2¯̀̄ηc2 + η̄2

is quadratic in η. It is easily seen to be (uniquely) minimized by

η∗F (`) =

{
`c2(`) + s2(`) ` ≥ `+(γ)

1 1 ≤ ` ≤ `+(γ).
(84)

Exercise. Show that the optimal shrinkers for nuclear and operator norms are given for
` ≥ `+(γ) by

η∗N (`) = max{1 + (`− 1)(1− 2s2), 1} (85)

η∗O(`) = ` (86)

and by η∗(`) ≡ 1 for 1 ≤ ` ≤ `+(γ).

28



Observe that for ` > `+(γ),

η∗N (`) < η∗F (`) < η∗O(`).

Clearly the optimal shrinkers depend strongly on the loss function!
We have specified η∗ as a function of `, but the observed sample eigenvalues λin are on

the λ-scale, so the optimal (i.e. unique asymptotically admissible) shrinkage estimator is
defined by

η∗(λ) =

{
η∗(`(λ)) λ > λ+(γ)

1 1 ≤ λ ≤ λ+(γ).

Compare Figure 6. Note that only for operator norm loss LO is the optimal shrinker given
by the naive inverse, or ‘debiasing’ function `(λ). In all cases, η∗ shrinks the bulk [1, λ+(γ)]
to 1.

Finally, we record two further differences between these optimal shrinkers.

(a) Both η∗F and η∗N are continuous functions of λ, but η∗O is discontinuous at the bulk
edge:

lim
λ↘λ+(γ)

η∗O(λ) = 1 +
√
γ > 1 = η∗O(λ+(γ)).

(b) The nuclear norm estimator η∗N shrinks a neighborhood of the bulk to 1 in the sense
that there exists a δ = δ(γ) > 0 for which

η∗N (λ) = 1 for λ ≤ λ+(γ) + δ.

This is not the case for either η∗O or η∗F .
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Figure 6: Vertical axis: optimal shrinkers η∗ from (84) – (86), and Donoho et al. (2018)
for η∗Stein, shown as functions η∗(`(λ)) of the empirical eigenvalue λ, horizontal axis. Here
γ = lim pn/n = 1, so λ+(γ) = 4.
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Extension to r spikes. FILL IN.

.

Removing the rank aware assumption. In practice, we will typically not know r, and
so will need to use Σ̂η, (69), rather than the rank aware version Σ̂η,r, (70). The difference
between the two will depend on whether, and how many sample eigenvalues λin for i ≥ r+1
’exit the bulk’, and by how far, and on the properties of the shrinkage function η. While
this is an essentially technical question, there are some points of interest that we aim to
highlight below.

To formalize this, we call η : [0,∞)×(0, 1]→ [1,∞) a jointly continuous bulk shrinker if
η(λ, c) is jointly continuous in λ and c, satisfies η(λ, c) = 1 for λ ≤ λ+(c) and is dominated:
η(λ, c) ≤Mλ for some M and all λ ≥ 1.

Proposition 8. Adopt Model M with r spikes. Suppose that η(λ, c) is a jointly continuous
bulk shrinker, and that Σ̂η uses λ→ η(λ, p/n). Then

LFp (Σ, Σ̂η)− LFp (Σ, Σ̂η,r)
P→ 0. (87)

Thus, under relatively mild conditions, there is no harm in replacing the rank aware
estimator by the ‘practical’ estimator Σ̂η. The result will be discussed here for Frobenius
norm loss, but holds much more generally, cf Donoho et al. (2018).

Via two steps, left as Exercises, we reduce the proof to Proposition 9 below, a statement
about the edge eigenvalues of a white Wishart ensemble.

1. Show that the left hand side (LHS) of (87) satisfies

|LHS| ≤ (L(Σ, Σ̂η,r) + δn,r+1)δn,r+1, where

δ2
n,r+1 =

n∑
i=r+1

[η(λin, cn)− 1]2.

2. Let (µi)i=1,...,p−r be the eigenvalues of a matrix distributed as Wp−r(n, I). Show
that the shrinker defined by η↑(µ, c) = max{η(λ, c), 1 ≤ λ ≤ µ} and is non-decreasing and
jointly continuous, and that, in the sense of stochastic domination,

δ2
n,r+1 ≤

p−r∑
j=1

[η↑(µjn, cn)− 1]2,

where ≤ should be interpreted in the sense of stochastic domination.

Proposition 9. Let (nµin)Ni=1 denote the sample eigenvalues of a matrix distributed as
WN (n, I), with N/n → γ > 0. Suppose that η(λ, c) is a jointly continuous bulk shrinker
and that cn −N/n = O(n−2/3). Then for q > 0,

ETN =

N∑
i=1

[η(µin, cn)− 1]q → 0. (88)

The proof is given in Johnstone (2018) and uses tools from the original papers of Tracy
and Widom on the F1 limit for the Gaussian and Laguerre Orthogonal Ensembles, cf. e.g.
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Tracy & Widom (1998), Johnstone (2001). We give a brief outline discussion here. First
write

TN =
N∑
i=1

F (µi, cN ) F (µ, c) = [η(µ, c)− 1]q.

This is a linear statistic in the eigenvalues µi and we rewrite it as

ETN =

∫ ∞
0

F (y/n, cN )R1(y)dy

in terms of the one point correlation functionR1(y1) = N
∫

(0,∞)N−1 PN (y1, . . . , yN )dy2 · · · dyN
for the joint density function PN (y1, . . . , yN ) of eigenvalues yi = nµi of WN (n, I).

It is crucial that F vanishes in the bulk: F (µ, c) = 0 for µ ≤ λ+(c) = (1 +
√
c)2.

Introduce the edge (or Tracy-Widom) scaling y = µN + σNx, where µN , σN are the
Tracy-Widom centering and scaling constants, cf. e.g. (31) (the factors of 1

2 aren’t necessary
here). It is then shown that

ETN =

∫ ∞
δN

F (`N (x), cN )R1τ (x)dx, `n(x) = (µN + σNx)/n,

where the edge scaled one point function

R1τ (x) = σNR1(µN + σNx)

→ K1(x, x) =

∫ ∞
0

Ai2(x+ z)dz + 1
2Ai(x)

[
1−

∫ ∞
x

Ai(z)dz

]
.

To obtain Proposition 9, one shows that F (`N (x), cN ) → 0 and that the convergence is
dominated.

Remark. A similar analysis can be carried out with F (µ, c) = I{µ > (1 +
√
c)2}, so

that TN = Nn = #{i : µi > (1 +
√
N/n)2}, and shows that

ENn →
∫ ∞

0
K1(x, x)dx =

1

6
√

3π
+

5

36
≈ 0.16952.

For GUE, the analagous result for Nn = #{i : µi > 2} says that

ENn →
1

6
√

3π
≈ 0.030629.

This is very close to 1−F2(0) ≈ 0.030627 and indeed numerical work reported in Johnstone
(2018) confirms that for pN (k) = Pr( exactly k of N eigenvalues > 2) we have

pN (2) ∈ [1, 3]× 10−6, pN (3) ∈ [0.5, 3]× 10−13.

Thus, in the classical ensembles, it is very rare for more than one eigenvalue to ’exit the
bulk’ at a given edge.
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4 Likelihood Ratios for eigenvalues in the spiked model

Consider tests of hypotheses about the size of a spike. For simplicity, we work in a model
with a single spike `, parameterized by θ. From the previous sections, we expect the phase
transition 1 +

√
γ to play a determining role. We therefore consider two cases.

a) (with `(θ) = θ), testing whether θ = 0 versus alternatives θ < 1+
√
γ. In this case, we

know from the Remark following Proposition 5 that we cannot expect much help from the
largest sample eigenvalue λ1, since its limiting distribution does not depend on θ < 1 +

√
γ.

Indeed, it is not clear a priori that a test is possible. We will give an overview of the results
of Onatski et al. (2013) to the effect that indeed, non-trivial tests can be constructed based
on a certain linear statistic, i.e. using all of the sample eigenvalues.

b) testing whether ` = `1 > 1 +
√
γ. The situation is now quite different. Now it

can be shown that one can distinguish a supercritical `1 from “local alternatives” `1n(θ) =
`1 + θw/

√
n, where w = w(`1) is a scale factor to be explained later. The largest sample

eigenvalue λ1 is not only effective, it is asymptotically optimal in a strong sense.
The entire discussion will be based on computations with likelihood ratios of densities

under alternative and null hypotheses (as basic statistical theory suggests). The assumption
of Gaussian data yi ∼ N(0,Σ) allows us to build on classical multivariate statistical theory,
which provides formulas for the joint eigenvalue densities. The spiked model, with large
p and n and p/n → γ, allows approximations to be made to the otherwise complicated
density ratios. Our route uses a reduction to a single contour integral, which is analyzed
by Laplace approximation in different ways in the sub- and super-critical cases.

For the reader’s convenience, we recall some necessary statistical theory of testing in
Section 4.1, and on joint densities of eigenvalues in Section 4.2. The contour integral
representation is indicated in Section 4.3. The main results for the subcritical case (a)
above are summarized in Section 4.4, while those for the supercritical case are reviewed in
Section 4.5.

[ Discussion in Secs. 4.1, 4.4 and 4.5 is incomplete, hopefully

to be updated during the course.]

4.1 Reminders on tests and contiguity

Let P and Q be probability measures on a sample space X . We refer to P and Q as the
null and alternative hypotheses. A test ϕ is a function X → [0, 1], colloquially ϕ(x) is
the probability of rejection of the null hypothesis. The (type I) error probability of ϕ is
EP [ϕ] =

∫
ϕdP . The power of ϕ is EQ[ϕ] =

∫
ϕdQ.

Let P,Q have densities p, q with respect to a dominating measure ν. There is no loss
of generality in this, as we may take ν = P + Q. The Neyman-Pearson lemma REF says
that optimal, i.e. most powerful, tests depend on the likelihood ratio q/p. More precisely,
most powerful tests of P versus Q with level α exist and all of them have the form

ϕ(x) =

{
1 q(x)/p(x) > k

0 q(x)/p(x) < k,

and k is determined so that EP [ϕ] = α.
The optimal test need not be unique, but if Q ≺ P and the likelihood ratio L = q/p has

a continous positive density on (0,∞), then a critical value Cα is uniquely determined by
the condition P (logL > Cα) = α. The power of this likelihood ratio test is then given by

Q(logL > Cα) = EP {elogL, logL > Cα}, (89)
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which can be easily evaluated if logL has an approximately Gaussian distribution.
In summary, these results show the importance of the likelihood ratio, and the role

played by absolute continuity of Q w.r.t. P .

Contiguity. Suppose now that we have sequences of probability measures {Pn}, {Qn}.
The distribution of logLn under Pn and Qn may be complicated, but the limiting distri-
bution of logLn may be tractable, e.g. Gaussian. The notion of contiguity provides an
asymptotic analog of absolute continuity. We borrow here from van der Vaart (1998, Ch.
6), which has more detail.

Definition. The sequence Qn is contiguous with respect to the sequence Pn if Pn(An)→
0 implies Qn(An)→ 0 for every sequence of measurable sets An. This is denoted Qn / Pn.
The sequences Pn and Qn are mutually contiguous if both Pn / Qn and Qn / Pn. This is
denoted Pn / . Qn.

‘Le Cam’s first lemma’ provides useful characterizations of contiguity (van der Vaart
1998, Lem. 6.4):

Lemma 3. The following are equivalent.

(i) Qn / Pn,

(ii) If dPn/dQn
Qn⇒ U on a subsequence, then P(U > 0) = 1,

(iii) If dQn/dPn
Pn⇒ V on a subsequence, then EV = 1,

This is the asymptotic version of the result (van der Vaart 1998, Lem. 6.2(iii)) for
probability measures P,Q that says Q ≺ P if and only if Q(p = 0) = 0 if and only if∫

(q/p)dP = 1.
If the log likelihood ratios are asymptotically Gaussian, these conditions simplify nicely.

Noting that E expN(µ, σ2) = exp(µ+ 1
2σ

2) = 1 if and only if µ = −1
2σ

2, we obtain

Corollary 1. If Pn, Qn are probability measures on arbitrary measure spaces such that

dPn
dQn

Qn⇒ eN(µ,σ2),

then Qn / Pn. Furthermore Qn / .Pn if and only if µ = −1
2σ

2.

Our results for the spiked model below will establish convergence of the log likelihood
ratio under the null hypothesis:

logLn
Pn⇒ N(−σ2/4, σ2/2),

for σ2 to be specified at REF BELOW. Consequently Pn and Qn are mutually contiguous.
To compute the power of the resulting test, (89) suggests that we will need the distribution
computed under Qn in place of Pn. The convenient tool for this is ‘Le Cam’s third lemma’
(van der Vaart 1998, Lem. 6.7).

Lemma 4. If

(Xn log
dQn
dPn

)
Pn⇒ Nk+1

[(
µ
−1

2σ
2

)
,

(
Σ τ
τ ′ σ2

)]
,

then

(Xn log
dQn
dPn

)
Qn⇒ Nk+1

[(
µ+ τ

1
2σ

2

)
,

(
Σ τ
τ ′ σ2

)]
. (90)
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Thus the asymptotic covariance matrices are the same under Qn and Pn, but each
component of the the mean vector under Qn is shifted to the right by the asymptotic
covariance between that component and the log likelihood ratio.

4.2 Joint density of eigenvalues

We give an outline of the derivation of the joint density of the eigenvalues of the sample
eigenvalues of the sample covariance matrix, when the underlying data is multivariate
Gaussian. Further details can be found in the book Muirhead (1982).

Let Z be n×p with rows drawn independently from the Gaussian distribution Np(0,Σ).
Then A = Z ′Z is said to have a Wishart distribution with p variables, n degrees of freedom
and expectation matrix Σ, written Wp(n,Σ). [The sample covariance matrix S = n−1A.]

The joint density function of A was found by Wishart (1928). To state it, we adopt some
notation from Muirhead. For a p × n matrix Z, the symbol (dZ) denotes the (exterior)
product of the pn differentials dzij , while if A is a symmetric p × p matrix, (dA) is the
product of the 1

2p(p+ 1) distinct elements of dA. Finally, write etr(M) = exp{tr(M)}.

Theorem 4.1 (Wishart). If A ∼Wp(n,Σ) with p ≤ n, then

p(A)(dA) = cp,n(det Σ)−n/2(detA)(n−p−1)/2 etr(−1
2Σ−1A)(dA). (91)

The domain of integration is the set of all positive definite matrices A > 0. The
proportionality constant cp,n involves the multivariate Gamma function, but we will not
need it. The annoying factors of 1

2 in the exponents are intrinsic to real-valued data.
They disappear for complex valued data, found in practice most commonly in engineering
signal processing applications [[complex-wish-den REF?]. When p > n, the distribution
is singular, see Uhlig (1994).

Proof Outline. The density function of the multivariate Gaussian matrix Z is just

p(Z)(dZ) = (2π)−pn/2(det Σ)−n/2 etr(−1
2Σ−1Z ′Z)(dZ).

Change variables using the (thin) QR decomposition Z = H1T , where H1 has p orthonormal
columns and T is upper triangular. Clearly Z ′Z = T ′T = A, and the the Jacobian (dZ) =
2−p(detA)n−p−1)/2(dA)(H ′1dH1) is derived (and defined) in Muirhead Section 2.1.3. After
integrating over H1, one arrives at (91).

Given a positive definite matrix with density pA, the joint density function of its eigenval-
ues Λ = diag(λi) is proportional to the integral of pA over the orthogonal group, multiplied
by the Vandermonde ∆(Λ) =

∏
j<k(λj − λk) of the eigenvalues. In symbols, Muirhead’s

Theorem 3.2.17, decompose A = HΛH ′ and integrate over orthogonal H:

p(Λ) = cp∆(L)

∫
pA(HΛH ′)(dH).

Here (dH) denotes the Haar invariant measure on O(p), normalized to total mass one.
If we apply this to the Wishart density (91), we obtain an expression for the density of
the Wishart eigenvalues due to James (1960). Written in terms of the eigenvalues Λ =
diag(λ1, . . . , λp) = n−1L of S = n−1A, we arrive at (Muirhead’s Theorem 9.4.1):
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Theorem 4.2. Let nS ∼ Wp(n,Σ) with p ≤ n. The joint density function of Λ, the
eigenvalues of S, has the form

p(Λ) = cp,n(det Σ)−n/2(det Λ)(n−p−1)/2∆(Λ)

∫
O(p)

etr(−n
2 Σ−1HΛH ′)(dH). (92)

Remark. In the special case Σ = Ip (the white Wishart setting), the integrand reduces
to a constant, etr(−n

2 Λ), and the joint eigenvalue density function can be written explicitly
(Muirhead 1982, Cor. 3.2.19):

p(λ1, . . . , λp) = cp,ne
−n2

∑
λj

p∏
1

λ
(n−p−1)/2
j

∏
j<k

(λj − λk)

over the set λ1 > λ2 > . . . > λp > 0. This joint density dates from 1939, when it was
more or less simultaneously obtained by five distinguished statisticians in three continents
(Fisher 1939, Girshick 1939, Hsu 1939, Mood 1951, Roy 1939).

Returning to the spherical integral above, the approach of James (1960) was to expand
in terms of his zonal polynomials

F (X,Y ) =

∫
O(p)

etr(XHYX ′)(dH) =

∞∑
k=0

∑
κ

Cκ(X)Cκ(Y )

Cκ(I) k!
. (93)

Here Cκ(X) are polynomials of degree k in the eigenvalues (x1, . . . , xp) of the symmetric
matrix X, and the index κ runs over partitions of k into not more than p parts. They
are defined using the representation theory of the linear group GL(p), or equivalently, in
terms of eigenfunctions of the Laplace-Beltrami operator associated with positive definite
matrices. In spite of a large literature, Muirhead, Takemura, Farrell, Provost Mathai,
it seems fair to say that the difficulties, which are analytical, combinatorial and numerical,
of working with zonal polynomials have stymied their use in statistical application. We
shall need only polynomials for the trivial partitions κ = (k, 0, . . . , 0), for which

Ck(X) = xk1, Ck(I) =
(p/2)k
(1/2)k

.

If the dimensions p and n are large, and the covariance matrix Σ has spiked form, then
random matrix theory methods offer a route to informative approximations. Consider the
simplest case, in which Σ is a rank one perturabation of the identity

Σ = Ip + θuu′, ‖u‖ = 1.

The density of Λ in (92) is unaffected by rotating co-ordinates so that u = e1 =
(1, 0, . . . , 0), so assume this has been done. Then

Σ−1 = I −Ψ, Ψ = θ(1 + θ)−1e1e
′
1.

The eigenvalue density now takes the form

p(Λ, θ) = c(Λ)(1 + θ)−n/2
∫

etr(n2 ΨHΛH)(dH), (94)
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where we have absorbed all factors depending on p, n and Λ into the prefactor c(Λ). Ob-
serve that p(Λ, 0) = c(Λ), so that the prefactor cancels when we form the likelihood ratio
comparing the densities for θ and 0:

L(θ,Λ) =
p(Λ, θ)

p(Λ, 0)
.

[The order of the arguments θ and Λ is switched to emphasize the focus on inference about
the parameter θ].

4.3 Contour integral representation

When the matrix X in the (hypergeometric) function F (X,Y ) has rank one, X = x1e1e
′
1,

the spherical integral has a representation as a univariate contour integral.

Proposition 10. Suppose that X = xe1e
′
1 and Y is positive definite with eigenvalues

y1, . . . , yp. Then

F (X,Y ) =
Γ(p/2)

xp/2−1

1

2πi

∫
Γ
exz

p∏
j=1

(z − yj)−1/2 dz, (95)

where the contour Γ starts at −∞, encircles 0 and {yj} counterclockwise, and returns to
−∞.

This representation was derived independently by Mo (2012), Wang (2012) and Onatski et al.
(2013). Onatski (2014) gave an extension to X of rank r, involving an r-fold iterated contour
integral. Extensions of the representation to hypergeometric functions pFq(X,Y ) were given by
Dharmawansa & Johnstone (2014) for r = 1, and by Passemier et al. (2015) for finite r.

Proof. The argument given here extends to other hypergeometric functions and (with more com-
plexity) to rank r > 1; it assumes that p is even. When X has rank 1, the polynomials Cκ(X)
vanish unless κ = (k, 0, . . . , 0), in which case Ck(X) = xk. In this case, the ‘Mercer expansion’ of
(Stanley 1989, Proposition 2.1) takes the form

p∏
j=1

(1− wyj)−1/2 =

∞∑
l=0

(1/2)l
l!

wlCl(Y ),

valid at least for w small. Here the rising factorial (a)k = a(a + 1) · · · (a + k − 1). We can pick
out the kth term using Cauchy’s integral formula (2πi)−1

∫
Γ
wl−k−1dw = δkl for a small contour Γ

encircling 0, but excluding all y−1
j . This yields

(1/2)k
k!

Ck(Y ) =
1

2πi

∫
Γ

p∏
j=1

(1− wyj)−1/2 w−k−1 dw.

From the definition (93), when X has rank one, and noting that Ck(I) = (p/2)k
(1/2)k

, we find

F (X,Y ) =

∞∑
k=0

xk

(p/2)k

(1/2)k
k!

Ck(Y ) =
1

2πi

∫
Γ

p∏
j=1

(1− wyj)−1/2
∞∑
k=0

1

(p/2)k

xk

wk+1
dw.

If p is even, so that p/2 = m+1, say, then the infinite sum in the preceding integral can be rearranged
as

m!

xm
wm−1ex/w −m!

m−1∑
l=0

wm−1−l

xm−l
.
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The second term is a polynomial in w, and hence analytic in Γ (along with the product term), and
so does not contribute to the integral, which then becomes

F (X,Y ) =
m!

xm
1

2πi

∫
Γ

wm−1ex/w
∏
j

(1− wyj)−1/2dw.

The change of variables z = x/w, and deformation of the contour, yields the result.

The eigenvalue density (94) can now be rewritten as a univariate integral: set ψ(θ) =
θ(1 + θ)−1, x = nψ(θ)/2 and Y = Λ in (95); we obtain

p(Λ, θ) = c(Λ)(1 + θ)−n/2F (
n

2
ψ(θ)e1e

′
1,Λ)

= c(Λ)(1 + θ)−n/2
(n

2
ψ(θ)

)1−p/2 Γ(p/2)

2πi

∫
K
e
n
2ψ(θ)

n∏
i=1

(z − λi)−1/2 dz. (96)

[all the factors of 2 are the price of working with real rather than complex data!].

4.4 Laplace approximation of L(θ,Λ)

We now work in the asymptotic regime p/n = c→ γ ∈ (0, 1) – extension to all γ > 0 isn’t
too hard [c> 1 exercise?]. More carefully, regard p = p(n) and hence c = c(n) = p(n)/n
as functions of increasing n, though this will rarely be shown explicitly.

The likelihood ratio L(θ,Λ) = p(Λ, θ)/c(Λ) is essentially given by (96). The aim is to
rewrite it in ‘Laplace form’

∫
g(z)e−(p/2)f(z)dz. To this end, note first that the integrand

in (96) can be rewritten as

exp
{
− p

2

z

c

θ

(1 + θ)
− 1

2

p∑
i=1

log(z − λi)
}
.

It is natural to center the (random) sum by its deterministic approximation. So we introduce
the linear statistic

∆p(z) =

p∑
i=1

log(z − λi)− p
∫

log(z − λ)dFc(λ).

In view of the Bai & Silverstein (2004) central limit theorem, we expect ∆p(z) to be Op(1)
and asymptotically Gaussian for z away from the support of Fc.

So, after some rearrangement, the likelihood ratio can be written in the Laplace form

L(θ,Λ) =

√
πp

2πi

∫
K

exp{−p
2
f(z; θ)}g(z; θ) dz,

where

f(z; θ) = fc(θ)−
z

c

θ

1 + θ
+

∫
log(z − λ) dFc(λ) (97)

g(z; θ) = gc(θ) exp{−1
2∆p(z)} (98)

and the contour K... Leaving
√
πp/(2πi) separate from g(z) ensures that f(z) and g(z) are

bounded in probability, and simplifies some later expressions.
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Exercise: Verify, using Stirling’s formula, that

fc(θ) = 1 +
1− c
c

log(1 + θ) + log
θ

c
, (99)

gc(θ) =
θ

c(1 + θ)
(1 + oP (p−1)), (100)

where the oP (p−1) is independent of θ.

Laplace approximation typically seeks a critical point z0 at which f ′(z0) = 0, and a
deformation of the the contour K, within the domain of analyticity of f and g, so that

<f(z0) = min
z∈K
<f(z)

For f(z) defined at (97), we have

f ′(z) = −1

c

θ

1 + θ
−m(z) (101)

where m(z) =
∫

(λ− z)−1dFc(z) is the Stieltjes transform of Fc.
Recall from (23) that m is strictly decreasing on [bc,∞) with m(bc) = −1/

√
c(1 +

√
c).

Hence the equation m(z) = −θ/(1 + θ) has a unique solution z0 = z0(θ) for 0 < θ <
√
c.

Substitution into the Marchenko-Pastur equation

czm2(z) + (z + c− 1)m(z) + 1 = 0 (102)

immediately yields that
z0(θ) = (θ + 1)(θ + c)/θ. (103)

If we define the contour K to be vertical as in Laplace contour FIGURE, so that z =
z0 +it for |t| < 2z0, then the only part of <f(z) that varies with z ∈ K is

∫
log |z−λ|dFc(λ),

which is clearly minimized at z = z0.
Formally applying the Laplace approximation of (Olver 1974, Thm. 7.1), we obtain

√
πp

2πi

∫
K

exp{−p
2
f(z; θ)}g(z; θ) dz = e−

p
2f(z0)

[ g(z0)

|f ′′(z0)|1/2
+O(

1

p
)
]
. (104)

[K2 negligible, need for uniformity]

Somewhat miraculously, it turns out that f(z0) = 0, as follows from the following
exercise and substitution, along with (99), into (97).

Exercise: Show, for example by contour integration, that for θ <
√
c and c < 1,∫

log(z0(θ)− λ) dFc(λ) =
c− 1

c
log(1 + θ) +

θ

c
− log

θ

c
.

By differentiating equations (101) and (102), and substiting, the value (103) for z0(θ),
one finds that

f ′′(z0) = −m′(z0) = −θ
2

c

c− θ2

(1 + θ)2
.

Use this and (98) to evaluate (104); we obtain

L(θ,Λ) =
1√

1− θ2/c
exp{−1

2∆p(z(θ))}+O(1
p).
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4.5 Likelihood ratios in the supercritical setting

[Note: The results in this section are part of a larger joint project with Alexei Onatski
and Prathapa Dharmawansa to be posted shortly on arXiv. Until then, it is requested that
readers not circulate this material beyond the course. An earlier posting, Dharmawansa
et al. (2014), covers analogous results for related but more complex multivariate testing
problems.]

Consider a single spike Gaussian model in the supercritical case, i.e. with c = p/n →
γ ∈ (0, 1) and ` > 1 +

√
γ. Introduction re mutual singularity for `0 6= `1.

For the null hypothesis H0 : ` = `1 we consider instead local alternativs H1 : ` =
`1 + θw/

√
n where θ is now the local parameter, i.e. we are effectively testing H0 : θ = 0,

and w is a scaling factor to be made explicit below. We will make a study of the likelihood
ratio

L(θ,Λ) =
p(Λ, `1 + θw/

√
n)

p(Λ, `1)
.

Laplace approximation to the density p(Λ; `) The contour integral representation (96)
in this case becomes

p(Λ; `) = Cα(`)ψ(`)1−p/2
∫
K
enψ(`)/2

p∏
i=1

(z − λi)−1/2dz, (105)

where α(`) = `−n/2, ψ(`) = (`− 1)/`.
As before, write the integral in the form

∫
g(z)epf(z)dz, where now

f(z) =
`− 1

2c`
z − 1

2p

p∑
i=2

log(z − λi)

g(z) = (z − λ1)−1/2.

The supercritical eigenvalue λ1 is excluded from the definition of f . The empirical distri-
bution of the eigenvalues in the sum then converges almost surely to the Marchenko-Pastur
distribution Fγ and so with high probability for large n is analytic on the sets Uδ in (53).

To apply the Laplace method, deform K this time as shown in

Figure 7: FILL IN

As can be seen from the form of g(z), the singularity of the integrand in (105) at λ1

is of inverse square-root type. Therefore, the part of the integral over the small circle K0

around λ1 disappears in the limit as the radius of the circle tends to zero. Hence, we may
set the radius to zero without loss of generality.

Further, the contributions of K+
1 and K−1 to the integral are equal. Indeed, the function

g(z) has opposite signs on these parts of the contour because they constitute different edges
of the principal branch cut of the square root. On the other hand, the orientations of K+

1

and K−1 are also opposite. Therefore, the differences caused by the location of the branch
cut and opposite orientations cancel out, so that the cumulative contribution to the integral
equals

I = 2i

∫ λ1

x0

(λ1 − z)−1/2epf(z)dz.
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Observe that f(z) is a.s. strictly increasing on z ≥ x0 for all sufficiently large p and n.
Indeed, under the null hypothesis ` = `1, we have a.s.

2f ′(z) = c−1(1− `−1) + p−1
p∑
i=2

(λi − z)−1

→ γ−1(1− `−1) +m(z) > 0

for z > b(γ), as follows from ` > 1 +
√
γ and m(z) > m(bγ) = −[

√
γ(1 +

√
γ)]−1, as seen

earlier at (23).
This strict monotonicity of f and the standard Laplace method (Olver 1974, pp. 81–82)

for a maximum at a limit of integration yield

I = 2i

(
pf ′(λ1)

π

)−1/2

epf(λ1){1 + oa.s.(1)}

as p/n → γ. It can be shown that this convergence is uniform in θ in compact subsets
of R and that the contributions to the integral (105) of the other parts of the contour are
asymptotically dominated by I.

To summarize, under H0 as p/n→ γ,

p(Λ, `) = Cα(`)ψ(`)1−p/2enψ(`)λ1/2{1 + oa.s.(1)}. (106)

Here C = C(p, n, γ, `1,Λ), while ` = `1 + θw/
√
n and the error term oa.s.(1)→ 0 uniformly

in θ on compact sets, almost surely.
Thus, to leading order, the joint density in the supercritical case depends on the sample

eigenvalues only through the outlying eigenvalue λ1.

Quadratic approximation of the log likelihood ratio. Now form the ratio of densities
p(Λ, `) and p(Λ, `1). The Laplace approximation (106) implies that under the null hypoth-
esis

logL(θ,Λ) =
(p

2
− n

2
− 1
)

log
`

`1
+
(

1− p

2

)
log

`− 1

`1 − 1
+
nλ

2

`− `1
``1

+ oa.s.(1).

Now we are in the domain of Taylor approximation. Recalling that ` = `1 + θw/
√
N and

expanding in powers of θw/
√
n, we obtain (a slightly fiddly Exercise) that under H0 : ` = `1,

logL(θ,Λ) =
θw
√
n

2`21
[λ1 − λ(`1; c)]− θ2w2

4`21
[1− c(`1 − 1)−2]− θ2w2

2`31
[λ1 − λ(`1; c)] + oa.s.(1)

where λ(`, c) is the first order limiting approximation to λ1, c.f. Proposition 3.
Now define the scale w = 2`21 – the asymptotic variance in the fixed p case (!), cf

Theorem 1.1(a). Noting also that λ1−λ(`1; c)
a.s.→ 0) under H0, we obtain the basic quadratic

likelihood approximation

logL(θ,Λ) = θ
√
n[λ1 − λ(`1; c)]− 1

2θ
2τ2(`1, γ) + oa.s.(1), (107)

where τ(`, c) is the scaling parameter also seen earlier in Proposition 5, the CLT for spiked
sample eigenvalues.

Let Pn,` denote the distribution of the eigenvalues (λi) for a single spike `. The quadratic
expansion (107), along with Proposition 5, shows that

log
dPn,`1+θw/

√
n

dPn,`1
= logL(θ,Λ)

Pn,`1⇒ N(−1
2θ

2τ2, θ2τ2),

[define τ2] and so by Corollary 1 to Le Cam’s First Lemma, the sequences Pn,`1+θw/
√
n

and Pn,`1 are mutually contiguous.
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