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I.3
Partitions and equivalence Relations

Partitions

Often we like to sort elements of a set into classes (for easy references). However we do want to avoid ambiguity, i.e. we want every element sorted in one and only one class. Such a collection of classes is called a partition.

Examples
1.
Think about the way we list words in a dictionary. We actually sort all words, by alphabetical order, into  26  classes:



the class containing words starting with  a;



the class containing words  starting with  b;




.




.




.



the class containing words starting with  z.

This is a partition (of the set of English words in that dictionary).

For any single word, we do not need to search the whole dictionary (the set of English words), we only have to concentrate on the one (and only) class where the word is in.

2.
Consider  Z, the set of all integers. We may sort elements of  Z  (i.e. integers) into two classes, namely the class (which is a subset of  Z) of even numbers and the class (which is also a subset of  Z) of odd numbers.

If we use the set operations learnt in I.2, we then can denote the class of all even numbers by  2Z  as an even number is an integer multiplied by  2.

Similarly, we can denote the class of all odd numbers by  1 + 2Z  as an odd number is an even number plus  1. 


Z:
0,  ± 2,  ± 4,  ± 6, ···

2Z


± 1,  ± 3,  ± 5, ···
1 + 2Z
3.
Consider  Z  again. We may sort integers in the following way.



Z:
0,  ±3,  ±6,  ±9, ···
3Z


1,  4,  7,  10, ···



-2,  -5,  -8,  -11, ···
1 + 3Z


2,  5,  8,  11, ···



-1,  -4,  -7,  -10, ···
2 + 3Z
We now define partition formally.

A partition  P  of a set  S  is a collection of subsets of  S  such that each element of  S  is in one and only one of the subsets.

In other words, 

if  P = { Si  : Si 

 S,  i = 1,  2, ···,  n }  is a collection of subsets of  S  then 

P  is a partition of  S
if
1.
S1 

 S2 

 ···

 Sn = S


and
2.
Si ( Sj  = ( 
if  i 

 j.

Now back to our previous examples, we may say

(1)
P
= 
{{a, aback, abacus, ···
},




{baa, baas, babble, ···
},





.





.





.





{yacht, yah, yahoo  ···
},




{zany, zap, ···
}} is a partition of the set of English words.

(2)
P
 =
{2Z,  1 + 2Z}  is a partition of  Z.

(3)
P
=
{3Z,  1 + 3Z,  2 + 3Z}  is also a partition of  Z.
The type of partitions of  Z  is of particular interest. In general, for any  n ( N, it seems, we have that  {nZ,  1 + nZ,  2 + nZ, …, (n-1) + nZ}  is always a partition of  Z.


Z
	0,  ±n,  ±2n, ···



	1,
1 + n,  1 + 2n,  1 + 3n, ···


1 - n,  1 - 2n,  1 - 3n, ···



	2,
2 + n,  2 + 2n,  2 + 3n, ···


2 - n,  2 - 2n,  2 - 3n, ···



	

:

	

:

	

:

	n - 1,  (n - 1) + n,  (n - 1) + 2n, ···


  (n - 1) - n,  (n - 1) - 2n, ···




Note that  a + nZ
=
{ a,  a + n,  a + 2n,  a + 3n, ···




 a - n, a -2n, a - 3n, ···
}



=
{ a + kn :  k ( Z }. 

a + nZ  is called the coset of  nZ  containing  a.

QN
What is the coset of  3Z  containing  1  (i.e. 1 + 3Z)?


What is the coset of  3Z  containing  4  (i.e. 4 + 3Z)?

ANS
1 + 3Z
=
{ 1,
4,  7,  10,  13, ···





-2,  -5,  -8,  -11, ···
}.


4 + 3Z
=
{ 4,
7,  10,  13, ···





1,  -2,  -5,  -8, ···
}.

By direct checking elements of  1 + 3Z  and  4 + 3Z, we find that, in fact, 

1 + 3Z = 4 + 3Z. Hence we see that the expression of a coset is NOT unique!
Though direct checking might be easy it is not good for abstract discussion. Consider the question: 
How can we tell if
a + nZ = b + nZ?

We clearly see that direct checking has no use at all. If we observe more examples (DO IT!!) we soon find a pattern. That is, if  a  and  b  are from the same coset then  a + nZ = b + nZ; otherwise, a + nZ 
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 b + nZ. We then further consider the way we can describe the fact that  a  and  b  are in the same coset. We then find that these cosets are formed by putting integers having the same remainder (when divided by  n) together. Hence we see that 

if  a  and  b, when divided by  n, have the same remainder then  a + nZ = b + nZ;

otherwise,  a + nZ ( b + nZ.

Example

We’ve seen that  1 + 3Z = 4 + 3Z.

Let’s use this result to check.




1  &  4  share the remainder  1, when divided by  3


(

1 + 3Z
=
4 + 3Z






(()

Also, by direct checking, we have  1 + 5Z ( 4 + 5Z.

We use this result to check again.




1  has remainder  1  while  4  has remainder  4, when divided by  5


(

1 + 5Z
(
4 + 5Z






(().

This partition  { nZ, 1 + nZ, 2 + nZ, …, (n - 1) + nZ }  of  Z  leads to an important result. To simplify the notation, we often write







=
nZ
=
{x :  x = nq,  q 

 Z}.







=
1 + nZ
=
{x :  x = 1 + nq,  q 

 Z}.

:







=
i + nZ
=
{x :  x = i + nq,  q 

 Z}.

:







=
(n - 1) + nZ
=
{x :  x = (n - 1) + nq,  q 

 Z}.

Thus this partition is now denoted as  {

,  

, ···,  

}. We often denote the set  {

,  

, ···,  

}  by  Zn, i.e.  Zn = {

, 

, ···,  

}.

Warning

Every time we use a simplified notation we must be cautious. On one hand, it is easier to use; on the other hand, some information is lost in the process of simplifying notation. In the notation  

, though simpler than  i + nZ  and hence easier to use, the divisor  n  is not indicated. Therefore it can be ambiguous. For example, when given  

, we do not know exactly what it means. Does it mean  1 + 2Z,  1 + 3Z, or some other? Therefore before we use this simplified notation we should always make clear which divisor we are using. We can achieve this by declaring, in the beginning, that we are in  Zn (which then indicates the divisor is  n). For example, in  Z2,  

 = 1 + 2Z   while,  in  Z3,  

 = 1 + 3Z.
So far, it seems quite natural, we can argue in the same way for any  n ( N, but is that true? We now provide theoretical background for this argument. We start from a question.

QN
How many possible remainders can we have when dividing an integer by  n  where  n ( N?

There are  n  possibilities, namely  0,  1,  2, ···,  n - 1.

You may guess it right. But why? It is from a result called Division Algorithm for  Z.
Division Algorithm for  Z
If  n  is a positive integer then for any integer  m  (positive, negative or  0 ), 

there are unique integers  q  and  r  such that
1.

m = nq + r






and

2.

0  
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  r  <  n.

q  is called quotient and  r  is called remainder.

Example
Take  n = 5. Then
12 
= 
5 

 2 
+ 
2





3 
= 
5 

 0 
+ 
3





0 
= 
5 

 0 
+ 
0





-3 
= 
5 

 -1 
+ 
2





-12 
= 
5 

 -3 
+ 
3.
Then we see that the partitions we had before in fact are based on this relation. That is, we put all integers which share the same remainder (when divided by  n) in one class. We often write it as  a ( b  (mod  n)  and the relation  (  is called congruence modulo  n.

Note that

a ( b
(mod  n )
(
a = nq1 + r
&
b = nq2 + r
for some  q1,  q2 ( Z




(
a - b = nq
for some  q ( Z.

For example, 
12 ( -3
(mod  5)

and
  7 ( 22
(mod  5)



as
12 - (-3) = 15 = 5 

 3
and 
7 - 22 = -15 = 5 

 (-3).

By using this notation, we see that





=
{x :  x = nq,  q 

 Z}

=
{x :  x ( 0  (mod n)}.





=
{x :  x = 1 + nq,  q 

 Z}

=
{x :  x ( 1  (mod n)}.

:





=
{x :  x = i + nq,  q 

 Z}

=
{x :  x ( i  (mod n)}.

:





=
{x :  x = (n - 1) + nq,  q 

 Z}
=
{x :  x ( n - 1  (mod n)}.

Thus  
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i 

  actually means the class of integers having the same remainder as  i, when divided by  n. We hence call  
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i 

  the residual class (mod  n).

As each integer  m  is uniquely associated to one (and only one) of  0,  1,  ···, &  n - 1, we see that  Zn  is indeed a partition of  Z.

To further simplify notation, we often simply write
Zn = {0,  1,  2,  ···,  n - 1}.

However, bearing in mind,  1  in  Zn  in fact means a whole class of integers, those having  1  as remainder when divided by  n.

Zn  plays an important role in algebra for it provides many fine examples and hence students should study it carefully and thoroughly.

An example of  Zn  in our daily life is the clocks. In fact, the structure is  Z12!! Another is the switches. The structure is  Z2!!
Examples

1.
Z3 = {0,  1,  2}  &  Z4 = {0,  1,  2,  3}.


2.
7
(
3
(mod  4),
i.e.
7
=
3
in  Z4



-7
(
1
(mod  4),
i.e.
-7
=
1
in  Z4


3.
7
(
1
(mod  3),
i.e.
7
=
1
in  Z3



-7
(
2
(mod  3),
i.e.
-7
=
2
in  Z3.

Quiz

(i)
| Zn 

 Zm |
=  
?

(ii)
| 
[image: image5.wmf]Z

2

n

 |


=  
?

(iii)
| 
[image: image6.wmf]Z

n

2

 |


= 
?

Equivalence Relations

A concept closely related to partition is “equivalence relation”. We will see that given a partition there is a corresponding equivalence relation and given an equivalence relation there is a corresponding partition.

First let’s see by which we mean a relation in mathematics.

Consider a relation among a set of people, namely  A  is the father of  B. As long as we all are aware that we are discussing this relation we do not need to repeat the whole sentence  “A  is the father of  B”. We simply need to mention who is  A  and  who is  B. In other words, what we need is just an ordered pair  (A,  B), that is it! We have seen that such a pair is an element of a Cartesian product. Hence mathematically, given a set  S, we say that  R  is a relation on  S  if  R  is a subset of  S 

 S. 

Example

Given that  S = {a,  b}, let’s find all relations on  S. Note that, by definition (of a binary relation), relations on  S  are simply subsets of  S ( S. Hence we see that there are  16 (= 24  where  4 = |S ( S|) relations on  S, namely
| R | = 0:
R1 = {  } (the null relation); 

---------------------------------------------------------------------------------------------------------------------------------------------------

| R | = 1:
R2 = { (a,  a) }, 
R3  = { (a,  b) }, 
R4 = { (b,  a) }, 
R5 = { (b,  b) }; 

---------------------------------------------------------------------------------------------------------------------------------------------------

| R | = 2:
R6 = { (a,  a),  (a,  b) }, 
R7 = { (a,  a),  (b,  a) }, 
R8 = { (a,  a),  (b,  b) } (the diagonal relation),  
R9 = { (a,  b),  (b,  a) }, 
R10 = { (a,  b),  (b,  b) }, 

R11 = { (b,  a),  (b,  b) }; 

---------------------------------------------------------------------------------------------------------------------------------------------------

| R | = 3:
R12 = { (a,  a),  (a,  b),  (b,  a) }, 
R13 = { (a,  a),  (a,  b),  (b,  b) }, 

R14 = { (a,  a),  (b,  a),  (b,  b) }, 
R15 = { (a,  b),  (b,  a),  (b,  b) }; 

---------------------------------------------------------------------------------------------------------------------------------------------------

| R | = 4:
R16 = { (a,  a),  (a,  b),  (b,  a),  (b,  b) } (= S 

 S = the universal relation).

Now let’s see by which we mean an equivalence relation.

An equivalence relation (or simply equivalence)  R  on a set  S  is a relation on  S  which is reflexive, symmetric, and transitive. In other words, an equivalence relation  R  on  S  is a subset of  S 

 S  such that


(i)
  x  S     (x,  x)  R

(reflexive)


(ii)
(x,  y)  R

(y,  x)  R
(symmetric)


(iii)
(x,  y),  (y,  z)  R

(x,  z)  R
(transitive).

Note that  (x,  y)  R  means that  x  is  R-related to  y. For this reason, in stead of writing  (x,  y)  R  we often write  x R y. Hence the definition of equivalence relation can also be presented as

Given a set  S, an equivalence relation  R  on  S  is a subset of  S 

 S  such that


(i)
  x  S     x R x



(ii)
x R y


y R x


(iii)
x R y  &  y R z

x R z.

Example
The relation  “A  is the father of  B”  is not reflexive as one can not be one’s own father (hence  [  x  S    x R x]
is not true). It is not symmetric either, for, if  A  is the father of  B  then  B can not be the father of  A  (hence  x R y  does NOT imply  y R x). It is not transitive either. For, if  A  is the father of  B  and  B  is the father of  C  then  A  is the grandfather, not father, of  C  (hence  x R y  &  y R z  does NOT imply  x R z).
Example
Let  S  be the set of all 160212 students (in 2006). Consider the relation  “A  is in the same 160212 class as  B”  defined on  S. Then it is reflexive as one is certainly in the same class as oneself  (hence  [  x  S    x R x]  is true). It is symmetric, for,  if  A  is in the same 160212 class as  B  then  clearly  B  is in the same 160212 class as  A  (hence  x R y  implies  y R x). It is also transitive, for, if  A  is in the same 160212 class as  B  and  B  is in the same 160212 class as  C  then  A  is in the same 160212 class as  C  (hence  x R y  &  y R z   implies  x R z).
Example
Consider the relation  “A  is in the same 160212 class as  B”  again. However, this time let  S  be the set of all Massey University students (in 2006). Then it is still symmetric and transitive. However, it is no longer reflexive as there are plenty of Massey University students who do not take 160212  (hence  [  x  S    x R x]  is false).
Example
Consider the same set  S  as above. This time consider the relation  “A  is a classmate of B” . Then the relation is reflexive and symmetric but not transitive.

Example
Consider the relation  “A  is greater than  B”  defined on  R. Then it is not reflexive as one is not greater than oneself  (hence  [  x  S    x R x]  is false). It is not symmetric. For example, 5 > 3  hence   5 R 3  but  3  is not greater than 5 hence we do NOT have   3 R 5 (hence  x R y  does NOT imply  y R x). It is transitive. For, if  A  is greater than  B  and  B  is greater than  C  then  A  is greater than  C  (hence  x R y  &  y R z   implies  x R z).
Example
Consider the relation  “A  is greater than or equal to  B”  defined on  R. Then this time  it IS reflexive as one is equal to oneself and so is greater than or equal to oneself  (hence  [  x  S    x R x]  is true). (Don’t forget for statements compounded by “or” as long as one of the statements is true the compounded statement is true.) It is still not symmetric for example, 5 ( 3  hence   5 R 3. However,  3  is not greater than or equal to  5 hence we do NOT have   3 R 5 (hence  x R y  does NOT imply  y R x). It is transitive. For if  A ( B  and  B ( C  then  A ( C  (hence  x R y  &  y R z   implies  x R z).
Example
Consider our previous example about all relations on the set  S = {a,  b}.

For a relation  R  (on  S) to be reflexive, we must have  x R x    x  S. In other words, we must have  (x,  x) ( R  x  S, i.e.  (a,  a),  (b,  b) ( R.

Hence we see that  R8,  R13,  R14,  R16  are reflexive.

Note that symmetry and transitivity are defined by statements with the nature of implications. In this case, when the hypothesis of the implication is false, we do not worry about the truth value of the conclusion. Only when the hypothesis is true we then need to check the truth value of the conclusion. Now let’s see which relations are symmetric/transitive.

For a relation  R  (on  S) to be symmetric, we must have  x R y    y R x. In other words, we must have  (x,  y) ( R  (  (y,  x) ( R.

First consider  R1. As there is no  (x,  y)  such that (x,  y) ( R1   we see that the hypothesis (i.e.  (x,  y) ( R1) is false we then do not bother to check if the conclusion (i.e.  (y,  x) ( R1) is true or false. The implication  [(x,  y) ( R1  (  (y,  x) ( R1]  is true and so  R1  is symmetric. In this situation we often say, by default (meaning that the hypothesis is false),  R1  is symmetric. 
Now consider  R2. As we can find  (a,  a) ( R2  the hypothesis (i.e.  (x,  y) ( R2) is true when  x = y = a. We then need to check if the conclusion (i.e.  (y,  x) ( R2) is true. We see that, in this case  (y,  x) = (a,  a) ( R2. Hence the conclusion is true and so the implication  [(x,  y) ( R2  (  (y,  x) ( R2]  is true and so  R2  is symmetric.
Now consider  R3. As we can find  (a,  b) ( R3  the hypothesis (i.e.  (x,  y) ( R3) is true when  x = a and  y = b. We then need to check if the conclusion (i.e.  (y,  x) ( R3) is true. We see that, in this case  (y,  x) = (b,  a) ( R3. Hence the conclusion is false and so the implication  [(x,  y) ( R3  (  (y,  x) ( R3]  is false and so  R3  is NOT symmetric.

Similarly, we see that  R4  is NOT symmetric but  R5  is symmetric.

Now consider  R6. As we can find  (a,  a),  (a,  b) ( R6  the hypothesis (i.e.  (x,  y) ( R6) is true when  [x = y = a]  or  [x = a and  y = b]. We then need to check if the conclusion (i.e.  (y,  x) ( R6) is true. We see that, in the case that  x = y = a,   (y,  x) = (a,  a) ( R6  and, in the case that  x = a and  y = b, (y,  x) = (b,  a) ( R6. Hence the conclusion is false and so the implication  

[(x,  y) ( R6  (  (y,  x) ( R6]  is false and so  R6  is NOT symmetric.

Altogether, we see that  R1,  R2,  R5,  R8,  R9,  R12,  R15,  R16  are symmetric.

For a relation  R  to be transitive, we must have  x R y  &  y R z    x R z. 

In other words, we must have  (x,  y),  (y,  z) ( R    (x,  z) ( R.

First consider  R1. As there are no  (x,  y)  (y,  z)  such that (x,  y),  (y,  z) ( R1   we see that the hypothesis (i.e.  (x,  y),  (y,  z) ( R1) is false we then do not bother to check if the conclusion (i.e.  (x,  z) ( R1) is true or false. The implication  [(x,  y),  (y,  z) ( R1  (  (x,  z) ( R1]  is true and so  R1  is transitive. In this situation we often say, by default (meaning that the hypothesis is false),  R1  is transitive. 

Now consider  R2. The hypothesis (i.e.  (x,  y),  (y,  z) ( R2)  is true when  x = y = z = a. We then need to check if the conclusion (i.e.  (x,  z) ( R2) is true. We see that, in this case  (x,  z) = (a,  a) ( R2. Hence the conclusion is true and so the implication  [(x,  y),  (y,  z) ( R2  (  (x,  z) ( R2]  is true and so  R2  is transitive.

Similarly, we see that  R5  is transitive.

Now consider  R3. As there are no  (x,  y)  (y,  z)  such that (x,  y),  (y,  z) ( R3   we see that the hypothesis (i.e.  (x,  y),  (y,  z) ( R3) is false we then do not bother to check if the conclusion (i.e.  (x,  z) ( R3) is true or false. The implication  [(x,  y),  (y,  z) ( R3  (  (x,  z) ( R3]  is true and so  R3  is transitive. In this situation we often say, by default (meaning that the hypothesis is false),  R3  is transitive. 

Similarly, we see that  R4  is transitive.

Now consider  R6. The hypothesis (i.e.  (x,  y),  (y,  z) ( R6) is true when  x = y = a  and  z = b. We then need to check if the conclusion (i.e.  (x,  z) ( R6) is true. We see that, in this case,   (x,  z) = (a,  b) ( R6. Hence the conclusion is true and so the implication  

[(x,  y),  (y,  z) ( R6  (  (x,  z) ( R6]  is true and so  R6  is transitive.

Now consider  R7. The hypothesis (i.e.  (x,  y),  (y,  z) ( R7) is true when  x = b  and  y = z = a. We then need to check if the conclusion (i.e.  (x,  z) ( R7) is true. We see that, in this case,   (x,  z) = (b,  a) ( R7. Hence the conclusion is true and so the implication  

[(x,  y),  (y,  z) ( R7  (  (x,  z) ( R7]  is true and so  R7  is transitive.

Now consider  R8. The hypothesis (i.e.  (x,  y),  (y,  z) ( R7) is true when  [ x = y = z = a ]  or  

[ x = y = z = b ]. We then need to check if the conclusion (i.e.  (x,  z) ( R8) is true. We see that, in the case that  x = y = z = a,   (x,  z) = (a,  a) ( R8  and, in the case that  x = y = z = b,   (x,  z) = (b,  b) ( R8. Hence the conclusion is true and so the implication  

[(x,  y),  (y,  z) ( R8  (  (x,  z) ( R8]  is true and so  R8  is transitive.

Now consider  R9. The hypothesis (i.e.  (x,  y),  (y,  z) ( R9)  is true when  [x =  z = a  (  y = b]  or  [x = z = b  (  y = a ]. We then need to check if the conclusion (i.e.  (x,  z) ( R9) is true. We see that, in the case that  x =  z = a  and  y = b,   (x,  z) = (a,  b) ( R9. Hence the conclusion is false and so the implication  [(x,  y),  (y,  z) ( R9  (  (x,  z) ( R9]  is false and so  R9  is NOT transitive.

Following the same argument, altogether, we see that  R1,  R2,  R3,  R4,  R5,  R6,  R7,  R8,  R10,  R11,  R13,  R14,  R16  are transitive.

We see that only  R8  and  R16  are reflexive, symmetric and transitive. Hence the only equivalences on  S  are  R8  and  R16.

Exercise

Construct an equivalence relation on a three-element set  S  other than the universal relation  
S ( S  and  the diagonal relation  {(x,  x) :  x ( S}.

Example
The relation “congruence module  n” given by


a  b  (mod n)  if  a - b = nq  
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  q  Z
is an equivalence relation on  Z:
(i)
Reflexivity:
[  a  a  (mod n)  ( a ( Z]



For any  a  Z,  a - a = 0 = 0 

 n.



Hence  a  a  (mod n).

(ii)
Symmetry :
[  a  b  (mod n)

b  a  (mod n)  ]



If
a  b  (mod n)  then  a – b = nq

[image: image8.wmf]$

  q  Z.


So
b – a = -nq = n(-q). 



Hence  b  a  (mod n).

(iii)
Transitivity :
[  a  b  (mod n)  &  b  c  (mod n)

a  c  (mod n)  ]




a  b  (mod n)
&
b  c  (mod n)




a - b = nq1
&
b - c = nq2

[image: image9.wmf]$

q1, q2  Z.




Now
a – c = (a – b) + (b – c) = nq1 + nq2. = n(q1 + q2).



Hence
a  c  (mod n).

Equivalence Classes

Given an equivalence relation  R  on a set  S  and  a  S, the equivalence class containing  a  is the set  of elements of  S  that are R-related to a, i.e. { x  S :  x R a }. We often denote it by  [ a ].

Example

In our previous example, we see that  R8  and  R16  are equivalence relations.

When considering  R8, 
[ a ] = { x  S :  x R8 a } = { a } 


and 
[ b ] = { x  S :  x R8 b } = { b };

when considering  R16, 
[ a ] = { x  S :  x R16 a } = { a,  b } = [ b ].

Example

This time we consider the equivalence relation “congruence modulo  n”. The equivalence class containing  1  is the set



[ 1 ] 
=
{ b  Z  :
b  1  (mod n) }




=
{ b  Z  :
b = 1 + nq
 q  Z }



=
1 + n Z




= 


.

Similarly the equivalence class containing  r  (  Z)  is simply  


Hence the class of all equivalence classes of the equivalence relation “congruence modulo  n”  is
{
[image: image10.wmf]0

,  
[image: image11.wmf]1

,  
[image: image12.wmf]2

,  …,  
[image: image13.wmf]1

 

-

n 

}.
We have seen that it is a partition of  Z. This is no coincidence.

In fact, we have

given an equivalence relation  R  on a set  S, the class of all equivalence classes is a partition of  S.





(Theorem I.1.1)

To see this we need to show that

(1)
 a  S,  a  is in one of the equivalence classes.

(2)
For any equivalence classes  [a]  &  [b], either  [a] = [b]  or  [a]  [b] = .

(1)  is obvious, as  a R a  by reflexivity and so  a  [a].

For  (2), we first note that the statement  P ( Q  is equivalent to  (P ( Q.

Hence we can show that  [a]  [b]  implies  [a] = [b]  instead. (Or, we can show that  
[a]  [b]  implies  [a]  [b] = . However, it is harder.)

Now, if  [a]  [b]  , there is some  c  S  such that  c  [a]  [b], i.e.  c  [a]  &  c  [b].

Now
c  [a]

c R a

a R c
, by symmetry.

Also
c  [b]

c R b.

Then, by transitivity,
a R c  &  c R b

a R b.

Now, for any  x  [a], we have  x R a. Together with  a R b, we have  x R b  and so  x  [b]. Therefore  [a]  [b]. Similarly,  [b]  [a]  and so  [a] = [b], as required.

More Examples

Consider  R8  and  R16  as before. The set of all equivalence classes of  R8  is  {{a},  {b}}  and the set of all equivalence classes of  R16  is  {{a,  b}}. 

Clearly they are partitions of the set  {a,  b}.

The converse of Theorem I.1.1  is also true and we state it as Theorem I.1.2.

Given a partition of a set S, define a relation  R  on  S  as  a R b    if  a,  b are in the same partitioned subset.

Then  R  is an equivalence relation on  S.


(Theorem I.1.2)
Exercise

Prove Theorem I.1.2.

Home work I.3

1.
Use Division Algorithm for  Z  to find the unique quotients and remainders.



123 
= 
7 
 
______ 
+ 
_______.



-57 
= 
7 
 
______ 
+ 
_______.



14 
= 
7 
 
______ 
+ 
_______.

2.
Show that  7  -123  (mod  5)  and  1  -1  (mod  2).

3.
Let  a,  b  be two odd numbers. Show that  a  b  (mod  2).

4.
List  4  elements of the following sets.


a.
1 + 3Z.


b.
4 + 7Z.


c.

[image: image14.wmf]4

 (

 Z6).

5.
What is wrong with the following argument?

Let  S  be a set with a relation  R  on  S.

If  R  is both symmetric and transitive then  R  is reflexive.

Proof.


Let  (x,  y) ( R. 

By symmetry,  (y,  x) ( R. 

Then, with  (x,  y),  (y,  x) ( R, by transitivity,  (x,  x) ( R. 

Hence  R  is reflexive.

6.
Let  S = {a,  b,  c,  d,  e,  f}. Then  P = { {a,  b,  c},  {d,  e},  {f}}  is a partition of  S.

Find the corresponding equivalence relation  R  (on  S).

7. Determine if the following relations are equivalence relations. 

If so, prove it and describe the equivalence classes and hence give the corresponding partition; 

if not, give a (counter)example showing that a property fails.

a. The relation  R1 on  R  given by  a R1 b  if  ab  0.

b. The relation  R2  on  R  given by  a R2 b  if  | a - b | < 10-4.

c. The relation  R3  on  Z  given by  a R3 b  if  a2 = b2.

d. The relation  R4  on  R  given by  a R4 b  if   a - b  is an integer.

e. The relation  R5  on  S = {1,  2,  3}  where  R5 = {(1,  2),  (1,  3),  (3,  3),  (3,  1), 
(2,  2),  (2,  1)}.

f. The relation  R6  on  S = {1,  2,  3}  where  R6 = {(1,  1),  (1,  3),  (3,  3),  (3,  1), 

(2,  2),  (1,  2)}.

g. The relation  R7  on  S = {1,  2,  3}  where  R7 = {(1,  1),  (1,  3),  (3,  3),  (3,  1),  
(2,  2)}.

h. The relation  R8  on  S = {1,  2,  3}  where  R8 = {(1,  1),  (2,  3),  (3,  3),  (2,  2),  
(1,  2),  (3,  2),  (2,  1)}.

1 + nZ





nZ





2 + nZ





(n – 1) + nZ
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