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Abstract

We establish the local well-posedness in H*(S) with any s > Z for a modi-
fied Camassa-Holm equation derived as the EPDiff equation with respect to the
H?(S) metric, and obtain the global existence of the weak solution in H?(S)
under some sign assumption on the initial values and prove the convergence of

the corresponding finite particle approximation method.
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1 Introduction and Main Results

In this paper, we study the Cauchy problem for a modified Camassa-Holm equation derived as

the EPDIff equation with respect to the H?(S) metric, i.e., the Cauchy problem for

(I =02+ 0Mus+20,u- I -2+ Hu+u- (0, —+)u=0, z€8, (1.1)
where S is the circle R/N.
Many works are devoted to the study of the so-called Camassa-Holm equation
up — 020k + 3uny = 2ug02u + udiu (1.2)

since it was derived by R. Camassa and D. Holm [3] and B. Fuchssteiner and A. Fokas [§]

as a bi-Hamiltonian extension of KdV equation: to mention a few, Arnold and Khesin [1],



Constantin and McKean [7], McKean [17], and the references therein. Local well-posedness for
(1.2) was discussed by Constantin [5] , Constantin and Escher [6] for the initial data in H*(S)
with s > 4 and s > 3 respectively, and by Misiolek [16] with s > 3/2. Local well-posedness in
the non-periodic case was proved for the intial data in H*(R) with s > 3/2 by Li and Olver
[15] and Rodriguez-Blanco [18]. It is worthwhile to mention that Xin and Zhang [19] proved
the global existence of the weak solution in the energy space H'(R) without any sign conditions
on the initial value, and the uniqueness of this weak solution is obtained under some restrictive

conditions on the solution [20].

One point of view is to regard the Camassa-Holm equation as the equation of the geodesic
flow associated to H'(S) metric on the diffeo-group Diff(S) of the circle [13] [14]. If one replaces
H'(S) metric with H2(S) metric, then the corresponding EPDiff equation is (1.1). The Camassa-
Holm equation, however, is completely integrable, hence it is possible that some of the existence
results are related to its integrability. But the EPDiff equation in Diff(S) for H* metric, k > 1,
is not known or believed to be integrable, so we may expect some different dynamics. We here

consider the case k = 2 as a first step towards a more general study of geodesic in Diff(5).

Our main results are

Theorem 1.1 Let ug € H*(S), s > 7/2. Then, there exist T > 0 depending on ||ugl||s, and

unique solution u satisfying (1.1) in the distribution sense such that
ue C([0,T], H*) N CY([0,T], H'?).
Moreover, the map ug € H* — w € C([0,T], H®) is continuous.

Theorem 1.2 Suppose ug € H*(S), s > 7/2, and that mg = (I — 0%+ 93)ug >0 (or (I — 02 +
O)ug < 0). Then Equation (1.1) is globally well posed in H*(S).

Theorem 1.3 ug € H2(S), mg = (I — 02+ 03)ug is a positive Radon measure on S. Then there
exists a unique global weak solution u € C([0,00); H?) of (1.1). And for this solution, if letting
m = (I — 02 + 9%)u, we have

/uda?:/uodx, /ml/zdx:/m(l)ﬂdx,
S S S S

/S(u2 + ui + u?m)dx = /S(ug + u%x + ugm)dx.



This paper is organized as follows: § 2 is a quick review of Kato’s theory, and § 3 discusses the
local well-posedness, and § 4 is devoted to the global existence under some sign conditions on the
initial momentum, while in § 5, we discusses the global existence of the weak solution. The so-
called particle method is very important and efficient in the numerical simulation of the Camassa-
Holm equation, so, in § 6, after rewriting (1.1) as (6.16) via an appropriate transformation
(6.8)(6.12) of unknown variables, we approximate (6.16) by a system of ODEs (6.17) and prove
the convergence of the solution of (6.17) to that of (6.16).

Let us finish this section by introducing some notations: || - || x for the norm in the Banach
space X, B(X,Y) denotes the space of all bounded linear operators from X to Y( B(X) if
X=Y;0=0,=2; Ay =(I—02)*2Aj = (I - 02+ 0924, seR; H® = H*(S) with norm
|| |[zrs =[] [ls and (, )s for its inner product; H> = (5, H?; [A, B] denotes the commutator

of the linear operators A and B.

2 Review of Kato’s Theory

Our local well-posedness is based on Kato’s theory [11], so we review it here in this section.

Consider the abstract Cauchy problem

U A(u)yu= f(u) € X, t>0,
u(0) =ug €Y,

(©)
where A(u) is a linear operator depending on the unknown u. Some assumptions on (C):

(X) X and Y are Hilbert spaces where Y C X dense and the inclusion continuous, and there

is an isomorphism S from Y to X such that ||w|]y = ||[Sw||x for all w € Y.

(A1) Let W C Y be an open ball centered at 0. The linear operator A(u) belongs to G(X, 1, 3)
where 3 is a real number, ie, A(u) is quasi-m-accretive:
1. (Aw,w)x > —B|w||%, V w € D(A), the domain of A.
2. (A+ )) is onto for some (all) A > (.

(A2) The map
weW — Bw) =[S, Aw)]S~! € B(X) (2.2)



is uniformly bounded and Lipschitz continuous, i.e., there exist constants A1, 41 > 0 such

that
I1B(w)llax) < A1, ||B(w) — B(v)||gx)y < pallw — vy

for all w,v € W.

(43) Y C ﬂ D(A(w)), so that A(w)|y € B(Y, X) by the Closed Graph Theorem. Moreover,

weWw
there exists po > 0 such that, for all w, v € W, we have

1A(w) = AW)llBv,x) < pallw —vl|x-
(f1) f:W =Y is bounded and there exist a constant pz > 0 such that
1f(w) = FWllx < msllw =vllx, YVwveW,

f (@) = FWlly < psllw =vlly, VwveW,

Theorem 2.1 (Kato [11]) Under assumptions above on (C), there exists a T > 0 such that
there exits a unique solution u € C([0,T],Y) N C([0,7T],X) to (C). Moreover, the map ug €

Y —ue C(0,T),Y) is continuous in the following sense: suppose
Tim ([ 40(w) — A(@)llsrx) = 0, T [1Ba(e) — Boolw)lsgx = 0,

lm || fn(w) = foo(W)[ly =0, Tim {[ugpn(w) = uoec(w)lly =0,
n—00 n—00
and consider the Cauchy problems

% + Ap(up)un = foluy) € X, t>0,
un(0) =uppn €Y, nezZuU{ool

(Cn) (2.3)

Suppose the assumptions above hold also for (Cy) with the same X,Y, S, W and the constants
0B, i, ;i are independent of n. Let T}, be the time of existence of u,. Then all u,, with n large

enough, can be extended to [0,Tw] and

lim ||un(t) — voo (t)l|c(0,720)v) = O-

n—oo

The proof of Theorem 2.1 can be found in [11].



Lemma 2.1 [11] Let s,t be real numbers such that —s <t < s, then

Nflsllglle = 4 17Ol foszm2, (2.4

1 llst—my2 if  s<m/2,
where C' is a positive constant depending on s,t, m.

The similar proof of Lemmas A.2 and A.3 (with modifications) in [11] will give

Lemma 2.2 Ifs > 1/2+1, then
1A, 1AL < Ol 51, (2.5)

where || - || on the left denotes the operator norm in L*(S).

Lemma 2.3 Let m > 3. Then

Cllf /21 if  0<s<m/2,

1AL F1IAL°]] < ‘ (2.6)
C||flls—1 if  s>m/2.
3 Local Well-posedness
We can rewrite (1.1) in two ways:
My = —UMg — 2Miy, reS teR,
(3.1)
m(z,0) = mo(z) = Afuo(z),
where m = Adu = (I — 92 4+ 0%)u, A = (I — 92+ 94)i. Or
up = —uty — O A7 (u? + su2 — Tu?, —3u,03u), x€S, teR, (3.2)

u(z,0) = up(x).

In order to prove the local well-posedness Theorem 1.1, we need some preliminary lemmas.

Lemma 3.1 [18] The operator A(u) = udy, with uw € H, s> 3 belongs to G(HY?,1,5).

A similar proof as in [18] with some modifications gives

Lemma 3.2 B(u) = [Ai_l/Q,uﬁx]A}l/Q_s € B(HY?) foru e H®, s> 3/2.



Lemma 3.3 [18]
(a) H* C D(ud,) = {f € H'? :ud, f € H'/?}, 5> 3/2.

(b) ud, € B(H®,H/?), s> 3/2.

(©) [udz — vO:|lgggs m1/2y < Cllu—vll1/2.

Lemma 3.4 Let f(u) = —0,A;*(u? + tu2 — Tu?, — 3u,03u), s> 7/2, then
(@) [[f(u) = F(0)ll172 < Cllu=vll1/2.

(®) [IF(u) = F(0)lls < Cllu = vl]s.

Proof (a) We need only to verify that

7 9

7
§umx + 3u$8§u - 5”3::6 - 32}9083“)”1/2 < CHU - UH1/23

102 A7(
for the corresponding inequality for the other two terms is easy to verify.

10277 (uze — v3a) |12 < ClOZ(w + )07 (u — v)]| 52
< ClOZ(u+ v)l|p 03 (w — )l 52 < Cllu+vlls/allu = vl| 12

< Cllu—vlly

1027 (us03u — v:03v) |12

< CHux@gu - vx8§v|\_5/2 = C’Huxﬁiu - ux&iv + ux(‘)gv - vx8§v||_5/2
< COllugllzellu = v[l1/2 + ClOZV| | Lo |ue — vell—52
< Cllu—vlly-

(b) Similar situation as in (a).
1027 (ude — v2,)|]s < Cl|02(u + 0)0F(u — v)[[s-3
< Ol0F(w+ 0)|ls=310% (u = v)lls—3 < Cllu +vl[s—1]lu = vlls—1

< Cllu—v|s,

HaxA:l(uxagu - Uxagv)ns

< C’||ux8§’u — vxf‘)g’vHs,g = C’||ux8§u — uxagv + uxagv — Ux8§v||5
< Cllulls—2|lu = v[|s + Cl|v[|s||uz — va|]s—2
< Cllu—vlls,



here we have used the fact that H® is a Banach algebra for s > 1/2.

Proof of Theorem 1.1 Now Theorem 1.1 is just a direct consequence of Theorem 2.1 and

the above Lemmas.

4 Global Existence

In this section, we will prove Theorems 1.2 and 1.3.

Lemma 4.1 Let u(z,t) be the solution to (1.1) with ug € H™, and suppose that mg = (1— 02+

OHug >0 (or <0). Then m = (1 — 0% + 2)u > 0 (or respectively < 0). Moreover, if m > 0,

/m1/2dx—/mé/2dx.
S S

Proof The similar argument as that of Lemma 3.3 in [6] gives the proof and we omit it

then

here.

Lemma 4.2 Let ug € H*(S), s > 7/2 and mg = (1 — 82 + 9})up > 0(or < 0), then IK > 0

such that ||uggs||pe < K.

Proof At first, we assume that ug € H*, wu solves (1.1), then it is easy to know that
[[ul|3 2 + |Juz|[F2 + ||ucz |72 conserves as long as u exists as a solution to (1.1). From Lemma 4.1,

we have m = Aju > 0(or < 0). Let zg € S satisfy uz..(79) = 0, then Vy € S, we have

y y y
Ugra (Yy) = / Itudzr = / (u — 0%u + Ofu)dx — / (u — O%u)dz
o To o

< [ e+ fulls + sl = [ moda & Jlullgs + lusellzr (4)
S

< [ modz + [[ul[g2 + |[tae|2 < K,
S
where K depends on mg and ||ug||g2. Similarly, we have
zo+1
—Ugzr (y) = / afiudx < K.
y

so far we have proved the Lemma for ug € H*. A standard approximation can give the proof

for ug € H5(S), s > 7/2.



Lemma 4.3 Assume the conditions in Theorem 1.2 hold, then ||u(t)||gs is finite for any 0 <

t < oo.

Proof Apply Aj to us = —uu, — f(u), where f(u) = 9, A;*(u? + 2u2 — Tu2, — 3u,03u), and

multiply by Aju and then integrate over S, we get
d 2
o [ulls = =2(us wug)s + (u, f(u)s (4.2)

By the Kato-Ponce inequality [12], we have

[y utg)s| < Cs||ug|| oo Jul 2. (4.3)
The Cauchy inequality gives
[(us f(w))s| < [Julls]Lf (w)]]s, (4.4)
and
If@)ls < Cllu® + qul — Juiy — 3updiul|gs-s
< O([e|ls=3 + |[uzls—3 + |[uz,lls—3 + [[uzD3ulls—3)
< C(lullzeellulls—3 + [[ua||zoo][ua||s—3 (4.5)
Hluos |l |[uas] s—3 + [Jue|| oo |03ulls—3 + [103ul| Lo o] s-5)
< Cllulls,

where we used again the Kato-Ponce inequality [12] and Lemma 4.2. So we have
d 2 2
gllulls < Clllls, (4.6)

and so the Gronwall’s inequality completes the proof of Lemma.

Proof of Theorem 1.2 Theorem 1.2 is a direct consequence of Lemma 4.3 above.

5 Global Existence of Weak Solution

In this section we will prove Theorem 1.4. Equation (3.2) can be rewritten as

u+Fu), =0, =x€8, teR,
e+ Fws (5.1)

u(z,0) = uo(),

where F(u) = $u? + Ay (u? + 202 — T2, — 3u,03u).



Definition 5.1 Let ug € H?(S). A function u : [0, +00) x S — R is called a global weak solution
o (5.1) if u € C(]0,00); H?) and V T > 0, we have
T
//(ugot + F(u)py)dzdt + / uo(2)(0,2)dz =0, Ve CV4([0,T) x S), (5.2)
0JS S
where C1¢([0,T) x S) is the set of all first order smooth function with compact support in

[0,T) x S.

Proof of Theorem 1.3 Let 0 = |yo|s = |ug — 0%uo + O%up|aq, then by Lemma 5.2 in [6],
there exist y% € C°°(S), yi¥ > 0 such that |y}|;1 <0 and yg — yo D'(S). Denote uff = Ay *yy,

then y& = ufl — %ul + drul and

[ / P+ [l ? + [Pz = | / o - uda
5 s (5.3)
< Rl < Clluglloa g,
which implies that
g 3 = /S P+ [l + [l 2de < CllyEI%0 < CO2. (5.4)

Then by the Theorems 1.1 and 1.2 for the smooth initial value wug(z) there exists a unique

solution to (5.1) u™ € C([0,00); H*) N C([0, 00); H*~1). And
" @Oz = |lugl|gz < € and - |y"(£)[1 = lyg (t)|2 < C,
if we denote y" = u" — 9%u" + diu™, where C is a constant independent of n. So
10zu™ [ pr < J[ullzy + [[0Fu" |y + 1y ()]s < C

and

|02u™||z < C,  with C independent of n.

So {u"(t)} is a compact set in H2(S) for any ¢ > 0, and ¥ n > 1. On the other hand, | %HHQ =

||F'(u™)z|| g2 can be estimated as follows:

1)l = 2l|utug|lge < C([u" |2 + Nuiyuil| e + [[u"uly,||L2)
(5.5)
< Ollogu”| 2 < Cll0%u"||L~ < C,
105 (v? + 57 — Jviy — 3v:030) |2
< Cl[v* + 5v3 = F0d, — 3v2030]| g1 < ClJv]| g2 (5.6)

<C if v=u".



So [[& g2 = ||F(u™)g||gz < C with C independent of ¢t and n. Therefore {u™(t)},>1 C
C(]0,00); H?) is a compact subset. And 3 u € C([0, 00); H?) and nj, — oo such that

u™ — u  in C([0,00); H?),
with
lu(t) — u(s)||g2 < Clt—s|, Yt ,s>0,
u(0) = uyp.

Taking ny — oo in

T

/ / (™ gy + F(u™ Yoy )dadt + / W (@) p(0,x)da = 0, Ve CH(0,T) x S)  (5.7)
0JS S

yields that u € C([0,00); H?) is the weak solution to (5.1). A similar argument as in [6] can

give the uniqueness of this weak solution.

6 Particle method and finite dimensional systems

In the numerical simulation of Camassa-Holm equation, the so-called particle method is impor-
tant and efficient [4]. In this section, we will show that it applies to the modified CH equation

too.

Let G(x) be the Green’s function for the operator A} = I — 92 + 9% acting on H*°(S), then

from
[ee]
(-2 +08G() =) = 3 e, (6.1)
we have
G(z) = i ! e ) i L cos(2mnzx) x € S.
L 1+ (2mn)? + (2mn) =1+ (2mn)* + (2mn)4
(6.2)
Obviously, for any 0 < e < 1, G(z) € C?*T¢(S).
Now that
1
) = [ Gla=pmiu i)y (63
and mg > ¢ > 0, so m(z,t) > 0 for any ¢ > 0, so (3.1) can be rewritten as
(m!/?), = —(um'/?), . (6.4)

10



Let
w(e.t) = [ m(y.0) . (65
0
then wgt + (uwg), =0, V o € S. So there exists a function g(¢) such that
wy + uwy, = g(t) Vazes. (6.6)

Introducing characteristic curves

L= Q(§7t)7 Q(§70) =¢, (67)

then Equation (6.6) reads as
T =q4=u(qt), w=y, (6.8)

where f denotes the total derivative

. (0 0
From (6.8), we have
t dw  dwg
wlae.).0 = [ g6)ds+ 6.0, andso =T (6.9
where wg(§) = w(€,0). Combining (6.3) with the first equation of (6.8) gives
! 0
wa(et).0 = a6 = [ Glalen) —atnoymGatn. 0.0 610
0 n

From (6.5) and (6.9) we have

2 2
m(Q(é.v t)’ t) = dq(€.t) = 9q(€ 1) . (611)
o0& 3

Introducing an auxiliary function

9q(&,t) _ (wp(8))?

p(f? t) = m(Q(§> t)v t) o€ = %%t) ) (6'12)
then we have
1
6.0 = =p(&.0) | Glalé.t) = aln Dol O (6.13)
and (6.10) becomes
1
i(.0) = | Glale.) = gl 0)pn.)1n (6.14)

11



The solution to (6.13)(6.14) with the initial conditions q(&,0) = £, p(&,0) = (w}(€))? determines
the characteristic curves x = ¢(§,t). On the other hand, (6.13)(6.14) is a Hamiltonian system

with
1

H=g G(q(§,t) — q(n,1))p(€,t)p(n, t)dEdn.
SxS

Integrating directly (6.13) yields that

1
P= [ ple
0
is independent of time ¢ because G'(z) is symmetric with respect to z = 1/2.

From (6.13) we have |p(§,t)/p(&,t)| < e1 P, where ¢1 = |G'(z)|p~. So

p(£,0)e™ P < p(&,t) < p(€,0)e™ !, VEe S (6.15)

In order to approximate the Hamiltonian equations (6.13)(6.14):

1
i€t = / G(a(E.t) — a(n, D)p(n, t)dn,
1

pet) = —ple.n) /O G (ql&.1) — q(n, 1))p(n, 1),

(6.16)

we can use the so-called particle method, which takes

¢i(t) = ¢i(&ist),  pi(t) =pi(&,t), i€N

as position coordinates and momenta, and if, for example, ¢ and p are evaluated at points

& =1ih, i=1,2,--- N, obtain the (finite dimensional) discretised version of (6.16):
N
=1
=t (6.17)
pi = —hpi» Glai—q)p;,  i=1,2--,N.
j=1

Compared with other classical numerical methods for PDE, the main advantage of the particle
method is that it preserves the Hamiltonian structure of (6.16) and so we can use the geometric

integration [9] to simulate it numerically.

Proposition 6.1 For any l, > 0, the right hand side of (6.17) is Lipschitz continuous on

(Q7p) € D: where D C RQN is the set OfPOintS (Q7p) = ((J17QZ7"‘ y4dN;P1, P2, " 7PN) :

OSQZSL Z:17277N) max|pl\<lp<oo
i

12



So the system of ODEs (6.17) admits a unique local solution.

Proof We demonstrate only for the first equation of (6.17) and omit the second one for it is

analogous. Let (p,q), (5,G) € D C R?N| ¢y = max,ecg |G(7)|, ¢; = max,es|G'(2)], then

N N
hY Glai—aq)pi—hY GG
j=1 j=1
N N N
< b Glai—q)p hZG i —a;)B; +hYy_ Glai — ;)b hZG
j=1 j—l
N N
< hZG( 4% — q;)p —hZG —q]pj+hZG 4% — q;)P —hZG G — ;)P
j=1
< cthypj p]|+hz\a g — qj) — G(@i — 4;)| B
N N
< coh Y lpj — byl + evhmax || | Nlgs — il + Y laj — ]
7j=1 Jj=1

N
So if we denote ||v|| = Z vi| for v € RY, L = max{coh, c1hl,N}, then we have the wanted
i=1
estimate:
N N

WS Gl — g — 'S GG — )53 < Llllp — 7l +1lg — dl). (6.18)
i=1 j=1

For the global in time existence we have

Proposition 6.2 If the initial momenta are positive, p; > € > 0, i = 1,2,--- | N, then the

solution to (6.17) exists uniquely for all times.

Proof From the Hamiltonian structure of (6.17), it is not difficult to prove that P = h Zf\il Di
is independent of time ¢. And from the second equation of (6.17), we have \%] < c¢1 P, where
¢1 = max |G'(z)], so

pi(0)e= Pt < pi(t) < pi(0)er L. (6.19)

If the initial momenta are positive, then p;(t) are positive and bounded for all times ¢ < +oc.

So the global existence follows.
Now we will prove that the solution of (6.17) converges to that of (6.16) as h — 0.

Let q(&,t),p(&,t) be the solution to (6.16) with the initial data

q(€,0)=¢, p(&0)=p°(¢), (6.20)

13



while ¢(t), p(t) stand for the solution to (6.17) with

Gi(0) = q(&,0) = &, $i(0) =p°(&). (6.21)

qi(t) = q(&,t) denotes the PDE solution evaluated at the grid points, ¢; = ¢; — Gi, ¥ = pi — pi
and ||| = AN o], |[0]] = A SN, 44| denote the I norm. From (6.15)(6.19) we easily

know that for any T" > 0, there exists a constant Pr < oo, independent of h, such that
max{p;(t): 1 <i < N;0 <t <T} max{p(t):£€5;0<t<T} < Pr

for h small enough (or equivalently, for N large enough). Denote ¢y = max|G(z)|, ¢1 =

max |G'(x)], ca = max|G"(x)|.

Theorem 6.1 Consider (6.16) with (6.20) and (6.17) with (6.21). If p°(&) > 0, &€ € S, smooth
enough, then for any finite time T > 0, there exists a grid length h such that

2

< (e =) (622

1
eIl + 5 [lv(?)
for 0 <t < T, where C, C' are constants independent of T and h.

Proof Because the two equations have the same initial values at the grid points, so

t N
Gi(t) — alent)] < /0 h;c;(qx 4i(s / Gla(&sr 5) — a1, 5))p(n, 5)dn| ds
t| N N
+h/ > G(Gi(s) — (s )= > Glai(s) — q;(s))p;(s)| ds.
0 lj=1 j=1
(6.23)

The first integral of the right hand side is controlled above by Ch?t because the Remannian
sum th.V:l G(qi(s) — q;j(s))p;(s) is the composite trapezoidal approximation of the integral
J5 G(q(&,s) — a(n, s))p(n, s)dn. The second one is estimated as follows:

RIS Glals) = @) (s) — L Glails) = a5())pi (9)
< B[S Gs) — Gi()ii(s) = S0 Glails) = 5(9)pi(9)
| G (s) = Gi()pi(s) = S0 Glails) = a;(9)pi (9)
< h XN Ipi(s) = ()] + e DI (ai(s) = @9)] + lag(s) = G5()) vy ()
< h X pi(s) = ()| + el Prh S (lails) — @ils)] + s (5) — G5 (s)1)
> ¢ N N
@\s/o coh;¢j|+c1PTh;(\¢i\+\¢j\) ds + Ch?t, (6.24)

14



and hence

t
H¢(t)|!§/0 (collll + 2e1 Pr||6]]) ds + Ch?t. (6.25)

Similarly, we have

t N
[i(t)] < /0 21 Prh|pi(s) — pi(s)| + capiPrhy_(lai(s) — Gi(s)] + lg;(s) — Gi(s)]) | ds + Ch%t,
j=1

(6.26)

and hence

t
@) < / (2e1hPrl[o ()| + 2¢2P2?|6(s)]) ds + Ch2t, (6.27)

from which we have

1 t
()] + ijll?ﬁ@)l\ < /0 (2(c1 + c2) Prl|ol| + (co + 2e1h)[[¥]]) ds + Ch*t
t 1 t
= 2(c1 + CQ)PT/ (||l + P—THz/;H)ds + (2c1h 4 ¢o — 2¢1 — 2(:2)/ |[¢]|ds + Ch?t
0 0
t
1
< 2er+Pr [ (loll + 5 ll)ds + Che
0 Pr
(6.28)
as long as h < 14 22=% | (It’s easy to verify that 1+ 20;%00 is indeed a positive number.) Now

2c1

(6.28) and Gronwall’s inequality yield

1 Ch?
()] + Ellw(t)ll <3 (eAerte)Prt 1y (6.29)

(c1 4+ c2)Pr

for0<t<T.
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