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1 Introduction

In recent years, a new branch of the field of numerical solution of differential equa-
tions has come into existence. This branch is called ‘geometric integration’. This
term denotes the numerical solution of a differential equation or class of differential
equations while preserving one (or more) of their properties exactly (i.e. to machine
accuracy). Some important examples are symplectic integrators (preserving symplec-
tic structure exactly), integral-preserving integrators (preserving first integrals such as
energy and/or (angular) momentum exactly), and volume-preserving integrators (pre-
serving phase-space volume exactly). Recent reviews of geometric integration are [1,
5, 9, 12]. The most common methods used in geometric integration are the so-called
splitting methods [10]. These have the advantage that (as is the case in the present pa-
per) they are usually explicit. Furthermore, recent results indicate that methods based
on analytic approximations and, in particular, B-series, cannot be volume-preserving
[3, 6].

In this paper we study splitting methods for polynomial divergence-free vector
fields. Divergence-free vector fields occur naturally in incompressible fluid dynamics,
and preservation of phase-space volume is also a crucial ingredient in many if not all
ergodic theorems. An earlier paper on splitting polynomial vector fields is [11]. That
paper had some discussion of the divergence-free case, but mainly dealt with the
Hamiltonian case. Implicit volume-preserving integrators for general divergence-free
vector fields were given in [8, 13, 16].

Investigations of the Hamiltonian case, which involves expressing a scalar poly-
nomial of degree d in n variables as a sum of functions of fewer variables, have
shown that good splitting methods exist, but that finding and analyzing them (es-
pecially for general n and d) is very difficult [4, 11, 14]. The volume-preserving
case, which involves n polynomials subject to the divergence-free condition, is even
harder, although there is a conjecture [11] that they can be expressed as a sum of
n + d shears, each a function of n − 1 variables. Therefore, in the present paper we
undertake a study of several possible approaches to splitting linear and quadratic
divergence-free vector fields in any dimension n, with a view to understanding
the structure of the problem and identifying promising approaches for the general
case.

We will present several explicit methods that can be divided in two classes:
(a) methods that distinguish the diagonal and off-diagonal parts; and (b) methods
that do not. By diagonal part we mean all the terms of the vector field such that ẋi

depends on xi for i = 1, . . . , n. Similarly, the off-diagonal part refers to all the terms
of the vector field such that ẋi does not depend on xi , i = 1, . . . , n. As far as class (a)
is concerned, we introduce several explicit schemes that treat the diagonal part and
the off-diagonal part separately. This means that one can pick and choose a method
for the diagonal part and then a method for the off-diagonal part, giving rise to a
combinatorial number of new methods.
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2 Linear Volume-Preserving Vector Fields

In this section we consider several explicit, volume-preserving splitting methods for
solving the linear, divergence-free ordinary differential equation (ODE),

ẋ = Ax, trA = 0. (1)

This section is organized as follows. We first analyse methods to treat the off-diagonal
part of A and thereafter methods to treat the diagonal part of A (methods of class (a)),
Sects. 2.1–2.5). In Sect. 2.6 we consider a method of class (b).

2.1 Splitting in Strictly Triangular Systems

To start with, let us consider the case when the matrix A has zero diagonal elements,
ai,i = 0, i = 1, . . . , n. A simple volume-preserving method for (1) can be obtained by
decomposing the matrix A as

A = A1 + A2, (2)

where A1 and A2 are strictly lower and upper triangular matrices, respectively.
Clearly, each of the systems

ẋ = Aix, i = 1,2,

is volume-preserving. Moreover, these simple systems can be approximated and re-
tain volume by any Runge–Kutta (RK) method, as proved below.

Proposition 1 Assume that the matrix A in (1) is strictly (upper/lower) triangular.
Then, any Runge–Kutta (RK) method applied to (1) is volume-preserving. In particu-
lar, both Forward Euler and Backward Euler methods are volume-preserving for (1).

Proof For Forward Euler (FE) we have x1 = x0 + hAx0, and the Jacobian of the
numerical method is

JFE = ∂x1

∂x0
= I + hA,

with determinant equal to one, as A is strictly triangular. Similarly, for Backward
Euler (BE), x1 = x0 + hAx1 and

JBE = ∂x1

∂x0
= (I − hA)−1

which also has determinant equal to one.
Any other RK method applied to (1) reduces to

x1 = R(hA)x0,

where R(z) is the stability function of the RK scheme. This stability function is of
the form R(z) = P(z)/Q(z), where P(z) = det(I − zARK + z1bT

RK) and Q(z) =
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det(I − zARK) are polynomials such that P(0) = Q(0) = 1 and ARK,bRK are the
coefficients and the weights of the RK scheme. Now, det∂x1/∂x0 = det(R(hA)) =
det(P (hA))/det(Q(hA)) = 1 as P(hA) and Q(hA) are triangular matrices with ones
along the diagonal (powers of strictly triangular matrices are strictly triangular matri-
ces). �

It is important to stress that, for strictly triangular systems, the Backward Euler
method is also explicit: for instance, let us focus on the strictly lower triangular sys-
tem ẋ = A1x. If x1 = [x1;1, . . . , x1;n]T, we see that the component x1;k depends only
on x1, . . . , xk−1, hence x1 can be obtained by a sequence of Forward Euler steps,

x1;k = x0;k + hfk(x1;1, . . . , x1;k−1), k = 1,2, . . . , n. (3)

Similarly, for the strictly upper triangular system ẋ = A2x, we find explicitly all the
components of x1 by solving with a step of Forward Euler from the last component
x1;n backwards.

2.2 Splitting the Off-Diagonal Using Canonical Directions

Another simple, explicit, volume-preserving method for matrices with zero diagonal
elements can be obtained as follows. Write

A = R1 + R2 + · · · + Rn,

where Rk is the (traceless) matrix whose only nonzero elements are those in row k,
which coincides with those in the kth row of A. The system ẋ = Rkx reduces to

ẋi = 0, i �= k,

ẋk = ak,1x1 + · · · + ak,k−1xk−1 + ak,k+1xk+1 + · · · + ak,nxn,
(4)

which can also be solved exactly and explicitly by a single step of the Forward Euler
method.

This method is equivalent to evolving along one direction at a time. The directions
chosen are the n canonical directions ei in R

n (canonical shears).

2.3 Splitting by Generalized Polar Decomposition

The method we describe in this subsection was introduced in [17] for the approxima-
tion of the matrix exponential of traceless matrices. Introduce the matrix Sk which
coincides with the identity matrix, except for the (k, k)-component, which equals
−1. Then the matrix 1

2 (A − SkASk) picks up exactly the kth row and kth column of
A, except for the diagonal element, and is zero elsewhere. If the matrix A has zero
diagonal elements, we obtain

A = P1 + P2 + · · · + Pn−1, (5)
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where the matrices Pk are constructed in the following iterative way:

A[0] = A, P1 = 1

2

(
A[0] − S1A

[0]S1
)
,

A[k] = A[k−1] − Pk, Pk+1 = 1

2

(
A[k] − SkA

[k]Sk

)
, k = 1,2, . . . , n − 2.

The remainder A[n−1] = A[n−2] − Pn−1 is the diagonal part of A which, in our case,
is the zero matrix. Each system

ẋ = Pix, i = 1,2, . . . , n − 1,

is divergence-free as Pi is traceless and can be solved exactly by computing the exact
exponential of Pi by an Euler–Rodrigues-type formula,

exp(Pj ) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

I + sinhαj

αj
Pj + 1

2

( sinh(αj /2)

αj /2

)2
P 2

j , if μj > 0, αj = √
μj ,

I + Pj + 1
2P 2

j , if μj = 0,

I + sinαj

αj
Pj + 1

2

( sin(αj /2)

αj /2

)2
P 2

j , if μj < 0, αj = √−μj ,

(6)

where μj = ∑n
k=j+1 aj,kak,j .

Here we will give another interpretation of the method. Consider, for instance, the
system ẋ = P1x. This reads

ẋ1 = a1,2x2 + · · · + a1,nxn,

ẋ2 = a2,1x1,

...

ẋn = an,1x1.

Differentiating the first equation and substituting the values of ẋi , i = 2, . . . , n, yields
the linear, second-order differential equation for x1,

ẍ1 − μ1x1 = 0, μ1 =
n∑

i=2

a1,iai,1,

which has solution x1(t) = c1eλ1t +c2eλ2t , where λ1 and λ2 are the roots of the equa-
tion λ2 − μ1 = 0 and c1, c2 are two constants of integration. A similar interpretation
applies for the other equations ẋ = Pix.

2.4 Treating the Diagonal with Exponentials

We now have several methods to treat the off-diagonal part. Let us focus next on how
to treat the case when A is diagonal and traceless. The system ẋ = �x, with � a
diagonal matrix, has exact solution

x1,k = ehλk,k x0,k, k = 1, . . . , n. (7)
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In particular, when A = � is traceless, (7) is volume-preserving.

2.5 Treating the Diagonal by a Rank-1 System

The next method is based on the following idea: set d = diagA, and denote 1 =
[1,1, . . . ,1]T. We write

A = Ã + (A − Ã), Ã = 1dT, (8)

where Ã is a rank-1 matrix, whose diagonal coincides with the diagonal of A, and
(A − Ã) is a matrix with zero diagonal elements that we can treat with any of the
methods for off-diagonal elements described earlier.

For ẋ = Ãx = 1dTx, we observe that

d

dt
dTx = dTẋ = (

dT1
)
dTx = 0

as dT1 = trA = 0. Hence dTx is constant and ẋ = Ãx can be solved explicitly and
exactly by a step of Forward Euler,

x1 = x0 + h1dTx0. (9)

The matrix Ã has the property that Ã2 = 0 and thus exp(hÃ) = I + hÃ.
The flow (9) is an example of a so-called shear. An ODE on R

n is a shear if there
exists a basis of R

n (a linear change of coordinates) in which the ODE takes the form

ẏi =
{

0, i = 1, . . . , k,

fi(y1, . . . , yk), i = k + 1, . . . , n,

for some k. A diffeomorphism of R
n is called a shear if it is the flow of a shear.

The advantage of splitting into shears is that their exact solution is computed by the
Forward Euler method.

2.6 Splitting in n + 1 Shears

This method is a generalization of the method in Sect. 2.5. The splitting consists in
decomposing the matrix A in (1) as a sum n+1 rank-1 matrices of the form aibT

i with
ai ,bi ∈ R

n. The volume-preservation condition then becomes aT
i bi = 0, namely, that

the vectors ai and bi are orthogonal. The ODEs ẋ = aibT
i x are shears.

Since the matrix A has n2 − 1 free components, assuming that the ai are given,
for each bi we have n − 1 free parameters (having taken into account orthogonality),
which means that n + 1 shears are required:

A =
n+1∑

i=1

aibT
i , subject to aT

i bi = 0. (10)

The cases studied in [11] indicate that the vectors ai which are on average best for
all matrices should be chosen to be as widely or regularly spaced as possible. In this
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Fig. 1 The 2-simplex in R
2 (left) and its construction (right)

case, a maximally symmetric configuration is possible, namely, the lines through the
origin to the vertices of the n-simplex in R

n inscribed in Sn−1. These vectors ai can
be computed in the following manner. Start with the n + 1 simplex in R

n+1 with the
vertices ei , the ith basis vector in R

n+1. Thereafter, construct the vectors ãi in R
n+1

as

ãi = ei − bc, i = 1, . . . , n + 1,

where bc = [1/(n + 1)]1T is the baricentre of the simplex. Note that the ãi ’s are
orthogonal to bc, hence they lie in an n-dimensional subspace of R

n+1. To obtain
the coordinates in R

n, it is sufficient apply a rotation that maps bc to the one of the
axes, for instance e1. This can easily be achieved by a Householder reflection P .
The vectors P ãi will now have zero in the first component, hence the remaining
components give its coordinates in R

n. Finally, these n + 1 vectors are normalized to
obtain the ai ’s.

The procedure is illustrated in Fig. 1 for the 2-simplex.
To compute the bi ’s, we multiply (10) by aT

j on the left and, denoting by C the

matrix with entries ci,j = aT
i aj = [(n + 1)/n]ãT

i ãj , we obtain the system

C

⎡

⎢
⎣

bT
1
...

bT
n+1

⎤

⎥
⎦ =

⎡

⎢
⎣

aT
1
...

aT
n+1

⎤

⎥
⎦A. (11)

The matrix C is singular, as the row sum
∑n+1

j=1 ci,j = [(n + 1)/n]ãT
i

∑n+1
j=1 ãj = 0

because the sum of the ãj equals zero. Since the rows (and columns) of C coincide
with the ãi ’s (up to a constant), the matrix C has rank n (as the ai span R

n). Thus, the
n × n principal minor of C can be inverted to find the components of the vectors bi ,
which are defined up to an arbitrary component. The last component can thereafter be
determined by imposing the orthogonality condition aT

i bi = 0 for i = 1,2, . . . , n+ 1.
Given the splitting (10) of the matrix A, for i = 1, . . . n + 1, we solve the ODEs

ẋ = aibT
i x. (12)
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Each ODE is a shear. As in the previous section, (d/dt)bT
i x = (bT

i ai )bT
i x = 0, hence

each ODE is solved exactly by a step of Forward Euler.

3 Quadratic Volume-Preserving Vector Fields

3.1 Introduction

In this section we focus on quadratic volume-preserving vector fields,

ẋi =
n∑

j,k=1
j≤k

ai,j,kxj xk, i = 1, . . . , n, (13)

which, in short, we will denote by ẋ = A(x,x). The divergence-free condition be-
comes the set of n equations

2a1,1,1 + a2,1,2 + · · · + an,1,n = 0,

2a2,2,2 + a1,1,2 + · · · + an,2,n = 0,
...

2an,n,n + an,1,n + · · · + an,n−1,n = 0,

(14)

for the coefficients of the tensor A. Also, in the quadratic case, we will talk about
the diagonal part and the off-diagonal part of (13). By diagonal part, we intend all
the terms that, at equation i, involve the variable xi , corresponding to the set of co-
efficients {ai,j,k, i, j, k = 1, . . . , n, j ≤ k : j = i ∨ k = i}. The off-diagonal part is
the complement, {ai,j,k, i = 1, . . . , n, j ≤ k : j �= i ∧ k �= i}. From the definition of
divergence, it is clear that only the coefficients of the diagonal part are involved in
the divergence-free condition (14), therefore, a quadratic system with zero diagonal
part is automatically divergence-free.

This section is organized as Sect. 2. We will first introduce methods for treating
separately the diagonal part and the off-diagonal part (Sects. 3.2–3.5) and then the
global methods (Sects. 3.6–3.7).

3.2 Splitting the Off-Diagonal Part Using Canonical Directions

As for the linear case, we start with the case when the quadratic system has zero
diagonal part, that is, ai,j,k = 0, whenever j = i or k = i for i = 1, . . . , n.

The simplest method to deal with this system is a generalization of the method (4)
for the linear case: we write the tensor A as the sum of tensors R1, . . . ,Rn, where
rl;i,j,k = 0 for i �= l, while rl;i,j,k = ai,j,k for i = l, l = 1, . . . , n. Then the differential
equation ẋ = Rl(x,x) reduces to

ẋm = 0, m �= l,
(15)

ẋl =
n∑

j,k=1
j≤k

al,j,kxj xk
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and can be solved exactly by a step of Forward Euler. See also [8] for a generalization
to arbitrary volume-preserving vector fields for which ∂fi/∂xi = 0, i = 1, . . . , n.

3.3 Treating the Off-Diagonal Part by Lower-Triangular Systems

Assume ai,j,k = 0, whenever j = i or k = i for i = 1, . . . , n. We start with the fol-
lowing result.

Proposition 2 Consider the divergence-free differential equation

ẋi1 = 0,

ẋi2 = fi2(xi1),
...

ẋin = fin(xi1 , . . . , xin−1),

(16)

where i1, i2, . . . , in is any permutation of the indices {1,2, . . . , n}. Any Runge–Kutta
method applied to (16) is volume-preserving.

The proof of the above result is very similar to that of Proposition 1. The Jacobian
of the method is of the form I , the identity matrix, plus a strictly lower triangular
matrix and has hence determinant equal to 1. In particular, also in this case, we have
that the Backward Euler can be implemented explicitly and it can be combined with
Forward Euler to obtain higher-order volume-preserving schemes.

We will call systems of type (16) strictly triangular systems, in analogy with the
linear case. However, it is easily observed, by counting the number of free parameters,
that it is not generally possible to split any quadratic off-diagonal part into two strictly
triangular systems only.

Let us introduce the following simplifying notation. By writing the column

i1
i2
...

in

(17)

we intend a differential equation of type (16). How to choose the coefficients ai,j,k

to be put in the flm? If, for instance, i1 = 1, i2 = 2, . . . , in = n, it is clear that in
the second equations we can put only a2,1,1x

2
1 , as it is the only off-diagonal term

including only x1. Similarly, in the third equation we can put a3,1,1x
2
1 , a3,1,2x1x2,

a3,2,2x
2
2 , and so on. In the last equation, we can put all the an,j,k-terms as j, k < n.

Hence, the terms defining ẋn are taken care of.
In general, the splitting can be described by s columns like (17), each column

corresponding to a permutation of the indices {1, . . . , n}.
What is the minimal number of terms s in which we need to split the vector field

(13) so that each elementary vector field is of the form (16) and can be solved explic-
itly by FE/BE? Clearly, s ≤ n, as the n systems (15) are strictly triangular (up to a
permutation of the indices).
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The minimization problem turns out to be quite difficult. Below we discuss an
algorithm that does not produce the optimal solution but, nevertheless, gives a number
s of splittings growing like 3

√
n instead of n for n large. We start with an example and

from that we will describe a general algorithm. In the columns below we show how
to split an eight-dimensional quadratic vector field (13) with zero diagonal part, in
s = 4 terms,

...
...

...
...

3 4 1 2
2 1 4 3
1 2 3 4
5 6 7 8

where the dots mean that each column is filled with the remaining indices, in arbitrary
order. Note that 5, 6, 7, 8 appear at the bottom, which means that we can include all
their right-hand side terms in (13). Now focus on the index 1. In the first column
all the indices except 5 occur above 1, here we can put all the right-hand side terms
of type a1,i,j xixj for ẋ1, with i, j �= 5. In the second column, 5 comes somewhere
above 1, while 2, 6 are below, thus in the second vector field, for the x1 variable, we
can put all the missing terms of type a1,i,j , where i or j equal 5, except those of
type a1,2,5x2x5, a1,5,6x5x6. In the third column, 5, 6, 2 all come above 1, hence the
remaining terms a1,2,5x2x5, a1,5,6x5x6 can be placed here. A similar procedure yields
the other indices. Given the term ai,j,k , we say that a column is admissible for ai,j,k

if, in that column, j, k are above i. For each ai,j,k there might be several admissible
columns. In this example, the term ẋ1 = a1,8,8x

2
8 can go in the first, second or third

column as the indices j = 8, k = 8 are above the index 1 in each of these columns.
Thus, the first, second and third columns are admissible for a1,8,8. To make the choice
unique, we put the term ai,j,k in the first admissible column. Thus, in our example, the
term ẋ1 = a1,8,8x

2
8 goes in the first column. Another possibility could be to average

the term ai,j,k among all its admissible columns. We will not consider this choice as
it would increase the computational cost and the complexity of the method.

The problem can be formalized as follows.

Problem 1 Find an integer table Pn,s with s columns, each containing a permutation
of {1, . . . , n}, such that for each triplet of distinct indices, i, j, k, it is true that i ≺ j, k

in at least one column, where the symbol ≺ means ‘is below’.

Although the optimal solution of this problem is not known, the algorithm below is
a relatively simple solution with n = (

s
3

) + s, and thus s = O(n1/3). Our construction
is based on the following result.

Lemma 3 Given an n × s integer table P , where each column is a permutation of
{1, . . . , n}, if for any given integer i there exist three columns such that for any j �= i

it is true that j ≺ i in at most one of these three columns, then P solves Problem 1.

Proof Given three distinct indices i, j, k, then j ≺ i or k ≺ i in at most two of the
three columns. Thus in the third column i ≺ j, k. �
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Algorithm 1 We construct the permutation table Pn,s as follows:

1. Create a partial table Ps of size
(
s−1

2

) × s, containing exactly three copies of each
of the integers {1,2, . . . ,

(
s
3

)} by the following induction:

(a) P3 = .
(b) For s > 3 create Ps from Ps−1 as follows:

(i) For 1 ≤ i < s, fill column i of Ps with column i of Ps−1 lifted up i − 1
positions. In Matlab/Octave notation:

k = size(Ps−1,1); for i = 1 : s−1, Ps(i : i+k−1, i) = Ps−1(:, i); end

(ii) Ps is now defined, except in three regions: A triangular upper left part,
a triangular lower right part and the rightmost column. Each of these re-
gions are filled with the ordered list of integers

{(
s−1

3

) + 1, . . . ,
(
s
3

)}
as

follows:

• The upper left triangle is filled columnwise from left to right and from
bottom to top within each column.

• The lower right triangle is filled rowwise from bottom to top and from
left to right within each row.

• The rightmost column of Ps is filled from the top down.

The first three P3, P4 and P5 are given as

2. Create Pn,s from Ps by adding an additional row on the bottom containing the
integers {(s

3

) + 1, . . . ,
(
s
3

) + s}, and add the remaining integers on top of each
column in an arbitrary order so that the columns of Pn,s are permutations.

Lemma 4 Pn,s produced by Algorithm 1 solves Problem 1.

Proof Consider the partial table Ps produced in Step 1. We see that each integer i

appears in three different columns. By construction we have arranged the integers
so that each of the possible

(
s
3

)
ways that three columns can be selected from s are

found exactly once among the integers 1, . . . ,
(
s
3

)
. Thus any pair of indices i, j are

found together in at most two columns. By induction we show that for any j �= i,
the relation j ≺ i holds in at most one column of Ps . This is clearly so for s = 3.
For an arbitrary s we assume that it is true for Ps−1. Now pick two different indices
i, j ∈ Ps .

• If i, j ∈ Ps−1, then the induction hypothesis yields that j ≺ i in at most one col-
umn.
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• If i ∈ Ps−1 and j ∈ Ps\Ps−1, then j ≺ i in at most one column, since each of
the new integers appears only once below Ps−1 in Ps . Similarly, if j ∈ Ps−1 and
i ∈ Ps\Ps−1 then j ≺ i in at most one column, since each of the new integers
appears only once above Ps−1 in Ps .

• Finally, if i, j ∈ Ps\Ps−1, then i and j appear together in the final column s and
in at most one of the columns 1, . . . , s − 1. However, in the first s − 1 columns
the indices are sorted upwards, while they are sorted downwards in the last. Thus
j ≺ i holds in at most one column.

Now, from Lemma 3 it follows that Pn,s solves Problem 1; the addition of s unique
integers at the bottom does not destroy the three-column property for the integers
1, . . . ,

(
s
3

)
. The final s integers on the bottom obviously satisfy Problem 1. �

It should be noted that our construction is the tightest possible based on the three-
column property, since we have exhausted all possible selections of three columns. If
two integers i, j share the same selection of three columns, we must have either i ≺ j

or j ≺ i in at least two of these. However, there are shorter solutions to Problem 1
which do not satisfy the three-column property.

3.4 Treating the Diagonal Part by Exponentials

Let us consider next the case when the diagonal part of A is nonzero, while the off-
diagonal part is zero. Unlike the linear case, the diagonal part of the system is not
necessarily integrable. It must also be split. A possible splitting of the diagonal part
has to take into account the divergence-free conditions (14), as breaking the equations
would result in a method that is not volume-preserving.

Our idea is to split the diagonal part of the vector field in such a way that each split
term obeys one of the n conditions in (14). As an example, for the first condition, we
obtain the divergence-free vector field

ẋ1 = a1,1,1x
2
1 ,

ẋ2 = a2,1,2x1x2,
...

ẋn = an,1,nx1xn.

(18)

The first differential equation involves the variable x1 only and can be solved exactly
in the interval [t0, t],

x1(t) = x1(t0)

1 − a1,1,1x1(t0)(t − t0)
.

Thereafter, each of the other equations is with variable coefficients but linear, and can
be also solved exactly,

xi(t) = xi(t0)e
ai,1,i

∫ t
t0

x1(τ )dτ = xi(t0)e
ai,1,if1(x1(t0),t),
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where

f1(x1(t0), t) =
{

− 1
a1,1,1

ln(1 − a1,1,1x1(0)(t − t0)) if a1,1,1 �= 0,

(t − t0)x1(0) if a1,1,1 = 0.
(19)

Similar procedure for the terms involved in the other conditions, for a total of n vector
fields to treat the diagonal part.

3.5 Treating the Diagonal Part by Two Shears

By a direct count of free parameters, McLachlan and Quispel [11] conjecture that a
d-degree divergence-free polynomial vector field can be split in n + d terms, each of
them a function of n−1 variables (n−1 planes in R

n). In coordinates, one chooses an
orthonormal basis a1, . . . ,an−1 for the n−1 plane and completes it to an orthonormal
basis of R

n (or vice versa, can choose a direction vector an in R
n and find a basis

for a plane perpendicular to an). When d = 2 (quadratic case), each split vector field
(among the n + 2 ones) can be written in the form

ẋ = ang
(
aT

1 x, . . . ,aT
n−1x

)
, aT

i aj = δi,j , i, j = 1, . . . , n,

where δi,j is the Kronecker delta, and g is a scalar function. By choosing an as any
of the elementary unit vectors, we recover the method in Sect. 3.2 to treat the off-
diagonal part. It remains to find two vectors a,b and their complements to an orthog-
onal basis, so that

ẋ = ag1
(
aT

1 x, . . . ,aT
n−1x

) + bg2
(
bT

1 x, . . . ,bT
n−1x

)
(20)

can take care of the diagonal elements. By a simple count of free parameters, this
should be possible: a,a1, . . . ,an−1 and b,b1, . . . ,bn−1 define two orthogonal basis
of R

n (orthogonal matrices), and each of the matrices can be determined in terms
of n(n − 1)/2 parameters, for a total of n(n − 1) = n2 − n free parameters, which
corresponds to the number of free parameters for the diagonal part as one has n2

coefficients and n constraints arising from volume preservation.

Lemma 5 ([11]) Consider the differential equation

ẋ = g
(
aT

1 x, . . . ,aT
mx

)
a, x(0) = x0, (21)

where a1, . . . ,am,a ∈ R
n and g : R

m → R is a scalar function. If

aT
i a = 0, i = 1,2, . . . ,m,

then:

(i) (21) is divergence-free; and
(ii) the functions aT

i x are independent of time;

hence (21) has exact solution

x(t) = x0 + tg
(
aT

1 x0, . . . ,aT
mx0

)
a. (22)
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Proof In the hypotheses of the lemma, we have

divf =
m∑

i=1

(
aTai

)
gi = 0, gi = ∂

∂yi

g(y1, . . . ym),

hence (i) follows. Condition (ii) follows as easily by observing that (d/dt)aT
i x =

(aT
i a)g(aT

1 x, . . . ,aT
mx) = 0. �

Note that the system (20) is a generalization of (8).
We remark that the vectors ai in the above lemma need not be linearly indepen-

dent. The important argument is that they are orthogonal to the direction of advance-
ment a and that they should span an (n − 1)-dimensional space. Therefore, we use
the ansatz

ẋ =

⎡

⎢⎢
⎣

A1
A2
...

An

⎤

⎥⎥
⎦

∑

i<j

αi,j (Ajxi − Aixj )
2, (23)

where Ajxi −Aixj = (Aj ei −Aiej )
Tx, the vectors Aj ei −Aiej all being orthogonal

to [A1, . . . ,An]T = ∑
Akek .

The αi,j in (23) constitute n(n − 1)/2 coefficients, that are going to determine the
first vector field in (20). We also introduce the coefficients βi,j corresponding to the
second vector field. Matching coefficients, we obtain n(n − 1)/2 sets of equations of
the type

[
A2

i Aj B2
i Bj

AiA
2
j BiB

2
j

][
αi,j

βi,j

]
= −1

2

[
ai,i,j

aj,i,j

]
, 1 ≤ i < j ≤ n, (24)

which determine the values of αi,j , βi,j , as long as the determinant AiAjBiBj (AiBj −
AjBi) of the coefficient matrices is nonzero. In particular, it follows that the Ak and
Bk cannot generally be zero.

As an example, consider the volume-preserving system

ẋ1 = a

2
x2

1 − bx1x2,

ẋ2 = −ax1x2 + b

2
x2

2 ,

and assume that [A1,A2]T = [1,1]T, and [B1,B2]T = [1,−1]. If a = 3, b = 2, the
desired coefficients α1,2, β1,2 then become α1,2 = 5/4 and β1,2 = 1/4, and the system
can be written in the form

ẋ = 5

4

[
1
1

]
(x1 − x2)

2 + 1

4

[
1

−1

]
(−x1 − x2)

2 =
[ 3

2x2
1 − 2x1x2 + 3

2x2
2

−3x1x2 + x2
2 + x2

1

]
,

so that each of the two split terms can be exactly integrated as in (22). Note that
this procedure introduces off-diagonal terms (3/2x2

2 for ẋ1 and x2
1 for ẋ2) one has

to account for when treating the off-diagonal part. This is in fact analogous to what
happens for the rank-1 splitting described in Sect. 2.5.
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3.6 Splitting in Lower Triangular Systems by Orthogonal Changes of Variables

As we already know, a system of the form

ẏi =
∑

j≤k

ci,j,kyj yk, (25)

where ci,j,k defines a strictly lower triangular tensor (i.e. ci,j,k = 0 for i ≤ j, k),
and can be easily solved in a volume-preserving manner by either Forward Euler or
Backward Euler. Setting y = Qx, where Q is an orthogonal matrix, we obtain

ẋi =
∑

l,m

∑

p,j,k

Qi,pcp,j,kQj,lQk,mxlxm,

thus,
∑

p,j,k

Qi,pcp,j,kQj,lQk,m = ai,l,m,

a linear system in the unknowns cp,j,k . For a strictly triangular system, there are
nc = 1

6n(n − 1)(n + 1) parameters cp,j,k , while the total number of free parameters

ai,j,k is na = N(n,d)n − N(n,d − 1) = 1
2n(n2 + n − 2), where N(n,d) = (

n+d−1
d

)

and d = 2 [11]. By taking the ratio na/nc = 3(n + 2)/(n + 1), we see that at most
s = 4 strictly triangular systems (25) are needed, yielding the linear system

4∑

s=1

∑

p,j,k

Q
[s]
i,pc

[s]
p,j,kQ

[s]
j,lQ

[s]
k,m = ai,l,m

for the unknowns c
[s]
p,j,k . Several trial numerical experiments for dimension n up to

12 indicate that the system has a solution for a given set of orthogonal matrices Q[s],
s = 1, . . . ,4. As a simplifying condition, one of the matrices can be chosen to be the
identity matrix. To get stable numerical methods, the matrices Q[s] should be chosen
so to minimize the conditioning of the basis.

For the practical implementation of the method, we solve for four systems ẋ =
A[s](x,x), where the (i, l,m) component of A[s] is a

[s]
i,l,m = ∑

p,j,k Q
[s]
i,pc

[s]
p,j,kQ

[s]
j,l

×Q
[s]
k,m, by Forward Euler or Backward Euler.

3.7 Optimal n + 2 Shears

We know from Sect. 3.5 that it is possible to split any given quadratic volume-
preserving vector fields in the sum of n + 2 shears. To do so, we can either choose
the n canonical directions and two extra directions to account for the diagonal part
(corresponding to the methods described in Sects. 3.2 and 3.5, or, another possibility
is to take some other n + 2 shears. These are of the form (23) with the coefficients
αij replaced by αij /

√
2 for rotational invariance and are solved exactly by a single

step of Forward Euler.
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As discussed in [11], these directions should be chosen so to minimize the condi-
tioning of the basis.

Good Grassmannian packings [2] are expected to give bases with good condi-
tion numbers. For linear vector fields, we have used the n + 1 vertices of a regular
n-simplex. Already, for d = 2, and arbitrary n, optimal packings are not always an-
alytically known. For n = 3, the regular polyhedra only give maximally symmetric
sets of 3, 4, 6 or 10 lines through the origin—not 5 (although one could use the six
diameters of the icosahedron, giving a nonunique splitting). For higher dimensions,
vectors with maximal angle separation are computed numerically by means of non-
linear optimization techniques [2].

It is not clear that maximal angle separation (Grassmannian packing) gives the
optimal n + 2 directions for the shears in the quadratic problem, however, these are
good starting points for a nonlinear least squares search, where the optimal solution
is the one that minimizes the conditioning of the basis.

4 Numerical Examples

4.1 Comparison of Second-Order Methods for the Linear Case

To test the performance of the methods, we compare them on 2000 divergence-free
linear systems for a problem of dimension n = 10. The coefficients are chosen at
random (Gaussian distribution) in the interval [−1,1]. Then we set the trace to zero
by subtracting the quantity 1/n tr(A)I , where I is the n × n identity matrix. Finally,
matrix A is normalized with respect to the 2-norm. Similarly, the initial condition is
chosen at random on the sphere of radius one. The integration is performed over a
short interval [0,2] with different stepsizes hl = 1/2l , where l = 0,1,2, . . . ,7, and
the 2-norm of the error is evaluated (for each stepsize and for each experiment). Fi-
nally, for each l, the error is averaged by taking the arithmetic mean over the samples.
We compare several methods described in Sect. 2. The basic first-order methods are
composed with their adjoints to obtain second-order schemes. Typically, the contri-
bution of the diagonal part is put in the middle of the composition, as the methods
in Sects. 2.4 and 2.5 solve it exactly and two half steps can be subsumed in a single
step. This is not the case for the off-diagonal parts, where subsuming in a single step
a half step with an FE (resp., BE) and half step with its adjoint BE (resp., FE) would
yield an implicit method.

In more detail, we compare the method DEXP + LTS (strictly triangular systems,
see Sect. 2.1, plus diagonal treated with exponentials, see Sect. 2.4), which costs 4n2

addition/mult. for the off-diagonal part and n(E + 2) for the diagonal part, where
E denotes the cost of an exponential; the method DS + LTS (strictly triangular sys-
tems, Sect. 2.1, and rank-1 approximation of the diagonal, Sect. 2.5), whose cost
differs from above as the diagonal part costs 3n additions/mult.; the method DEXP +
N shears (the n canonical shears, Sect. 2.2, plus diagonal treated with exponentials,
Sect. 2.4), costing 4n2 add./mult. for the off-diagonal and n(E + 2) for the diago-
nal; the splitting (N + D) shears in n + 1 shears described in Sect. 2.6, which costs
all together 8n2 + 4n add./mult. and, finally, the method SYMPOL (symmetric po-
lar splitting, Sects. 2.3 and 2.4), which costs 5 1

2n2 add./mult. as the coefficients μj
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Fig. 2 Top: Average error over
2000 random linear problems.
x-axis: step size, logarithmic
scale; y-axis: average global
error, logarithmic scale. Bottom:
Efficiency diagram. x-axis: cost
in number of operations,
logarithmic scale; y-axis:
average global error, logarithmic
scale

need be computed only once, plus 2n(T + 1), where T is the cost of a trigonometric
function (see also [7]).

Since even a (non-volume-preserving) Forward Euler step applied to a linear
system requires 2n2 operations, we see that the cheapest second-order volume-
preserving methods cost about two Forward Euler steps; there is essentially no cost
associated with requiring volume-preservation.

The factors E,T have been computed numerically on a Mac Power Processor (by
taking a random matrix of dimension 1000 × 1000, applying the respective transfor-
mation elementwise and then comparing the elapsed time with that of sums of two
matrices of the same dimension) and correspond to E ≈ 3.74 and T ≈ 2.13. Clearly,
these factors are machine-dependent.

4.2 A Nine-Dimensional Lorenz System

To illustrate the behaviour of the methods for quadratic divergence-free methods,
we apply them to approximate numerically a nine-dimensional Lorenz system [15],
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which arises from the study of three-dimensional cells with square planform in dissi-
pative Rayleigh–Bénard convection.

The system reads

ẋ1 = −σb1x1 − σb2x7 − x2x4 + b3x3x5 + b4x
2
4 ,

ẋ2 = −σx2 − σx9/2 + x1x4 − x2x5 + x4x5,

ẋ3 = −σb1x3 + σb2x8 − b3x1x5 + x2x4 − b4x
2
4 ,

ẋ4 = −σx4 + σx9/2 − x2x3 − x2x5 + x4x5,

ẋ5 = −σb5x5 + x2
2/2 − x2

4/2,

ẋ6 = −b6x6 + x2x9 − x4x9,

ẋ7 = −rx1 − b1x7 + 2x5x8 − x4x9,

ẋ8 = rx3 − b1x8 − 2x5x7 + x2x9,

ẋ9 = −rx2 + rx4 − x9 − 2x2x6 − x2x8 + 2x4x6 + x4x7,

(26)

where r = R/Rc is the reduced Rayleigh number, R being the Rayleigh number and
Rc = 27/4 the critical Rayleigh number. The constant parameters bi , measuring the
geometry of the square cell, are given as

b1 = 4(1 + a2)

1 + 2a2
, b2 = 1 + 2a2

2(1 + a2)
, b3 = 2(1 − a2)

1 + a2
,

b4 = a2

1 + a2
, b5 = 8a2

1 + 2a2
, b6 = 4

1 + 2a2
,

where a = 1/2 is the wave number in the horizontal direction. The parameter σ = 1/2
and r = 14.22 are the same as in [15].

Introducing the vector x = [x1, . . . , x9]T, the system can be written in the form

ẋ = Lx + Q(x,x), (27)

namely, a linear term and a quadratic term. The quadratic term is divergence-free,
while the linear term has negative divergence, i.e. the volume of the phase space is
contracted at a constant rate.

A second-order numerical integrator for (27) contracting volume at the correct
rate is

Φh = Φ
[L]
h/2 ◦ Φ

[Q]
h ◦ Φ

[L]
h/2,

where Φ
[L]
τ is a self-adjoint integrator for the linear part contracting volume at

the correct rate, while Φ
[Q]
τ is a second-order volume-preserving method for the

quadratic part.
As for as the linear part is concerned, it can easily be observed that it can be solved

in practice exactly, as the variables have a weak coupling: x5 and x6 are independent
from the other variables, x1 is coupled with x7, x3 with x8 and, finally, x9 is coupled
with x2 and x4 and vice versa. Therefore we will focus our attention on the quadratic
part only.

The methods for the quadratic case are compared in Fig. 3. The basic methods are
composed with their adjoints to obtain second-order schemes.
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Fig. 3 Errors versus stepsize at
T = 2 for the quadratic part of
the Lorenz 9D system

For each term of the quadratic vector field, we have about three operations (two
multiplications and one addition). There are about 1

2n3 off-diagonal terms and n2 di-
agonal terms. Hence, the cost of the methods will be dominated by the treatment of
the off-diagonal terms.

In more detail, we have: the methods DEXP + LTS and DS + LTS (strictly tri-
angular systems plus diagonal treated with exponentials and diagonal shear, respec-
tively), that cost 3n3 operations for the off-diagonal part and (3 + E)n2 and 4n2 for
the diagonal part respectively; the methods DEXP + N shears and DS + N shears
(n canonical shears plus diagonal treated with exponentials and diagonal shears, re-
spectively), that have exactly the same cost as the methods above; the method (N + D)
shears (n + 2 shears), costing 8n3 operations and, finally, the method ROTLTS of ro-
tations into strictly triangular shears, amounting to 4n3 operations (provided that the
rotations are combined with the coefficients before the implementation).

All the methods attain second order (as expected), and are more or less comparable
as far as the error is concerned. We have made no effort in optimizing the methods
to the particular problem in question, for instance, in order to reduce the number of
splitting terms due to the sparsity of the coefficients.

5 Conclusions

Numerical examples for both the linear case and the quadratic case indicate that meth-
ods that treat the diagonal with exponentials have an edge on the methods that split
the diagonal part in shears. This can be partly explained by observing that the for-
mer methods are exact on each basis element for the basis of linear and quadratic
divergence-free vector fields, whereas the methods that treat the diagonal with shears
are not. The effect of a worse accuracy is evident in Fig. 4 for long time integration.
The methods of splitting n + d shears and rotations in lower triangular matrices dis-
play a much larger error in the individual trajectories, while the remaining methods
show a solution much closer to the original one. Methods based on n + d shears
are on average twice more expensive than the other basic methods, although they
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Fig. 4 Plots of the sixth component versus the seventh component of the quadratic part of the Lorenz 9D
system in the interval [0,150] with integration step h = 1/2 and initial condition xi (0) = 1, i = 1,2,3,9
and xi (0) = 0 otherwise. The plots are arranged from best (top left) to worst (bottom right). The method
(N + D) shears diverges around t = 90

have the advantage that they can be implemented using only arithmetic operations,
while some other methods require the computation of transcendental and trigono-
metric functions—though also these methods use only arithmetic operations on the
computational-heavy part of the system (off-diagonal part). It is also important to say
that both the methods based on rotations and on n+d shears involve an extensive and
costly nonlinear optimization step to find a good conditioned basis, and are therefore
less attractive for short time integrations and problems of large dimension.
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