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Abstract

A hierarchy of N-dimensional systems is constructed starting from the standard continuous two-layer quasi-geostrophic
model of the geophysical fluid dynamics. These models (“truncations”) preserve the Hamiltonian structure of the parent
model and tend to it in the limit N — oo. The construction is based on the known correspondence SU(N) — SDiff(T?)
when N — oo between the finite-dimensional group of unitary unimodular N x N matrices and the group of symplectic
diffeomorphisms of the torus and the fact that the above-mentioned continuous model has an intrinsic geometric structure
related to SDiff(7?) in the case of periodic boundary conditions. A fast symplectic solver for these truncations is proposed
and used to study the baroclinic instability. ©) 1997 Published by Elsevier Science B.V.

1. Introduction

The baroclinic instability is one of the most funda-
mental features of rotating stratified fluids with verti-
cal velocity shear, and hence is of primary importance
in geophysical fluid dynamics (GFD). A proper ac-
count of the effects of this instability is one of the ma-
jor challenges in the studies of weather and climate
predictability and in observational data assimilation.
However, the complexity of the description of this phe-
nomenon in terms of the basic (“primitive”) equations
necessitates the use of intermediate models, like the
simplest two-layer geostrophic model of the motions
of large horizontal scale [1]. The model consists of
two linearly coupled layers of fluid with different but
constant densities and is governed by two parameters
- Burger numbers for the two layers. In the absence
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of dissipation (the most important dissipative process
at this scale is Ekman friction [ 1] which is small and
spectrally uniform, i.e. relatively easy to deal with),
the Euler equations of motion have Hamiltonian (sym-
plectic) structure and, in addition, possess two infi-
nite families of integrals of motion corresponding to
the advection of individual potential vorticities of the
layers (see, e.g., Ref. [2]).

In what follows we present a hierarchy of finite-
dimensional models which preserve the original
Hamiltonian structure of the two-layer continuous
model and, at the same time, exhibit baroclinic insta-
bility. Our motivation in looking for such models is
twofold.

First, from the point of view of numerical analy-
sis of the PDEs governing the continuous model (i) a
spatial discretization is needed which results in a sys-
tem of ODEs and (1i) a temporal discretization of the
ODE:s is to be applied resulting in a discrete mapping
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in time, an integrator. The traditional spatial and tem-
poral discretization strategies destroy the Hamiltonian
structure of the original Euler equations of motion and,
particularly for spatial discretizations, there is no gen-
eral way to avoid this problem.(We believe that, at
least in the physical literature, this was first pointed
out in Ref. [3]; see also Refs. {4,5].) Increasing the
spatial resolution cannot definitely cure this loss of
basic geometric structure [6]. As to the relevance of
such structure for real-world GFD, which is in general
forced and dissipative, we must stress that a variety
of stimulating results has been recently achieved by
the application of Hamiltonian mechanics (see, e.g.,
Refs. [7-10] and references therein) and interest in
related methods in GFD is growing rapidly.

Second, the use of low-order dynamical systems is
a traditional tool of analysis in GFD both from the
point of view of conceptual understanding of the basic
processes (for a recent instructive example see Ref.
[8]) and that of testing the standard procedures of
data assimilation and forecast (see, e.g., Ref. [11]).

The first example of a structure-preserving spatial
truncation, the sine-bracket approach to the 2D Euler
equations, was proposed in Refs. [ 12,4]. It was shown
in Ref. [ 13] that there exists an efficient explicit Lie—
Poisson integrator for this finite-dimensional system.
Below, it will be shown that a modified version of this
discretization scheme can be applied to the two-layer
quasi-geostrophic equations. Moreover, the baroclinic
instability arises in the finite-mode system even at the
lowest-order truncation.

2. The continuous system

The simplest physical system which retains baro-
clinic features consists of two linearly coupled layers
with different but constant densities. As a further sim-
plification the velocity and the pressure are related by
geostrophic balance, i.e., the stream function is de-
fined by the pressure and the velocity potential is zero.
A detailed discussion and the derivation of the model
equations for this system can be found in Ref. [1].
The system of governing PDEs defines an infinite-
dimensional Hamiltonian system [2],

¢ (x,y,0) =a(q D),
¢ (x,y.0) =3 (P, ¢, (N

where d(f,g) = (3f/dx)dg/dy — (3f/dy)dg/ox.
With periodic boundary conditions the equivalent
Hamiltonian system of ODEs is written in terms of
the Fourier modes

(l) _Z(m x n)q,(,,lln(,B(")q(_l)+B(]2) (2)

8 = Y om x maiZ (B0 + B4,
n

(2)

where m x n = myn; — mpn,. The Fourier transform
of the ith layer potential vorticity associated with the
two-dimensional wavenumber n is denoted by g4,
where the superscript 1 (2) refers to the the upper
(lower) layer variables and parameters. The potential
vorticities and the stream functions ¢\" are related by

)
(3)

q(l') = _D(i)[vzw(i) + (_I)I'F(l')(w(l)

so that their Fourier coefficients are related by

W, o T = Ba(q.",¢'*)T = Bag,, (4)

where
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- (0 412)
n= (21) (22)
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iy ((n2 +F®)p®
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(n* + F)DW
with

Ca={DVDP[(n* + FV)(n? + F?)
_ F(])F(z)]}—l

and we write n? for |n|?. The Burger numbers F¢! and
F® are defined as F' = (p® + pV) f2L?/g(p? —
p"D® and satisfy the constraint F(VD) =
FAD® where f is the Coriolis parameter, L is the
characteristic horizontal scale, p' is the density, and
D® js the thickness of the ith layer in the absence
of motion. The total (dimensionless) thickness is

DD + D@ = 1. Note that our potential vorticities g
are related to Pedlosky’s 77 [1] by ¢ = —=D® 17,
This scaling is chosen to make B, symmetric, which
is necessary for (1) to be a Lie-Poisson system.
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The total energy of the system is

H=K"+K®+AP=1% ¢, Big_,. (5
n
where
K(i)z%ZnZD(i)ldly(ti)P (i=1,2) (6)
n

is the kinetic energy (KE) of the ith layer and
AP =(FODW) Y |y — P (7
n

is the available potential energy (APE).

Now, the crucial observation is that this continuous
two-layer system may be rewritten as “generalized Eu-
ler equations” [12,14] of the form

mi .k
w =a ¢, ww|, (8)

where w; are coordinates on the dual of a Lie algebra,
a™ is a metric and summation over the repeated in-
dices is understood. The dynamical variables in (2)
correspond to coordinates on the dual of the Lie alge-
bra of the direct product of area-preserving diffeomor-
phisms of the torus SDiff( T2) x SDiff(7?2) while the
structure constants of each diffeomorphisms’ group
are given by

(l)k

=0(k—j—m)(jxm) (i=1,2). (9

The coupling between layers is due to a nontrivial
metric (which is symmetric in both (k,7) and (4, j)),

dM = s(k+ B (i,j=1,2). (10)

With these definitions, (2) takes the form (8) and
define a Lie-Poisson system with Hamiltonian (5),
and Casimir invariants

Q(I)M Zq(!)' q‘(f) (i=l,2), (11)

IM={(i1,...,iM)

M
Zi,-:o}‘ (12)
j=1

3. The finite-mode system

There are two differences between the two-
dimensional vorticity equation considered in Refs.

[4,12] and the two-layer system presented here: (i)
the choice of the metric, and (ii) the direct product
group structure. Neither is an obstacle to applying
essentially the same truncation strategy to get a finite-
dimensional Lie-Poisson system. The dynamical
variables of the truncated system will be coordinates
on the dual of the Lie algebra of SU(N) x SU(N),
where the odd number N will determine the resolu-
tion of the numerical model. The finite-mode system
built with the help of the structure constants of the
su(N) algebra is

g =) _(1/e) sin(em x n)gal. (B g

nel
+ﬁ(12) (2))
§H = Z(l/e) sin(em x n)qit (B q")
nel
+B(22) (2) (13)

where & = 277/N, the index set is defined by

I1={icZ*-T<iih<Ti#0,T=5N~1},

(14)

and the sum of indices are taken modulo N. Thus,
the preservation of structure was achieved at the price
of introducing aliasing interactions (which, in a well-
resolved simulation, would not be significant) and al-
tering the interaction coefficients with respect to the
original infinite-mode system written in the Fourier-
space. This latter error is formally O(N~2), but the
interactions of the higher modes are not accurately
represented. The Hamiltonian is defined by the trun-
cated form of (5), while the analogy with the one-
layer system gives immediately that the Casimirs are

QM — Zq('). g5 cos[e(2A(i1, . ..,in))]

(i= 1,2) (15)
M

={(i1,...,iM) Zij:OmodN}, (16)
j=1

where M < 2T and A(iy,...,iy) denotes the area

spanned by the index vectors:

A(ir, ... iy) = [ x iy + i3 X (i) +1i2)
+ .ty x (O +...+in-1)]. (17)
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Thus, for any odd N we get a finite-mode system of di-
mension 2( N? —1) preserving the symplectic structure
of the parent continuous system and having 2(N — 1)
conserved quantities. In the limit N — oo both equa-
tions and integrals of motion tend towards the parent
ones.

4. Stationary solutions and linear stability analysis

Traditional stability analyses for (1) focus on the
fixed point solutions associated with two different but
constant velocities of the layers [1]. These solutions
are, obviously, forbidden in the doubly periodic case,
and we therefore start from the simplest sinusoidal
zonal wind profile (a so-called Kolmogorov flow,
much studied in the one-layer case, cf. Ref. [15]
and references therein). We note that a solution of a
Lie-Poisson system is a fixed point if and only if the
gradient of the Hamiltonian is equal to the gradient of
some linear combination of Casimirs on this solution.
Setting for simplicity the stream function to zero at the
upper layer, we see that stream functions which are
zero at all but one selected wavenumber in the lower
layer define steady states. A solution of this type is

Reg!" = -DWFY ifn=(0,1),

=0 otherwise

RegP =D (F® +1) ifn=(0,1),
-0 otherwise (18)

or equivalently

q(l)(x’y) = _D(I)F(l) cos y,
g P (x,y) = DP(F? + 1) cosy, (19)

which corresponds to

YD (x,y) =0, ¢ P (x,y)=cosy. (20)

This initial field is a steady-state solution both of the
original system and of the truncated one, indepen-
dently of the resolution. The detailed analysis of the
linear stability problem for the full system (1) is out of
the scope of the present paper. We note, however, that,
unlike the barotropic one-layer case, the formal stabil-
ity analysis of (1) along the lines of Refs. [2,15] does

not give any definite conclusions. We now consider
the linear stability analysis of its finite-dimensional
counterpart.

The equations linearized around (20) for (2) and
(13) decouple into two independent systems of real
and imaginary variables. The Jacobian matrix for the
real part at the lowest-order truncation T1 (N =3) is

0O-a a 0 -b b
¢c O0—-a d 0 -b
—c a 0-d b O
0 e—-e O0-f f I’
— 0 e—-d 0-f
c—e 0 d f O
where
a=rFp\", b=rRpY), c=rRp",
d=rRB4?, e=r(R+ 181",
f=r(1—(B+1)B%)), (21)

and r = v/3/4. The order of variables in the linearized

. 1 1 1 2 2 2
state vector is gio, {1, '), 410’ aiy 4. The

qé’i) (i =1,2) do not appear in the linearized system
because all the coefficients are zero for these variables
due to the Liouville theorem on conservation of phase-

space volume. The characteristic polynomial is
AP(A*+BA*+C) =0, (22)

where B and C are functions of a, b, ¢, d, e, and f.
The eigenvalues are of the form

M2=0, Aigse=ta£ip. (23)

Because of the Hamiltonian character of the model,
the spectrum has the desirable property of having two
zero eigenvalues corresponding to the two Casimirs,
with the other four having the correct symmetry. The
steady state is stable if and only if all the following
conditions hold: (i) C > 0; (ii) B > 0; and (iii)
B? — 4C > 0. Conditions (i) and (ii) are always sat-
isfied independently of the particular positive values
of the Burger numbers. The key condition is (iii). The
critical values of F(!) and F‘® are shown in Fig. 1. If
the Burger numbers go to zero the system decouples
into two one-layer systems, for which the initial con-
ditions define stable fixed point solutions. The eigen-
problem for the linearized imaginary variables has the
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Fig. 1. Stability region for the lowest-order truncation. The fixed
point is elliptic to the left of the line, and hyperbolic to the right.

same physical solution as for the real part, since the
only differences are in the imaginary part of the eigen-
vectors. This means that there are two unstable direc-
tions in the phase space, the same combination of co-
sine and sine functions as the initial perturbation will
grow with the same amplification factor.

5. Numerical integration

By analogy with the one-layer system, (13) can
be solved by an explicit Lie~Poisson integrator [ 13].
Such a method preserves all the Casimir invariants and
is symplectic on their level set, promoting good long-
time behavior of the numerical solution. The key point
is that the terms associated with the coupling of the
layers are linear and, therefore, have no effect on the
commutation rules between the variables. To be brief
we only summarize the algorithm for prime N; the
extension of the one-layer algorithm to nonprime N of
[6] can be easily applied to the two-layer equations
as well. The algorithm splits the Hamiltonian into a
sum of terms, each of which can be solved explicitly
using a fast Fourier transform. In this way one time
step takes time O(N?log N), rather than the O(N*%)
needed just to evaluate the right hand side of (2). Let

K={0,DH}u{(l,m):0<m< N}, (24)

(1 o _sin(eng x k) pan ay (12)(2)
a,’ =-— £ (Bnk an Bnk an

(25)

2 sin(enj x k) o1 (1) | a2 (2)y
= — e (Bnk an +Bnk an
(26)
and F be the discrete Fourier transform
L om jk/N
Fip = —e™ =™/, (27)

N

We may summarize the algorithm as follows: (i) for
k € K do, (ii) for j = Ist,..., Nth translation of k
do, (iii) with z{" = qj.‘gm set 70 = F et Fa(D),
Ay = diag(Fa'"); with z{2 = 42 2 =
Flef Fz(D Ay = diag(Fa'®)), (iv) copy z“)*
into q(_l()j+mk) and 72" into q(_z()Hmk), (v) end do,
(vi) end do.

The above algorithm is a first-order explicit Lie-
Poisson integrator, say g — S(t)g; in practice we use
the second-order scheme g — S(2/2)S71(—~t/2)q,
which is still explicit. Numerical experiments with the
second order integrator were carried out in order to
test the numerical algorithm and study the nonlinear
stage of the instability predicted by the linear anal-
ysis. A small random noise was added to the steady
state (20) at the initial time. The bound for the rela-
tive error of energy is 107° at a time step Az = 1072,
while the errors in the Casimirs grow by the average
computer roundoff (about 5 x 10~'%). The parameters
were chosen as F(V) = F® =1 and DV =DP =1
at resolution T1, hence the APE = K® and K1 =
0 for the unstable basic state. Experiments confirmed
that baroclinic instabilities with the above predicted
features occur for any random initial perturbation. Fig.
2 shows the results of experiments with the same pa-
rameters but at resolution T2 (N = 5). The qualitative
behavior of the T1 and the T2 results is similar, though
the transfer of APE to KE is more efficient in the T2
system and the nonlinear saturation arises later. The
minimum in the APE appears shortly after the non-
linear saturation and it is about 5 and 18 percent of
the total energy for T2 and T1, respectively. Most of
the APE is converted to upper layer KE, but there is a
weaker, simultaneous increase in the bottom layer KE
as well. This feature seems to be independent of the
resolution. After the nonlinear saturation the flow is
dominated by a chaotic exchange of energy between
the layers.

set Z

l
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Fig. 2. Time evolution of energy partition in the T2 model,
showing onset and saturation of the baroclinic instability.
H=K®D + K2 4 AP. Top: fraction of kinetic energy in the top
layer versus time, K (1) /H. Middle: kinetic energy in the bottom
layer, K" (¢)/H. Bottom: available potential energy, AP(¢)/H.

6. Concluding remarks

The aim of the present paper was to demonstrate
that a hierarchy of models preserving the Lie-Poisson
structure of the original continuous two-layer quasi-
geostrophic model both in space and time exists and
the phenomenon of baroclinic instability already arises
at the lowest-order truncation. The finite-mode trun-
cations obtained may serve as a neat model of baro-
clinic instability suitable for testing data assimilation
and forecast algorithms, The symplectic solver devel-
oped in Ref. [5] allows fast numerical integration of
these truncations, even for large numbers of modes,
without destroying the underlying geometric structure.

The whole approach is based on the notion of sym-
metry underlying the motion of the incompressible
fluid in the two-dimensional domain. This Symmetry
with respect to area preserving changes of variables
(symplectic diffeomorphisms) corresponds, physi-
cally, to the relabelling of fluid particles. It provides
the Lie-Poisson structure of the Euler equations of
motion and, at the same time, the existence of the
Casimir invariants [ 15]. Fortunately, the Lie algebra
of the symplectic diffeomorphisms of the torus (corre-
sponding to the doubly periodic boundary conditions
in the domain of the flow) may be thought of as a
large N limit of the Lie algebra of the group of N x ¥
unitary unimodular matrices [16] which allows the
construction of structure-preserving truncations of
the 2D ideal hydrodynamics [4,12] and their gener-
alization presented here. The second known example
of this kind, also discovered in Ref. {16], is the Lie
algebra of symplectic diffeomorphisms of the sphere
which is also a limit of the su(/N) algebras and, thus,
creates the possibility of applying our approach to
another kind of boundary condition. Due to the tech-
nical difficulties in the calculation of explicit expres-
sions for the structure constants of the corresponding
infinite-dimensional Lie algebras (for a discussion of
this point see, e.g., Ref. [14]) it is unknown at the
present time whether a similar construction may be
carried out for other types of boundary conditions, i.e.
for two-dimensional manifolds other than the torus
and the sphere.

Another open problem is related to the correspon-
dence (in the functional analysis sense) between so-
lutions of the parent system and those of the truncated
one. Remember that the latter is obtained by identi-
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fying the Fourier modes of the former modulo N and
simultaneously changing the interaction coefficients,
which represents a very special aliasing procedure in-
troducing nonlocal interactions in the real space.

Finally, let us mention that there exists an alterna-
tive approach to the problem of structure-preserving
truncations in fluid dynamics based on discretization
of the action principle for the system in question [ 17].
While it has the advantage of conceptual transparency,
this approach requires a Lagrangian rather than Eule-
rian description of the fluid dynamical problem. Find-
ing a variational principle for a given set of PDEs
may be a problem by itself and for the system (1)
the corresponding variational principle is presently un-
known. Of course, this system originates from the
full hydrodynamical set of equations admitting a Lan-
grangian description and, hence, a variational formu-
lation; however due to a very special character of the
quasi-geostrophic approximation used to derive (1),
finding a corresponding variational principle is a non-
trivial task. The solution of this problem will be pre-
sented elsewhere [18]. Let us add that the Eulerian
Lie-Poisson structure is not preserved by discretiza-
tion of the Lagrangian variational principle due to the
fact that the particle relabelling symmetry is destroyed
by the spatial discretization and that, inevitably, the
Lagrangian approach increases the number of dynam-
ically active variables in the problem as compared to
the Eulerian one.
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