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tFor pie
ewise-smooth maps, new dynami
s 
an be 
reated by varying parameters su
hthat a �xed point 
ollides with a surfa
e on whi
h the map is nonsmooth. If the map is
ontinuous and pie
ewise-linear to leading order, this is referred to as a border-
ollisionbifur
ation. A la
k of di�erentiability allows for substantial 
omplexity and a wide varietyof invariant sets 
an be 
reated in border-
ollision bifur
ations, su
h as invariant 
ir
les and
haoti
 sets, and several attra
tors may be 
reated simultaneously. Yet many 
al
ulationsthat would be intra
table for smooth nonlinear maps 
an be performed exa
tly for pie
ewise-linear maps and in re
ent years several new results have been obtained for border-
ollisionbifur
ations. This paper reviews border-
ollision bifur
ations with a general emphasis onresults that apply to maps of any number of dimensions. The paper 
overs appli
ations, theborder-
ollision normal form, basi
 properties and dynami
s su
h as �xed points, periodi
solutions and mode-lo
king regions, and more 
omplex phenomena su
h as multistability,multi-dimensional attra
tors, attra
tors at in�nity, homo
lini
 bifur
ations and unfoldingsof 
odimension-two s
enarios.1 Introdu
tionPWS (pie
ewise-smooth) systems are in
reasingly being used as mathemati
al models in diverseareas. A PWS map on M ⊂ R

N is a dis
rete-time evolution rule
xi+1 = fJ(xi) , xi ∈ MJ , (1.1)where the regions MJ form a partition of M, and ea
h fJ : MJ → M is a smooth fun
tion.Boundaries of the MJ , termed swit
hing manifolds, are assumed to be PWS 
odimension-onesurfa
es. Maps of the form (1.1) arise as return maps of nonsmooth systems of di�erentialequations. In this 
ontext, appli
ations in
lude me
hani
al systems with impa
ts or fri
tion[16, 24, 26, 122, 193℄, power ele
troni
s and relay 
ontrol [20, 108, 201℄, and more re
ently1



e
ologi
al systems involving quotas or swit
hing of spe
ies between di�erent habitats or foodsour
es [4, 45, 154, 185℄. PWS maps are also used to model dis
rete-time phenomena involvinga swit
h, 
hoi
e or threshold, su
h as e
onomi
s systems involving non-negativity 
onditions,de
isions or optimisation [28, 105, 120, 158℄. Other appli
ations of (1.1) in
lude bursting inneurons [43, 162℄, Chua's 
ir
uit [133℄, and game theory [151℄. Maps that are 
ontinuous andPWL (pie
ewise-linear), su
h as the tent map and the Lozi map [127, 142℄ (a PWL version ofthe Hénon map), are used throughout dynami
al systems and are parti
ularly relevant to thispaper.Intera
tions between invariant sets and swit
hing manifolds of (1.1) give rise to dis
ontinuity-indu
ed bifur
ations [52℄. The simplest type of dis
ontinuity-indu
ed bifur
ation for (1.1) 
orre-sponds to the 
ollision of a �xed point with a smooth part of a swit
hing manifold. Generi
allythis involves two fun
tional 
omponents of (1.1), 
all them fL and fR (for �left� and �right�).Dynami
s near the bifur
ation are des
ribed by the lo
al representation
xi+1 =

{

fL(xi) , h(xi) < 0
fR(xi) , h(xi) ≥ 0

, (1.2)where h is a smooth fun
tion spe
ifying the swit
hing manifold. At the bifur
ation one of thehalf-maps (fL and fR) has a �xed point on the swit
hing manifold (h = 0).Many essential features of the bifur
ation are determined by the lo
al properties of (1.2)and there are a handful of distin
t s
enarios that 
ommonly arise. For instan
e, (1.2) maybe dis
ontinuous. Dis
ontinuous maps are frequently used to model ex
itable systems [39, 89℄,and 
ir
uit systems [68, 106℄. Alternatively, (1.2) may be 
ontinuous but involve a square-rootsingularity in either fL or fR. This s
enario arises naturally in grazing bifur
ations of vibro-impa
ting systems (the singularity results from a quadrati
 tangen
y between a periodi
 orbitand a swit
hing manifold) [51, 143, 145, 146℄. In any 
ase, the bifur
ation is a type of border-
ollision, but the term border-
ollision bifur
ation is usually reversed for the situation that (1.2)is 
ontinuous and PWL to leading order. This de�nition is adopted in this paper. The dynami
sof dis
ontinuous maps are des
ribed in [12, 13, 66, 103, 159℄, maps with a square-root singularityin [10, 34, 65, 77, 147℄, and other maps in [52℄.It is instru
tive to 
ompare BCBs (border-
ollision bifur
ations) with 
lassi
al bifur
ationsof smooth maps, to whi
h it is assumed the reader is familiar. For de�niteness, let us 
onsiderperiod-doubling (or �ip) bifur
ations. BCBs and period-doubling bifur
ations are both lo
al,
odimension-one bifur
ations of �xed points, with the following key di�eren
es:i) For a period-doubling bifur
ation, as parameters are varied a stability multiplier of the �xedpoint 
ontinuously passes through the value −1. For a BCB, sin
e the map is 
ontinuousbut non-di�erentiable, the stability multipliers of the �xed point 
hange dis
ontinuously atthe bifur
ation, and one or more multipliers 
an �jump� a
ross the unit 
ir
le.ii) Dynami
s related to a period-doubling bifur
ation are fully des
ribed by the restri
tion ofthe map to a two-dimensional extended 
entre manifold. For a typi
al BCB, there is no
entre manifold. Indeed for PWS systems in general a la
k global di�erentiability inhibitsthe 
onstru
tion of a 
entre manifold and dimension redu
tion.iii) At a period-doubling bifur
ation a period-2 solution is 
reated, and we 
an determine theside of the bifur
ation for whi
h the period-doubled solution exists via straight-forward2



dire
t 
al
ulations. At a BCB, a seemingly inexhaustible array of invariant sets 
an be
reated. Simple 
al
ulations su�
e to identify �xed points and period-2 solutions. Otherdynami
s 
an be determined numeri
ally or with more sophisti
ated methods, as dis
ussedin later se
tions.iv) As we move away from a period-doubling bifur
ation, the period-2 solution grows at a rateasymptoti
ally proportional to the square root of the parameter 
hange. In 
ontrast, anybounded invariant set 
reated in a BCB grows linearly, to leading order, with parameter
hange.Su
h di�eren
es 
an be identi�ed qualitatively from the measurements of a physi
al system,lending support, or not, to the use of a mathemati
al model that is nonsmooth. For example, in[199, 200℄ it is found that the linear s
aling laws asso
iated with a BCB provide a better �t to ex-perimental data for the a
tion potential duration of 
ardia
 
ells than those for a period-doublingbifur
ation, suggesting that a nonsmooth (or highly nonlinear) model is more appropriate thana smooth model.The term BCB was 
oined in the pioneering 1992 paper of Nusse and Yorke [148℄. The paperdes
ribes various fundamental aspe
ts of BCBs in two dimensions and was motivated by noveldynami
s in e
onomi
s models [104, 105℄. Some study of BCBs had been performed earlier. Inparti
ular, in the Russian literature at least as early the 1960's, BCBs were studied and referredto as C-bifur
ations, after the word sxivat~, whi
h means to �sew� (or �stit
h�). The behaviourof �xed points and period-2 solutions near BCBs was studied in [27℄ and [69℄ respe
tively. In[70℄, Feigin determined an e�
ient and pra
ti
al method for identifying �xed points and period-2solutions based on the 
omputation of eigenvalues.Grazing bifur
ations of nonsmooth systems of di�erential equations originally provided mu
hmotivation for BCBs, but in [51℄ it was shown that regular grazing bifur
ations involve a square-root singularity, and are therefore not BCBs. However, the authors showed that if grazing o

ursat a 
orner, then the bifur
ation is a BCB [50℄. Subsequent studies revealed that so-
alled grazing-sliding bifur
ations [58℄ and event 
ollisions in systems with time-delayed swit
hing [165℄ are alsoinstan
es of BCBs. BCBs have been demonstrated experimentally in 
ir
uit systems [18, 207℄,and me
hani
al systems [150℄.BCBs have been the subje
t of intense study over the past quarter 
entury. A 
omprehensivedes
ription of BCBs in one dimension was given in [132, 149℄, and a 
lassi�
ation of dynami
sin the two-dimensional dissipative 
ase was given in [17℄. A wide variety of intri
ate dynami
smay be 
reated in BCBs. Re
ently several new features of BCBs have been identi�ed, su
h asmulti-dimensional attra
tors [95℄, and the simultaneous 
reation of in�nitely many attra
tors[171℄. Many investigations have been restri
ted to maps of one or two dimensions. This paperreviews BCBs emphasising properties and statements that hold in any number of dimensions.In this paper we work with three di�erent maps that ea
h des
ribe dynami
s near a BCB,and are ea
h useful in di�erent 
ontexts. In �3.1, to (1.2) we apply a 
oordinate 
hange andexpand fL and fR to produ
e the form
xi+1 = f(xi;µ, η) =

{

AL(η)xi + b(η)µ+ o (‖xi‖, µ) , si ≤ 0
AR(η)xi + b(η)µ+ o (‖xi‖, µ) , si ≥ 0

, (1.3)where s = eT1 x denotes the �rst 
oordinate of x ∈ R
N , µ ∈ R is the primary bifur
ation parameter,and η ∈ R

M represents other parameters of the map. Then by dropping the expli
it nonlinear3



terms in (1.3) we obtain the PWL approximation
xi+1 = g(xi;µ, η) =

{

AL(η)xi + b(η)µ , si ≤ 0
AR(η)xi + b(η)µ , si ≥ 0

. (1.4)The validity of (1.4) is dis
ussed in �3.2. Finally, under 
ertain 
onditions detailed in �5, we 
anapply a se
ond 
oordinate 
hange su
h that AL and AR transform to 
ompanion matri
es, and
b transforms to e1. The resulting PWL map (5.1) is referred to as the border-
ollision normalform (or observer 
anoni
al form). Roughly speaking, the three maps (1.3), (1.4) and (5.1) arein
reasingly easier to work with, but have in
reasingly more assumptions pla
ed upon them.The remainder of this paper is organised as follows. Appli
ations and typi
al BCBs aredis
ussed in �2. In �3 we introdu
e the maps (1.3) and (1.4) more 
arefully. In the subsequent fourse
tions we study the map (1.4). Fixed points are analysed in �4, and the border-
ollision normalform is 
onstru
ted in �5. Se
tion 6 
on
erns periodi
 solutions. Any point of a periodi
 solutionof (1.4) 
an be expressed as the solution to an N ×N matrix equation. For this reason, we onlyneed to employ elementary linear algebra to analyse non-degenerate periodi
 solutions 
reated inBCBs. In parti
ular, by 
onsidering only �xed points and period-two solutions, all generi
 BCBs
an be 
ategorised into exa
tly four distin
t s
enarios, as determined by the eigenvalues of ALand AR. More 
ompli
ated attra
tors are dis
ussed in �7.In �8 we study the in�uen
e of the nonlinear terms dropped to produ
e (1.4) on non-hyperboli
�xed points and periodi
 solutions. Se
tion 9 
on
erns the unique 
hain stru
ture 
ommonly ex-hibited by mode-lo
king regions of (1.3). Other dynami
s su
h as invariant 
ir
les and homo
lini
orbits are dis
ussed in �10. Se
tion 11 looks at spe
ial 
ases su
h as the one-dimensional 
aseand the e�e
ts of smoothing and noise. Finally, �12 provides a summary and lookout for futurestudies.2 The origin of 
ontinuous pie
ewise-linear mapsReturn maps of nonsmooth systems of ODEs often take the general form (1.1). In this 
ontext,�xed points of (1.1) 
orrespond to periodi
 orbits of the underlying ODE system. As parametersare varied a periodi
 orbit of the ODE system may develop an interse
tion with a swit
hingmanifold. This is a grazing event that 
orresponds to border-
ollision for (1.1). Several di�erenttypes of grazing events have been 
lassi�ed [37, 52℄, and only in 
ertain 
ases is the indu
ed maplo
ally 
ontinuous and asymptoti
ally PWL, as required for a BCB. In this se
tion we des
ribetwo su
h 
ases, indi
ate how BCBs 
an also o

ur for nonsmooth systems with time-delay in theswit
hing 
ondition, and illustrate typi
al BCBs.2.1 Grazing-sliding bifur
ationsHere we 
onsider a PWS ODE system of the form:

Ẋ =

{

FL(X) , H(X) < 0
FR(X) , H(X) > 0

. (2.1)Subsets of the swit
hing manifold H(X) = 0 that attra
t orbits from both sides are 
alled stablesliding regions. Forward orbits of (2.1) that rea
h a stable sliding region subsequently evolve4



on the region for some time. Su
h evolution is 
alled sliding motion [73, 74, 188℄, and grazingevents that involve sliding motion are 
alled sliding bifur
ations. Sliding bifur
ations have beenidenti�ed in models of me
hani
al systems with sti
k-slip fri
tion [59, 98, 114℄, and various otherappli
ations [41, 44, 57, 185℄.Several di�erent types of sliding bifur
ations have been 
lassi�ed [37, 58, 59, 107, 116℄. At agrazing-sliding bifur
ation, a periodi
 orbit of (2.1) has a quadrati
 tangen
y with the swit
hingmanifold at a pointX∗, as shown in Fig. 1a. Given a suitable Poin
aré se
tion Π, the lo
al indu
edreturn map P : Π → Π is 
ontinuous and takes the form (1.2), where x ∈ Π. P is usually derivedby 
omposing global maps (des
ribing motion from Π to a suitable 
ross-se
tion interse
ting X∗,and ba
k), with a lo
al dis
ontinuity map that 
aptures dynami
s near X∗ [52, 58℄.In this s
enario, one half-map of (1.2), say fR, 
orresponds to orbits of (2.1) that 
onne
t
x to P(x) along a path interse
ting H = 0 near X∗, and the other half-map, fL, 
orrespondsto orbits for whi
h there is no su
h interse
tion. Due to the quadrati
 tangen
y between theperiodi
 orbit and H = 0, fR admits an expansion in powers of h(x) 1

2 . However, unlike forregular grazing bifur
ations [51, 52℄, fR has no square-root term (due to a 
an
ellation of termsrelating to the nature of sliding motion near X∗). Therefore (2.1) is PWL to leading order, andthus grazing-sliding bifur
ations are examples of BCBs. In this instan
e fR is di�erentiable butnot C2, so the unfolding theorems for 
odimension-two BCBs presented in �8 
annot usually beapplied to grazing-sliding bifur
ations.Orbits of the ODE system 
orresponding to fR involve segments of sliding motion near X∗.For this reason, the range of fR is at most (N − 1)-dimensional (where N is the dimension of
Π). Consequently, the Ja
obian Dxf

R (denoted AR in later se
tions) has a zero eigenvalue atthe BCB. Furthermore, the lo
al dynami
s 
an be partially 
aptured by an (N − 1)-dimensionalreturn map [92, 93℄.a) grazing-sliding bifur
ation b) 
orner 
ollision 
) event 
ollision
Π

H = 0

X∗

Π

H = 0

Π

H = 0

0

T

T+τ
T+2τFigure 1: Three dis
ontinuity-indu
ed bifur
ations of a periodi
 orbit of a PWS system of ODEs.Ea
h of these are examples of BCBs. Ea
h panel shows a s
hemati
 phase portrait illustratingthe periodi
 orbit at the bifur
ation. In ea
h panel Π is a Poin
aré se
tion and H = 0 is aswit
hing manifold. In panel (
) the swit
hing 
ondition has a time-delay τ , and evolution timesat key points on the periodi
 orbit are indi
ated.

5



2.2 Corner 
ollisionsFor many reasons, swit
hing manifolds of PWS systems of ODEs interse
t or have a 
orner.Consider, for instan
e, the simple integrate-and-�re model
V̇ = −V + I − A sgn

(

sin

(

2πt

T

))

, V (t−) = 1 ⇒ V (t) = 0 , (2.2)where V (t) represents the membrane potential of a neuron, I is a 
onstant for
ing 
urrent, and
A and T denote the amplitude and period of square wave for
ing [186℄. When the value of Vrea
hes 1, the neuron is said to �re and the value of V is reset to 0. Assuming I > A > 0, we
an treat (2.2) as a two-dimensional PWS ve
tor �eld with domain (V, t) ∈ [0, 1)× [0, T ). In thissetting the system has three swit
hing manifolds, V = 0, t = 0 and t = T

2
, that have two pointsof interse
tion.DC/DC power 
onverters employ high frequen
y swit
hing for whi
h 
urrent is permitted to�ow for some variable fra
tion of the swit
hing period. Simple mathemati
al models thereforetypi
ally often involve two swit
hing manifolds: one for periodi
 swit
hing events and one fortimes at whi
h the 
urrent is halted, and these may interse
t [49, 201℄. In models of me
hani
alsystems with 
ompliant impa
ts, the swit
hing manifold 
orresponds to points where obje
tsimpa
t or deta
h [123, 124, 129, 130, 150℄. Deta
hment o

urs when the 
onta
t for
e betweenobje
ts vanishes. This provides a di�erent algebrai
 expression for the swit
hing manifold thanpoints of impa
t, in whi
h 
ase the swit
hing manifold often has a 
orner.The 
ollision of a periodi
 orbit with the 
orner of a swit
hing manifold, or at the interse
tionof two manifolds, is referred to as a 
orner 
ollision. Sin
e 
orners and interse
tions 
onstitutea measure zero subset of swit
hing manifolds, one may suspe
t that 
orner 
ollisions require anadditional 
odimension to o

ur, but this is not the 
ase. Simply visualise distortions of theperiodi
 orbit shown in Fig. 1b. The periodi
 orbit generi
ally attains an interse
tion with theswit
hing manifold at the 
orner be
ause the 
orner is a protuberan
e.At a generi
 
orner 
ollision there is no tangen
y in the sense that no smooth 
omponent ofthe swit
hing manifold is tangent to the periodi
 orbit at the bifur
ation. For this reason, theindu
ed return map P : Π → Π is 
ontinuous and PWL to leading order [35, 50℄, and therefore
orner 
ollisions are also BCBs.2.3 Event 
ollisions in systems with time-delayed swit
hingWe now 
onsider (2.1) with 
onstant time-delay in the swit
hing 
ondition:

Ẋ(t) =

{

FL(X(t)) , H(X(t− τ)) < 0
FR(X(t)) , H(X(t− τ)) > 0

. (2.3)In (2.3), τ > 0 denotes the time-delay. Systems of the form (2.3) are used extensively to modelswit
hed 
ontrol systems, both biologi
al and man-made, where τ represents the inherent timelag between when variables are measured and the 
ontrol is applied [29, 56, 153, 161℄.Suppose an orbit of (2.3) 
rosses the swit
hing manifold H = 0 at some time T . Then thefun
tional form of the equations that govern evolution swit
hes at the later time t = T + τ . For aperiodi
 orbit, the 
odimension-one phenomenon H(X(T +τ)) = 0 is known as an event 
ollision6



[38℄, Fig. 1
. Generi
ally the lo
al indu
ed return map P : Π → Π is 
ontinuous and PWL toleading order [165℄. Thus event 
ollisions are BCBs, although due the presen
e of time-delaysome 
are is required when de�ning Π. In some instan
es it is not possible to 
hoose Π su
h thatin a neighbourhood of the periodi
 orbit evolution through Π is independent to the lo
ation ofthe orbit at earlier times. In this 
ase it may su�
e to in
lude the time sin
e the last interse
tionwith the swit
hing manifold in the domain of the return map [166℄.2.4 Typi
al border-
ollision bifur
ationsTo illustrate BCBs, we 
onsider the system
Ẋ(t) =

{

ALX(t) + BL , U(t− τ) < 0
ARX(t) + BR , U(t− τ) > 0

, (2.4)where X = (U, V,W ), AL and AR are 3 × 3 matri
es, and BL,BR ∈ R
3. For simpli
ity we let

Π 
oin
ide with U = 0, and only 
onsider points on Π 
orresponding to orbits that previouslyresided in the left half-spa
e (U < 0) for a 
ontinuous length of time equal to at least τ , seeFig. 2. The swit
hing manifold of the indu
ed return map P : Π → Π, is a 
urve on Π thatseparates points whose forward orbit reinterse
ts U = 0 in a time less than τ , with points forwhi
h this time is greater than τ .Fig. 3 shows numeri
ally 
omputed bifur
ation diagrams of (2.4) using τ as the primarybifur
ation parameter, and
AL =





η 1 0
−2.5 0 1
−3 0 0



 , BL =





0
0
1



 , AR = 0 , BR =





−1
1
−1



 , (2.5)where η ∈ R is an additional parameter.
U

V

W
U = 0

Πswit
hing manifold of P
0

0

0

τ

τ
T
T=τ

T

T+τ
T+τ

T+τ

Figure 2: A sket
h of the phase spa
e of (2.4) showing three orbits beginning and ending on thePoin
aré se
tion Π. Evolution times at key points on the orbits are indi
ated. The orbits beginon Π at t = 0 and reinterse
t U = 0 at t = T . 7
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τ

V

Figure 3: Three di�erent BCBs (more spe
i�
ally these are event 
ollisions) for the system withtime-delayed swit
hing (2.4)-(2.5). The three panels show bifur
ation diagrams 
orresponding topoints on the Poin
aré se
tion Π (U = 0, see Fig. 2) for three di�erent values of η. In ea
h 
asean attra
ting periodi
 orbit (indi
ated by a solid 
urve) loses stability in a BCB (after whi
hit is indi
ated by a dashed 
urve). The additional points in panels (a) and (b) were 
omputedby numeri
ally solving (2.4)-(2.5) and removing transient dynami
s. In panel (
), an unstable
3-
y
le exists to the left of the BCB (highlighted in the inset), and an attra
ting 3-
y
le existsfor all values of τ shown.Over a range of values of η, (2.4)-(2.5) has an attra
ting periodi
 orbit that loses stability ina BCB:i) With η = −2.7, the BCB o

urs at τ ≈ 1.8868, Fig. 3a. At the bifur
ation an attra
ting

5-
y
le (a periodi
 orbit involving �ve loops near the original periodi
 orbit) is 
reated.The 5-
y
le is subsequently destroyed in a se
ond BCB at τ ≈ 1.9162.ii) With η = −3.2, numeri
s indi
ate that an attra
ting invariant 
ir
le is 
reated at theBCB at τ ≈ 1.9506, Fig. 3b. Initially the dynami
s on the invariant 
ir
le appears to bequasiperiodi
. Mode-lo
king windows are visible for larger values of τ .iii) With η = −4.5, numeri
s suggest that no attra
ting solution is 
reated at the BCB at
τ ≈ 2.1878, Fig. 3
. Prior to the bifur
ation there exists a saddle-type 3-
y
le, and thestable manifold of the 3-
y
le appears to form the boundary of the basin of attra
tion ofthe attra
ting periodi
 orbit. As we approa
h the BCB, the periodi
 solution and 3-
y
le
oales
e and the size of the basin of attra
tion shrinks to zero. Beyond the BCB nearbyorbits are attra
ted to another 3-
y
le.In ea
h 
ase, invariant sets 
reated at the BCB grow in size asymptoti
ally linearly with respe
tto τ . In �5.5 we return to this example after some essential properties of BCBs have beenestablished.3 Basi
 propertiesIn this se
tion we begin by introdu
ing lo
al 
oordinates 
onvenient for BCBs. This requiresintuitive generi
ity assumptions that are justi�ed by the impli
it fun
tion theorem; further detailsare given in [17, 52℄. We then introdu
e the PWL approximation and dis
uss adjugate matri
esand invertibility. 8



3.1 Coordinate 
hange and formulationSuppose (1.1) has a BCB at µ = 0, where µ ∈ R is a parameter of (1.1), and η ∈ R
M representsall other parameters of (1.1). Also suppose that the swit
hing manifold is smooth near the BCB.Then we 
an assume that the BCB o

urs at the origin, and that lo
ally the swit
hing manifold
oin
ides with the 
oordinate plane s = 0, where

s = eT1 x , (3.6)and ej denotes the jth standard basis ve
tor of RN . Lo
ally (1.1) may then be written as
xi+1 = f(xi;µ, η) =

{

fL(xi;µ, η) , si ≤ 0
fR(xi;µ, η) , si ≥ 0

. (3.7)Sin
e (3.7) is 
ontinuous and fL and fR are lo
ally di�erentiable by assumption, we 
an write
fJ(x;µ, η) = AJ(η)x+ b(η)µ+ o (‖x‖, µ) , (3.8)for J = L,R, where b ∈ R

N , and AL and AR are N ×N matri
es. The requirement that (3.7) is
ontinuous on s = 0, implies eTj AL = eTj AR for all j 6= 1. That is,
AR = AL + ξeT1 , (3.9)for some ξ ∈ R

N .3.2 The pie
ewise-linear approximationWith small values of x and µ, the linear terms dominate fJ . For this reason it is useful drop thehigher order terms, with whi
h (3.7)-(3.8) may be written as
xi+1 = g(xi;µ, η) =

{

gL(xi;µ, η) , si ≤ 0
gR(xi;µ, η) , si ≥ 0

, (3.10)where
gJ(x;µ, η) = AJ(η)x+ b(η)µ . (3.11)The maps (3.7)-(3.8) and (3.10)-(3.11) were stated as (1.3) and (1.4) in �1, and for the remainderof the paper we refer to (1.3) and (1.4).For any λ > 0, we have g(λx;λµ, η) = λg(x;µ, η). Consequently, all bounded invariant setsof (1.4) 
ollapse linearly to the origin as µ → 0. For the purposes of determining the dynami
sof (1.4), it su�
es to 
onsider µ ∈ {−1, 0, 1}. Furthermore, if we are willing to swit
h L and R,we 
an further ignore the 
ase µ = −1 be
ause (1.4) is un
hanged under the repla
ement
(x, µ, L,R) 7→ (−x,−µ,R, L) . (3.12)To justify (1.4) for use as an approximation to (1.3), suppose Ω is a bounded invariant set of

g(x; 1, η). Then for all µ > 0, µΩ is a bounded invariant set of g(x;µ, η). By 
hoosing a suitablysmall value µ > 0, we 
an make the di�eren
e between the right-hand sides of (1.3) and (1.4) assmall as we like in a neighbourhood of µΩ. If Ω is a stru
turally stable invariant set of g(x; 1, η),then for su�
iently small µ > 0 some perturbation of µΩ is an invariant set of (1.3).9



3.3 Adjugate matri
esMany basi
 
al
ulations for (1.4) involve adjugate matri
es [23, 112℄. Given an N ×N matrix A,let mij denote the determinant of the (N − 1)× (N − 1) matrix formed by removing the ith rowand jth 
olumn from A (the mij are 
alled the minors of A). The adjugate of A is then de�nedby adj(A)ij = (−1)i+jmji. It is a standard linear algebra exer
ise to show that for any A
adj(A)A = A adj(A) = det(A)I . (3.13)If A is nonsingular then A−1 = adj(A)
det(A)

.Given any ξ ∈ R
N , A+ ξeT1 di�ers from A in only the �rst 
olumn. By 
hanging only the �rst
olumn of A, ea
h mi1 is un
hanged and hen
e the �rst row of the adjugate is un
hanged, i.e.,

eT1 adj
(

A+ ξeT1
)

= eT1 adj(A) . (3.14)3.4 InvertibilityIn order to 
onstru
t the inverse of (1.4), we let
ϕT = eT1 adj(AL) = eT1 adj(AR) . (3.15)The se
ond equality in (3.15) is a 
onsequen
e of (3.9) and (3.14). By using (3.13), we obtain

ϕTg(x) =

{

det(AL)s+ ϕTbµ , s ≤ 0
det(AR)s+ ϕTbµ , s ≥ 0

. (3.16)Therefore if s ≤ 0 and det(AL) 6= 0, then s = ϕT(g(x)−bµ)
det(AL)

, and if s ≥ 0 and det(AR) 6= 0, then
s = ϕT(g(x)−bµ)

det(AR)
. It follows that (1.4) is invertible if and only if det(ALAR) > 0, in whi
h 
ase

g−1(x) =

{

A−1
L (x− bµ) , ϕT(x−bµ)

det(AL)
≤ 0

A−1
R (x− bµ) , ϕT(x−bµ)

det(AR)
≥ 0

. (3.17)4 Fixed pointsHere we work with the PWL map (1.4). If the matri
es I−AL and I−AR are nonsingular, then(1.4) has two possible �xed points:
xJ = (I −AJ)

−1bµ , (4.1)for J = L,R. Ea
h xJ is a �xed point of (1.4), and said to be admissible, if it lies on theappropriate side of s = 0, or on s = 0, otherwise it is said to be virtual. That is, xL is admissibleif and only if sL ≤ 0, and xR is admissible if and only if sR ≥ 0.We let
̺T = eT1 adj(I − AL) = eT1 adj(I −AR) , (4.2)10



where we have used (3.14) to obtain the se
ond equality. By multiplying both sides of (4.1) by
eT1 on the left, we obtain

sJ =
̺Tb

det(I −AJ)
µ . (4.3)Therefore if I−AL and I−AR are nonsingular, then as µ is varied from zero the two �xed pointsmove away from s = 0 if and only if ̺Tb 6= 0. Hen
e

̺Tb 6= 0 , (4.4)is a non-degenera
y 
ondition for the BCB at µ = 0.4.1 Persisten
e versus nonsmooth foldsThe admissibility of xL and xR is determined by the signs of sL and sR. From (4.3) we see thatthere are two distin
t s
enarios (assuming I − AL and I − AR are nonsingular and ̺Tb 6= 0).i) If det(I − AL) and det(I − AR) have the same sign, then xL and xR are admissible fordi�erent signs of µ, and thus (1.4) has a unique �xed point for all µ ∈ R. This 
ase isreferred to as persisten
e, Fig. 4a.ii) If det(I −AL) and det(I −AR) have di�erent signs, then xL and xR are admissible for thesame sign of µ. The two �xed points of (1.4) 
ollide and annihilate at the origin at µ = 0in a manner akin to a saddle-node bifur
ation. This 
ase is referred to as a nonsmooth fold,Fig. 4b.4.2 Feigin's 
lassi�
ation, part IHere we demonstrate how BCBs 
an be 
lassi�ed as either persisten
e or a nonsmooth foldby looking at the eigenvalues of AL and AR. This was �rst des
ribed by Feigin in [70℄. (Theanalogous 
lassi�
ation of period-2 solutions is given in �6.6, following a general dis
ussion ofperiodi
 solutions.)
µ

s

xL

xR

a) persisten
e
µ

s

xL

xR

b) nonsmooth fold
Figure 4: Two bifur
ation diagrams of (1.4) showing the �xed points xL and xR (4.1). All generi
BCBs 
onform to one of these two s
enarios. 11



Let σ+
J denote the number of real eigenvalues of AJ that are greater than 1. If I − AJ isnonsingular (equivalently, if 1 is not an eigenvalue of AJ), then

sgn (det(I −AJ)) = (−1)σ
+
J . (4.5)Then by (4.3) we have

sgn
(

sJ
)

= (−1)σ
+
J sgn

(

̺Tbµ
)

, (4.6)from whi
h the next result immediately follows.Proposition 4.1. Suppose ̺Tb 6= 0 and 1 is not an eigenvalue of AL or AR. If σ+
L + σ+

R is even[odd℄, then µ = 0 
orresponds to persisten
e [a nonsmooth fold℄.5 The border-
ollision normal formAs with 
lassi
al bifur
ations of smooth dynami
al systems, it is often 
onvenient to work witha normal form. A normal or 
anoni
al form for (1.4) is:
xi+1 =

{

CLxi + e1µ , si ≤ 0
CRxi + e1µ , si ≥ 0

, (5.1)where CL and CR are 
ompanion matri
es
CJ =

[

−∆J

∣

∣

∣

∣

I
0 · · ·0

]

, (5.2)where ∆J ∈ R
N , and I is the (N − 1)× (N − 1) identity matrix. The map (5.1) is known as theborder-
ollision normal form, although slight variations of (5.1)-(5.2) have been used by di�erentauthors. In the spe
ial 
ase N = 2, it is 
onvenient to write

CJ =

[

τJ 1
−δJ 0

]

, (5.3)be
ause τJ and δJ are, respe
tively, the tra
e and determinant of CJ .For a given PWL map (1.4), we would like to transform it to (5.1) via an invertible a�ne
oordinate 
hange
x 7→ Tx+ qµ , µ 7→ aµ , (5.4)that does not disrupt the �rst 
oordinate of x. This requires eT1T = eT1 , eT1 q = 0, det(T ) 6= 0 and

a 6= 0. Below we explain that su
h a 
oordinate 
hange is possible if and only if (1.4) is observableand ̺Tb 6= 0. This was essentially �rst a
hieved in R
N by di Bernardo [48℄. The terminologystems from the derivation of the 
ontinuous-time analogue of (5.1) through the use of 
ontroltheory 
on
epts [31, 60℄.The border-
ollision normal form (5.1) is 
onvenient to work with for several reasons. Inaddition to µ, there are exa
tly 2N parameters (these are the elements of the ve
tors ∆L and

∆R). The 
oe�
ients of the 
hara
teristi
 polynomial of CJ are given by the elements of ∆J :
det(λI − CJ) = λN +∆J,1λ

N−1 + · · ·+∆J,N−1λ+∆J,N . (5.5)The map (5.1) automati
ally satis�es the non-degenera
y 
ondition (4.4), be
ause ̺T = [1, . . . , 1]and b = e1. 12



5.1 ObservabilityConsider for a moment the linear map xi+1 = ALxi. Given some x0, we 
an iterate this mapto determine all future points xi. But suppose that we are instead given some values si = eT1 xi(these represent our observations of the system). If we 
an always determine x0 from s0, . . . , sN−1,then the pair (AL, e
T

1

) is said to be observable [67, 178, 187, 192℄. The values s0, . . . , sN−1 arethe elements of the ve
tor OLx0, where
OJ =











eT1A
N−1
J...

eT1AJ

eT1











, (5.6)for J = L,R. Therefore (

AL, e
T

1

) is observable if and only if OL is nonsingular.The following result relates OL to the desired 
oordinate 
hange (5.4) and 
an be proved withonly basi
 linear algebra tools, but this does require some ingenuity, see [22, 168℄.Lemma 5.1. There exists a nonsingular matrix T , with eT1T = eT1 , su
h that TALT
−1 is a
ompanion matrix of the form (5.2), if and only if OL is nonsingular.In view of Lemma 5.1, we say that (1.4) is observable if OL is nonsingular. In view of thenext result, whi
h is a 
onsequen
e of the identity (3.9) and 
an be dedu
ed from Lemma 5.1 ina few lines, observability of (1.4) 
ould equally be de�ned using OR.Lemma 5.2. OL is nonsingular if and only if OR is nonsingular.5.2 Constru
tion of the a�ne transformationThe following result provides us with an expli
it expression for the transformation (5.4).Proposition 5.3. Suppose OL is nonsingular. Let

T =
[

AN−1
L O−1

L e1

∣

∣

∣
· · ·

∣

∣

∣
ALO

−1
L e1

∣

∣

∣
O−1

L e1

]−1

,

q = (I − C)−1
(

e1̺
T − T

)

b ,

a = ̺Tb ,

(5.7)for any 
ompanion matrix C of the form (5.2) for whi
h I − C is nonsingular. Then under thetransformation (5.4), (1.4) transforms to (5.1).We leave a proof of Proposition 5.3, and a veri�
ation that eT1T = eT1 and eT1 q = 0 to thereader. This may be a
hieved via dire
t 
al
ulations. For the matrix C that appears in (5.7), we
ould use CL or CR if possible, or we 
ould simply use the 
ompanion matrix for whi
h ∆ = 0.If ̺Tb = 0 for (1.4), then the behaviour of (5.1) for µ 6= 0 does not mat
h the behaviour of (1.4)for µ 6= 0.
13



5.3 The unobservable 
aseIf (1.4) is not observable then it may be de
oupled [67℄. Spe
i�
ally, after an a�ne 
oordinate
hange, we 
an write x = (x̃, ỹ), where x̃ ∈ R
N−j and ỹ ∈ R

j, su
h that (1.4) takes the form
x̃i+1 = g̃(x̃i) ,

ỹi+1 = ψ1(ỹi) + ψ2(x̃i) ,
(5.8)where g̃ and ψ2 are PWL, and ψ1 is a�ne. Evolution of x̃ is governed by the (N− j)-dimensionalPWL map g̃. Therefore in this 
ase we 
an obtain a partial des
ription of the dynami
s byworking in a lower number of dimensions.5.4 Consequen
es of the border-
ollision normal formA geometri
 interpretation of observability is provided by the Popov-Belevit
h-Hautus observabil-ity test [155, 178, 195℄. In our 
ontext, this 
ontrol theory result states that (1.4) is observable ifand only if AL does not have an eigenve
tor orthogonal to e1. The test 
an be used to qui
kly as-
ertain observability in some s
enarios. For instan
e, if AL has a repeated real-valued eigenvaluewith a 
orresponding eigenspa
e that is at least two-dimensional, then AL must have an eigenve
-tor orthogonal to e1, and so (1.4) 
annot be observable. Alternatively, if (1.4) is two-dimensionaland AL has 
omplex eigenvalues, then (1.4) must be observable.Next, let us make two elementary, but important, observations:i) The dynami
s of (5.1) for all µ ∈ R is determined by the 
oe�
ients of the 
hara
teristi
polynomials of CL and CR.ii) These 
oe�
ients are determined by the eigenvalues of CL and CR (taking the algebrai
multipli
ity of the eigenvalues into a

ount).Furthermore, by Proposition 5.3, if OL is nonsingular and ̺Tb 6= 0, then under the transformation(5.4):iii) The dynami
s of (5.1) is a�nely 
onjugate to the dynami
s of (1.4).iv) CL and CR are similar to AL and AR, respe
tively.These four fa
ts lead us to the following fundamental 
on
lusion: if (1.4) is observable and

̺Tb 6= 0, then the dynami
s of (1.4) for all µ ∈ R is determined by the eigenvalues of AL and
AR.Next we use this result to help us understand BCBs of the system introdu
ed in �2.4. Notealso that the eigenvalues of AL and AR are the stability multipliers of the �xed points xL and
xR, if they exist.5.5 An exampleHere we use the above results to explain some aspe
ts of Fig. 3. Lo
al to a BCB the return map
P : Π → Π of (2.4)-(2.5) is asymptoti
ally PWL, but, as dis
ussed above, in order to determinethe dynami
s 
reated in the bifur
ation we expe
t that we only need to 
ompute the eigenvalues14



of the left and right linearisations. We do not have to put P in the form (1.3) and 
omputeall the elements of AL, AR and b, unless we want to quantitatively mat
h the dynami
s of theborder-
ollision normal form (5.1) with the dynami
s of (2.4)-(2.5), or unless we want to formallyverify observability and the non-degenera
y 
ondition ̺Tb 6= 0.The eigenvalues of the left and right linearisations of P 
an be estimated by 
omputing �nitedi�eren
e approximations to numeri
al solutions of (2.4)-(2.5). For the three BCBs of Fig. 3, tofour de
imal pla
es, the eigenvalues of CL and CR area) λL1,2 = −0.5920± 0.4639i, λR1,2 = −0.8870± 0.6206i,b) λL1,2 = −0.5109± 0.5385i, λR1,2 = −0.9526± 0.7236i,
) λL1,2 = −0.3897± 0.6167i, λR1,2 = −1.2502,−2.2244,where we have 
hosen the right half-map to 
orrespond to orbits of (2.4)-(2.5) that return to
U = 0 in a time less than τ . In ea
h 
ase |λL1,2| < 1, thus prior to the BCB the periodi
orbit is attra
ting. Similarly, in ea
h 
ase |λR1,2| > 1, thus after the BCB the periodi
 orbit isrepelling. Furthermore, in ea
h 
ase σ+

L +σ+
R = 0, thus by Proposition 4.1 ea
h BCB 
orrespondsto persisten
e, as evident in Fig. 3.With the �rst 
ombination of eigenvalues (
orresponding to η = −2.7 and Fig. 3a), P 
orre-sponds to (5.1) with

∆L = [1.1840, 0.5657]T , ∆R = [1.7740, 1.1719]T , (5.9)to four de
imal pla
es. Fig. 5 shows a bifur
ation diagram of (5.1) with (5.9). An attra
ting
5-
y
le is 
reated at µ = 0. The 5-
y
le is a stru
turally stable invariant set, thus is exhibitedby P for a small interval of values of τ immediately beyond the BCB, and this 
an be seen inFig. 3a. We may formally verify the existen
e of an attra
ting 5-
y
le for (5.1) by studying �xedpoints of the �fth iterate of (5.1), as dis
ussed in the next se
tion.6 Periodi
 solutionsPWL maps are extremely 
onvenient to work with in regards to periodi
 solutions. Any point ofa periodi
 solution of (1.4) is the �xed point of some 
omposition of gL and gR. Sin
e gL and gR
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Figure 5: A bifur
ation diagram of (5.1) with (5.9). Solid [dashed℄ lines indi
ate a stable [unstable℄solution. For µ > 0 the solid lines represent a stable 5-
y
le.15



are a�ne, any su
h 
omposition is also a�ne. Thus the problem of �nding a periodi
 solutionredu
es to solving a linear system of algebrai
 equations.6.1 Symboli
 representationWe asso
iate an orbit of (1.4), {xi}, with a symbol sequen
e, S : Z → {L,R}, by setting Si = L if
si < 0, and Si = R if si > 0. If si = 0 we impose no restri
tion on Si be
ause (1.4) is 
ontinuous(some authors introdu
e a third symbol in this 
ase).If {xi} is periodi
 with period n, then the 
orresponding symbol sequen
e S is the in�niterepetition of the word S0 · · · Sn−1. For this reason, whenever we write a periodi
 symbol se-quen
e, we just list the symbols S0 · · · Sn−1. We use the notation S(i) to denote the ith left shiftpermutation of S (i.e., S(i)

j ≡ Si+j), and let Si denote the symbol sequen
e 
reated by 
hangingthe symbols Si+jn, for all j ∈ Z. For example, for the periodi
 solution in Fig. 5, if we 
hoose x0to denote the point of the periodi
 solution with the smallest value of s, then the 
orrespondingsymbol sequen
e is S = LRLRR. Then, for instan
e, S(2) = LRRLR and S2 = LRRRR.6.2 Existen
e and uniquenessLet S be a periodi
 symbol sequen
e, and let n ∈ Z
+ be a period of S. Write n = knmin, where

k ∈ Z
+ and nmin is the minimal period of S. We refer to an n-tuple, {xSi }n−1

i=0
, that satis�es

xS(i+1)modn = gSi
(

xSi
)

, (6.1)for all i, as an S [k]-
y
le, or just an S-
y
le if it is 
lear what value of k is being used (usually
k = 1). In order to 
ompute S-
y
les of (1.4), we let gS = gSn−1 ◦ · · · ◦ gS0. The map gS is a�neand given by

gS(x) =MSx+ PSbµ , (6.2)where
MS = ASn−1 · · ·AS0 , (6.3)
PS = I + ASn−1 + ASn−1ASn−2 + · · ·+ ASn−1 · · ·AS1 . (6.4)Ea
h xSi is a �xed point of gS(i), that is

(I −MS(i)) xSi = PS(i)bµ . (6.5)Therefore if I −MS(i) is nonsingular, or equivalently if 1 is not an eigenvalue of MS(i) , then xSi isunique. If I −MS(i) is singular, xSi either does not exist or is non-unique. It is a straight-forwardexer
ise to show that the spe
trum of I − MS(i) is independent of i, be
ause 
hanging i only
hanges the 
y
li
al order in whi
h AL and AR are multiplied to form MS(i) . These observationsprovide us with the following result.Proposition 6.1. The S-
y
le is unique if and only if I −MS is nonsingular, and if I −MS isnonsingular then
xSi = (I −MS(i))

−1 PS(i)bµ . (6.6)16



It usually su�
es to 
onsider k = 1 for the following reason. Suppose MS with n = nmin doesnot have an eigenvalue with unit modulus, as is generi
ally the 
ase. Then by Proposition 6.1,the S [1]-
y
le is unique. For any k ∈ Z
+, the matrix part of gSknmin−1 ◦ · · · ◦ gS0 is equal to Mk

S .Sin
e 1 is not an eigenvalue of Mk
S , the S [k]-
y
le is also unique. The S [1] and S [k]-
y
les satisfythe same set of equations (6.1), therefore they 
onsist of the same points. For this reason it isnot helpful to further study the S [k]-
y
le. If MS does have an eigenvalue with unit modulus,then S-
y
les with k > 1 
an be important, see �8.6.3 AdmissibilityAn S-
y
le is a periodi
 solution of (1.4) only if ea
h point of the S-
y
le lies on the �
orre
t�side of the swit
hing manifold, or on the swit
hing manifold. That is, sSi ≤ 0 whenever Si = Land sSi ≥ 0 whenever Si = R. In this 
ase the S-
y
le is said to be admissible; otherwise it isvirtual.To study the admissibility of S-
y
les, it is useful to use the identity

eT1 adj (I −MS(i))PS(i) = det (PS(i)) ̺T , (6.7)where ̺ is given by (4.2). Equation (6.7) is a non-trivial 
onsequen
e of the requirement that
AL and AR di�er in only their �rst 
olumns. For a derivation refer to [168, 175℄. By multiplyingboth sides of (6.5) by eT1 adj(I −MS(i)) on the left, and applying (6.7), we obtain

det(I −MS)s
S
i = det (PS(i)) ̺Tbµ . (6.8)The next result follows immediately from (6.8).Proposition 6.2. i) If µ 6= 0, ̺Tb 6= 0 and I −MS is singular, yet gS has a �xed point, then

PS(i) is singular for all i.ii) If I −MS is nonsingular, then
sSi =

det (PS(i)) ̺Tbµ

det(I −MS)
. (6.9)From part (i) of Proposition 6.2 we 
an say that if I −MS is singular and PS is nonsingular,then gS does not have a �xed point and so no S-
y
le exists. From part (ii) of Proposition 6.2we 
an relate the admissibility of an S-
y
le to the determinants of the PS(i):Proposition 6.3. Suppose I−MS is nonsingular, µ 6= 0, and ̺Tb 6= 0. Let γ = sgn

(

̺Tbµ
det(I−MS)

).Then the S-
y
le is an admissible periodi
 solution of (1.4) if and only if, for all values of i forwhi
h PS(i) is nonsingular:
if Si = L, then sgn (det (PS(i))) = −γ ,

if Si = R, then sgn (det (PS(i))) = γ .17



6.4 StabilityIf no points of an S-
y
le lie on the swit
hing manifold, then the image of a suitably smallneighbourhood of xS0 under n iterations of (1.4) is given by gS . Therefore the evolution of pointsnear xS0 is determined by MS , and the stability of the S-
y
le is determined by the eigenvaluesof MS .Proposition 6.4. An admissible S-
y
le of (1.4) with no points on the swit
hing manifold isattra
ting [stable℄ if and only if all eigenvalues of MS have modulus less than 1 [less than or equalto 1℄.Furthermore, by (6.8) if an S-
y
le has no points on the swit
hing manifold and I −MS isnonsingular, then µ 6= 0, ̺Tb 6= 0, and PS(i) is nonsingular for all i. If in addition MS has noeigenvalues with modulus 1, then the S-
y
le is hyperboli
 and stru
turally stable.6.5 A four-dimensional exampleAs an example, we 
onsider (5.1) with
∆L = [−τL, 0, 0, δL]

T , ∆R = [−τR, 4, 0, δR]
T , (6.10)and sear
h for parameters τL, δL, τR, δR ∈ R yielding an attra
ting LLR-
y
le for µ > 0. With

S = LLR, by (6.3) and (6.4) we have MS = ARA
2
L and PS = I +AR +ARAL, where AL and ARare the 
ompanion matri
es (5.2). In Proposition 6.3 we use γ = 1 be
ausei) we are 
onsidering µ > 0,ii) we require det(I −MS) > 0 for the LLR-
y
le to be attra
ting, andiii) ̺Tb = 1, sin
e is the map is in border-
ollision normal form.Therefore by Proposition 6.3 the S-
y
le is admissible if

det(PS) < 0 , det (PS(1)) < 0 , det (PS(2)) > 0 . (6.11)
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Figure 6: A bifur
ation diagram of the border-
ollision normal form (5.1) with (6.10) and (6.12).For µ < 0 the �xed point xL is unstable and there exists a stable LR-
y
le. For µ > 0 the �xedpoint xR is unstable and there exists a stable LLR-
y
le.18



Dire
t 
al
ulations with (6.10) yield
det(I −MS) = 4τL − 4δL + δ2LδR + δRτ

2
L − δ2LτR − τ 2LτR − 2δLδRτL + 2δLτLτR + 1 ,

det(PS) = 4τL − δR − 4δL + τR + δLδR − δLτR − δRτL + τLτR + 1 ,

det (PS(1)) = τL − δL + δLδR − δLτR − δRτL + τLτR − 3 ,

det (PS(2)) = δ2L − 2δLτL − δL + τ 2L + τL + 1 .Numeri
ally we 
an use these expressions to �nd parameter values where (6.11) holds. Forexample, (6.11) holds with
τL = −

3

2
, δL = −

1

5
, τR = −

5

2
, δR =

1

4
. (6.12)and at these parameter values the LLR-
y
le is attra
ting, see Fig. 6. With (6.12) and µ < 0,the map has an attra
ting LR-
y
le. The reader may verify this for themselves using the abovemethodology, however, for period-two solutions there is a simpler approa
h as dis
ussed in thenext se
tion.This example highlights some general idiosyn
rasies en
ountered when analysing dynami
snear a BCB for a map with many parameters. Sin
e we have expli
it expressions forMS and PS(i)in terms of AL and AR, whi
h 
ontain the parameters, it is relatively easy to numeri
ally identifyparameter regions where S-
y
les are admissible. However, expli
it expressions for det (PS(i)) arerelatively 
ompli
ated, ex
ept in simple 
ases su
h as N = 1, so it is impra
ti
al to des
ribe theseregions analyti
ally. Indeed it is futile to attempt a 
omplete 
lassi�
ation of the dynami
s of(5.1) in terms of the 2N parameters ∆J,i. Nevertheless a partial 
lassi�
ation 
an be useful. Forinstan
e in the two-dimensional dissipative 
ase (N = 2 and | det(AL)|, | det(AR)| < 1), elevenfundamentally di�erent s
enarios have been identi�ed expli
itly in terms of the parameters of(5.1) [17, 19℄.6.6 Feigin's 
lassi�
ation, part IIThe above methods apply to periodi
 solutions of any period n. The 
ase n = 1 
orresponds to�xed points, dis
ussed in �4. With n = 2, it su�
es to 
onsider S = LR for generi
 BCBs (refer tothe dis
ussion at the end of �6.2). Here we des
ribe Feigin's analysis of LR-
y
les [53, 55, 69, 70℄.Let σ−

J denote the number of real eigenvalues of AJ that are less than −1. If I + AJ isnonsingular, then
sgn (det(I + AJ)) = (−1)σ

−

J , (6.13)and we have the following result.Proposition 6.5. Suppose ̺Tb 6= 0, 1 is not an eigenvalue of ARAL, and −1 is not an eigenvalueof AL or AR. Then there exists a unique LR-
y
le, and if σ−
L +σ−

R is even [odd℄ then the LR-
y
leis virtual for all µ 6= 0 [admissible for exa
tly one sign of µ℄.In [53, 70℄ this result is proved dire
tly. Here we provide a short proof by applying (6.9) to
S = LR. 19



Proof. An LR-
y
le, {xLR0 , xLR1 }, is admissible if and only if sLR0 ≤ 0 and sLR1 ≥ 0. With S = LRwe have PS = I +AR and PS(1) = I +AL, whi
h are both nonsingular by assumption. In view ofthe remaining assumptions of Proposition 6.5, the right hand side of (6.9) is nonzero whenever
µ 6= 0. If σ−

L + σ−
R is even, then by (6.13), det(PS) and det (PS(1)) have the same sign, thus by(6.9), sLR0 and sLR1 have the same sign, hen
e the LR-
y
le is virtual for all µ 6= 0. If σ−

L + σ−
R isodd, then sLR0 and sLR1 have di�erent signs, and these depend on the sign of µ, hen
e the LR-
y
leis admissible for exa
tly one sign of µ.From Propositions 4.1 and 6.5, and a little extra work, we 
an 
on
lude that there are exa
tlyfour s
enarios for the existen
e and relative 
oexisten
e of �xed points and period-two solutionsnear non-degenerate BCBs. These are illustrated in Table 1. To justify Table 1 we require thefollowing two additional results. In these results σ+

S denotes the number of real eigenvalues of
MS that are greater than 1.Proposition 6.6. Suppose ̺Tb 6= 0, 1 is not an eigenvalue of AL, AR or ARAL, −1 is not aneigenvalue of AL or AR, and σ−

L +σ−
R is odd. If σ+

LL+σ
+
LR is odd [even℄ then the LR-
y
le 
oexistswith xL [does not 
oexist with xL℄.For a proof of Proposition 6.6, refer to [52, 53, 70℄. In the 
ase that σ+

L + σ+
R is even and

σ−
L +σ−

R is odd, the even/odd parity of σ+
LL+σ+

LR determines whi
h �xed point 
oexists with the
LR-
y
le. The next result is taken from [169℄.Proposition 6.7. Suppose 1 is not an eigenvalue of AL, AR or ARAL, and −1 is not an eigen-value of AL or AR. If σ+

L + σ+
R and σ−

L + σ−
R are odd, then σ+

LL + σ+
LR is also odd.If σ+

L +σ+
R and σ−

L +σ−
R are both odd, then by Propositions 6.6 and 6.7 the LR-
y
le 
oexistswith both xL and xR rather than 
oexisting with neither xL or xR, as indi
ated in Table 1.Table 1 
onstitutes a partial 
lassi�
ation of BCBs. This 
lassi�
ation does not appear tohave a useful analogue for general PWL dis
ontinuous maps, but has been extended to mapsthat di�er from the form (1.4) only in that the 
onstant parts of gL and gR are given by di�erentve
tors [66℄.7 Attra
torsAttra
tors 
reated in BCBs 
an be 
haoti
. We expe
t that 
haoti
 attra
tors involving transversehomo
lini
 
onne
tions are stru
turally stable, and so if su
h a 
haoti
 attra
tor is present in thePWL approximation (1.4) with µ = 1, then a similar 
haoti
 attra
tor exists in (1.3) for small

µ > 0 [52℄. However, this does not appear to have been demonstrated rigorously. As with otherbounded invariant sets, 
haoti
 attra
tors of (1.3) 
reated at µ = 0 will generi
ally be of a sizeproportional to |µ|, to leading order.Chaoti
 attra
tors of (1.4) are often robust in the sense that if η is varied while µ 6= 0 is held
onstant then a 
haoti
 attra
tor 
an persist without windows of periodi
ity [21℄. As detailed in[52℄, this is parti
ularly evident for BCBs in one-dimension, see �11.1.
20



σ+
L + σ+

Reven odd
σ−
L + σ−

R

even xL and xR admissible for xL and xR admissible for thedi�erent signs of µ; LR-
y
le same sign of µ; LR-
y
levirtual for all µ 6= 0 virtual for all µ 6= 0odd xL and xR admissible for xL, xR and the LR-
y
ledi�erent signs of µ; LR-
y
le admissible for theadmissible for one sign of µ same sign of µTable 1: A partial 
lassi�
ation of BCBs. As dis
ussed in �3, dynami
s near a generi
 BCB aredes
ribed by a PWL map of the form (1.4). As des
ribed in �4.2 and �6.6, σ+
J [σ−

J ℄ denotes thenumber of eigenvalues of AJ that are greater than 1 [less than −1℄. The existen
e and relative
oexisten
e of the �xed points xL and xR and of an LR-
y
le near the BCB of (1.4) are determinedby the even/odd parity of σ+
L + σ+

R and σ−
L + σ−

R , as indi
ated.
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Figure 7: A phase portrait of (5.1) with (5.3), x = (s, y), (τL, δL, τR, δR) =
(−0.1, 0.35,−2.25, 0.75) and µ = 1. There is an attra
ting LR-
y
le, an attra
ting LLR-
y
le,a saddle-type LRR-
y
le, and an unstable �xed point xR. The basin of attra
tion of the LR-
y
le (the shaded region) and the basin of attra
tion of the LLR-
y
le (the unshaded region) arebounded by the stable manifold of the LRR-
y
le.7.1 Coexisting attra
torsAt a BCB it is possible that more than one attra
tor is 
reated simultaneously. As an example,Fig. 7 shows a phase portrait of the PWL map (1.4) with N = 2, at parameter values for whi
hthere is an attra
ting LR-
y
le and an attra
ting LLR-
y
le for µ > 0. For µ < 0, the �xed point
xL is attra
ting (and appears to be a global attra
tor). As the value of µ is in
reased throughzero, the LR-
y
le and LLR-
y
les are 
reated simultaneously at the origin. From a pra
ti
alviewpoint, the 
oexisten
e of attra
tors indu
es an inherent unpredi
tability in a neighbourhoodof the BCB in the presen
e of noise, see �11.4.With N = 1, 
oexisting attra
tors are not possible for (1.4), see �11.1. With N ≥ 2, diversetypes of attra
tors 
an 
oexist. For example with N = 2 (1.4) may have an attra
ting periodi
solution and an attra
ting invariant 
ir
le [205℄, an attra
ting periodi
 solution and an apparently21




haoti
 attra
ting set [64℄, or several 
oexisting attra
tors [109℄ (see also �7.2). The followingresult is possibly the only known result regarding 
oexisting attra
tors of (1.4) that has norestri
tion on N :Proposition 7.1. For (1.4) with µ 6= 0, there 
an be at most one attra
ting �xed point orperiod-two solution.This result follows simply from Feigin's 
lassi�
ation outlined in �4.2 and �6.6. If the two�xed points xL and xR 
oexist, then by Proposition 4.1, σ+
L +σ+

R is odd, and thus by Proposition6.4, xL and xR 
annot both be attra
ting. With similar arguments, Proposition 6.5 
an be usedto show that if the LR-
y
le is attra
ting, then any �xed point that 
oexists with the LR-
y
le
annot also be attra
ting [52, 53, 70℄.7.2 Extreme multistabilityLarge numbers of 
oexisting attra
tors have re
ently been identi�ed for the two-dimensionalborder-
ollision normal form, (5.1) and (5.3), for whi
h parameter spa
e is four-dimensional(the parameters are τL, δL, τR and δR). In�nitely many attra
ting periodi
 solutions 
oexist at
odimension-three points of parameter spa
e that are 
hara
terised by the existen
e of a saddle-type periodi
 solution for whi
h bran
hes of its stable and unstable manifolds 
oin
ide [171℄.Fig. 8 shows a phase portrait at parameter values extremely 
lose to su
h a 
odimension-threepoint. At the 
odimension-three point, bran
hes of the stable and unstable manifolds of an
RLLR-
y
le are 
oin
ident, and form an invariant hexagon that 
ontains the basins of attra
tionof in�nitely many periodi
 solutions.At parameter values near su
h a 
odimension-three point, (5.1) exhibits a large number ofattra
ting periodi
 solutions, say K. If ε denotes the distan
e in parameter spa
e from the
odimension-three point, then ε s
ales with λ−K , where λ is the unstable stability multiplier ofthe relevant saddle-type periodi
 solution [170℄.There also exist 
odimension-four points at whi
h MS has a repeated unit eigenvalue, forsome symbol sequen
e S, and (5.1) has in�nitely many periodi
 solutions that are stable, butnot attra
ting [170℄. Despite the high 
odimension and la
k of attra
tion, these points may beimportant be
ause at nearby parameter values the periodi
 solutions 
an be attra
ting, and inthis instan
e ε s
ales with K−2. Therefore the number of attra
ting periodi
 solutions de
aysrelatively slowly with distan
e, and so the 
odimension-four points in�uen
e relatively largeregions of parameter spa
e. It remains to extend these results to maps (1.4) of any number ofdimensions.7.3 Multi-dimensional attra
torsIn [95℄, Glendinning and Wong use Markov partitions to prove that 
haoti
 two-dimensionalattra
tors 
an be 
reated in BCBs. Fig. 9 shows an example, taken from [95℄, of a PWL map ofthe form (1.4) for whi
h typi
al forward orbits �ll the interior of a quadrilateral, R.The division of R into eight 
losed regions Rj , as shown, forms a Markov partition be
ause

22
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Figure 8: A phase portrait of (5.1) and (5.3), with x = (s, y), (τL, δL, τR, δR) =
(0.55, 1

δR
,−1.090903277, 1.216136849) and µ = 1. These parameter values approximate (to tensigni�
ant �gures) values at whi
h (5.1) has an attra
ting (RLLR)kLLR-
y
le, for all k ∈ Z

+.The �rst ten periodi
 solutions in this sequen
e are shown here (as bla
k dots) and their basinsof attra
tion are indi
ated by 
olour (from purple for k = 1, through to green for k = 10).the image of ea
h Rj under the map is a union of some of R1, . . . ,R8:
g(R1) = R1 ∪ R2 , g(R2) = R3 ∪ R4 ,

g(R3) = R5 , g(R4) = R6 ,

g(R5) = R7 , g(R6) = R8 ,

g(R7) = R1 ∪ R4 ∪R8 , g(R8) = R2 ∪ R3 .With some additional assumptions, the existen
e of a Markov partition implies that (5.1) is a�ne
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Figure 9: A phase portrait of the two-dimensional border-
ollision normal form, (5.1) and (5.3),with x = (s, y), µ = 1, and (τL, δL, τR, δR) ≈ (−0.2956,−1, 0.5437, 1.8393), spe
i�ed exa
tly by
τ 3R + τ 2R + τR − 1 = 0, δR = 1

τR
, τL = −τ 2R and δL = −1. The regions R1 . . .R8 form a Markovpartition of an invariant quadrilateral. Also shown are the points xi, for i = 5000, . . . , 10000, forthe forward orbit of x0 = (−1, 0). 23



lo
ally eventually onto on R, from whi
h we 
an say that (5.1) is 
haoti
 on R [95℄. Numeri
alresults suggest that su
h attra
tors typi
ally persist under parameter 
hange [140℄.Re
ently there have been e�orts to extend these 
on
epts to higher dimensions [92℄. Forexample, with ∆L = −2eN , ∆R = 2eN and µ = 1, (5.1) is 
haoti
 on the invariant hyper
ube
C = [−1, 1]× [−2, 0]× · · · × [−2, 0], although C is not an attra
tor. In this 
ase the N th-iterateof si is given simply by the tent map: si+N = 1− 2|si|.7.4 Attra
tors at in�nityEven though the PWL map (1.4) was 
onstru
ted as an approximation to (1.3) at small valuesof x and µ, it is often useful to analyse the dynami
s of (1.4) at in�nity, i.e. on the Poin
arésphere, in order to obtain a deeper understanding of the BCB of (1.3) at µ = 0. Dynami
son the Poin
aré sphere 
an be explored via a 
ompa
ti�
ation of phase spa
e [137℄. Under the
oordinate 
hange

z =
x

√

1 + ‖x‖2
, (7.1)(1.4) is transformed to a PWS map on the N-dimensional unit ball, that we write as

zi+1 =

{

pL(zi;µ, η) , ui ≤ 0
pR(zi;µ, η) , ui ≥ 0

, (7.2)where u = eT1 z. Expressions for pL and pR are relatively 
ompli
ated, but on the boundary ofthe ball (7.2) is given simply by
zi+1 =

{

ALzi
‖ALzi‖

, ui ≤ 0
ARzi

‖ARzi‖
, ui ≥ 0

, ‖zi‖ = 1 . (7.3)The map (7.3) des
ribes the dynami
s of (1.4) on the Poin
aré sphere. Noti
e that µ is absentfrom (7.3), thus the dynami
s of (1.4) on the Poin
aré sphere is independent of µ.An S-
y
le of (7.3), denoted {zSi }, is a periodi
 solution that follows the half-maps of (7.3)in the order determined by S. Sin
e the nth iterate of (7.3) following S is given by zn = MSz0
‖MSz0‖(where MS is the produ
t (6.3)), zS0 is an eigenve
tor of MS with 
orresponding eigenvalue

λ = ‖MSz
S
0 ‖ 6= 0.Evolution near {zSi } is governed by the Ja
obian (

Dzp
S
)

(zS0 ), and the stability of {zSi } isdetermined by the eigenvalues of this matrix. From an expli
it expression for (

Dzp
S
)

(zS0 ), we�nd that 1
λ2 is an eigenvalue of (Dzp

S
)

(zS0 ), with 
orresponding eigenve
tor zS0 . Moreover, if
λ̃ ∈ R is another eigenvalue of MS (λ̃ 6= λ), then λ̃

λ
is an eigenvalue of (Dzp

S
)

(zS0 ), and the
orresponding eigenve
tor is equal to the proje
tion of the eigenve
tor of MS for λ̃ onto (

zS0
)⊥.For example, the two-dimensional map illustrated in Fig. 10 has two LLRLR-
y
les on thePoin
aré sphere. For the given parameter values the eigenvalues of MS with S = LLRLR are

λ1 ≈ 1.0430 and λ2 ≈ 0.7419. With λ = λ1 and λ̃ = λ2, we have ∣

∣

1
λ2

∣

∣ ,
∣

∣

∣

λ̃
λ

∣

∣

∣
< 1, hen
e the
orresponding S-
y
le on the Poin
aré sphere is attra
ting. With instead λ = λ2 and λ̃ = λ1, wehave ∣

∣

1
λ2

∣

∣ ,
∣

∣

∣

λ̃
λ

∣

∣

∣
> 1, hen
e the other S-
y
le on the Poin
aré sphere is repelling.24
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Figure 10: Phase portraits illustrating a dangerous bifur
ation for the two-dimensional border-
ollision normal form, (5.1) and (5.3), with (τL, δL, τR, δR) = (−1.33, 0.95,−1.87, 0.95), in 
om-pa
ti�ed 
oordinates (7.1), where z = (u, v). The 
ir
le bounding ea
h plot 
orresponds to
‖z‖ = 1, and represents the Poin
aré sphere of (5.1). In the left plot [right plot℄ there is asaddle-type LLRLR-
y
le [RLRLR-
y
le℄, and its stable and unstable manifolds are shown. Inthe left plot [right plot℄ the �xed point zL [zR℄ is attra
ting and the shaded region is its basin ofattra
tion. The two LLRLR-
y
les on the Poin
aré sphere are independent of µ and ea
h involveone point that is lo
ated just to the left of the swit
hing manifold, as shown in the insets.An S-
y
le of (1.4) undergoes a bifur
ation at in�nity when an eigenvalue of MS attains thevalue 1 [15℄. Ex
ept in spe
ial 
ases, at this bifur
ation the S-
y
le of (1.4) 
ollides with a se
ond
S-
y
le at in�nity. The two S-
y
les inter
hange stability in a manner akin to a trans
riti
albifur
ation and the S-
y
le of (1.4) be
omes virtual, see �8.1.7.5 Dangerous bifur
ationsIn the 
ase that (1.4) has a unique �xed point for all µ ∈ R, it is possible for the �xed point to beattra
ting for all µ 6= 0, yet unstable when µ = 0. In this s
enario the BCB is 
alled a dangerousbifur
ation [61, 62, 81, 100℄. All eigenvalues of AL and AR have a modulus less than 1, so it maybe surprising that x = 0 
an be an unstable �xed point of (1.4) with µ = 0 (although we require
N ≥ 2). The 
ontinuous-time analogue of this phenomenon requires at least three dimensions[32℄.As
ertaining the stability of x = 0 for (1.4) with µ = 0 is di�
ult, and the stability does notappear to relate to the eigenvalues of AL and AR in a simple manner. Due to the radial symmetryof (1.4) with µ = 0, the distan
e of points from the origin 
an be s
aled to 1, redu
ing (1.4) to amap on the unit sphere S

N−1 together with a �dilation ratio� indi
ating the fa
tor by whi
h thedistan
e from the origin 
hanges under (1.4). It may be possible to determine the stability of theorigin by evaluating dilation ratios over an invariant measure of the map on S
N−1. To date thisapproa
h has only been explored for N = 2 [63℄.A typi
al dangerous bifur
ation is illustrated in Fig. 10, whi
h is plotted in 
ompa
ti�ed
oordinates (7.1). When µ = 0 the origin is unstable be
ause there is an attra
ting LLRLR-
y
le on the Poin
aré sphere. This attra
tor is independent of µ, hen
e are multiple attra
torsfor all µ 6= 0. The basin of attra
tion of the �xed point is bounded by the stable manifold of a25
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Figure 11: A two-parameter bifur
ation diagram of the two-dimensional border-
ollision normalform, (5.1) and (5.3), with τL = −1.5, δL = −0.8 and µ > 0. In the shaded region the mapexhibits an attra
ting LLR-
y
le. The LLR-
y
le loses stability on the boundaries of this regionvia an asso
iated stability multiplier λ (eigenvalue ofMLLR) 
rossing the unit 
ir
le as indi
ated.The dot-dashed line segments indi
ate the parameter values used in Figs. 12-14.saddle-type LLRLR-
y
le for µ < 0, and a saddle-type RLRLR-
y
le for µ > 0. In 
ompa
ti�ed
oordinates the area of the basin of attra
tion of the �xed point tends to zero as µ → 0. Athree-dimensional example of a dangerous bifur
ation is given in [42℄.8 Loss of hyperboli
ity for periodi
 solutionsAs the additional parameter η is varied, the nature of the BCB of (1.3) at µ = 0 
an 
hange. Inthis se
tion we suppose that at a 
riti
al value of η, 
all it η∗, a non-hyperboli
 S-
y
le is born inthe BCB and exists for small µ > 0. With η = η∗, MS has an eigenvalue λ with |λ| = 1. Thereare three generi
 
ases: λ = 1, λ = −1, and λ = eiθ with 0 < θ < π. These 
onstitute threedi�erent 
odimension-two BCBs, and ea
h o

urs for the example shown in Fig. 11.The nature of the dynami
s related to the non-hyperboli
 S-
y
le is dependent on the non-linear terms in fL and fR that were omitted to produ
e the PWL map (1.4). We start in �8.1 bylooking at (1.4), then examine the e�e
ts of nonlinear terms with the example of Fig. 11. In �8.2we formally des
ribe unfoldings of the three 
odimension-two BCBs in the 
ase that the S-
y
leis a �xed point, and spe
ulate on unfoldings for general S-
y
les. Throughout this se
tion itis assumed that det (PS(i)) 6= 0 for all i, so that the S-
y
le does not interse
t the swit
hingmanifold for µ > 0.8.1 Loss of hyperboli
ity in the pie
ewise-linear approximationIf λ→ 1 as η → η∗ while µ > 0 is held 
onstant, then for (1.4) the S-
y
le grows in size withoutbound. This is shown in Fig. 12a for whi
h τR takes the role of η. At η = η∗ the S-
y
le does notexist, but may be thought of as residing on the Poin
aré sphere, see �7.4. In generi
 situationsthe sign of det(I −MS) swit
hes as we 
ross the bifur
ation, in whi
h 
ase by (6.9) the S-
y
lebe
omes 
ompletely virtual (that is all points lie on the wrong side of s = 0 for admissibility).As shown in Fig. 12, the in
lusion of nonlinear terms 
an 
hange the bifur
ation at in�nity26



(panel a) into a saddle-node bifur
ation (panel b). For this example, (1.3) is written as
xi+1 =

{

e1µ+ CLxi + hL(xi) , si ≤ 0
e1µ+ CRxi + hR(xi) , si ≥ 0

, (8.1)where hL and hR 
ontain only nonlinear terms.Now suppose λ→ −1 as η → η∗, and �rst 
onsider (1.4) with µ > 0 at η = η∗. Let ζ denotean eigenve
tor of MS 
orresponding to λ. For small ε > 0, the forward orbit of xS0 + εζ is an
S [2]-
y
le (that is, a period-doubled solution following S). Generi
ally there exists εmax > 0 su
hthat for all 0 < ε < εmax the S [2]-
y
le has no points on the swit
hing manifold, and with ε = εmaxthe S [2]-
y
le has one point on the swit
hing manifold, say xS [2]

j . This �maximal� S [2]-
y
le istherefore also an S [2]j-
y
le. Ex
ept in spe
ial 
ases, the S [2]j-
y
le is unique and admissible forvalues of η on one side of η = η∗. At η = η∗ an attra
ting S-
y
le 
an 
hange to an attra
ting
S [2]j-
y
le, in whi
h 
ase the bifur
ation may be viewed as non-lo
al period-doubling [168℄. Thisphenomenon has also been des
ribed for dis
ontinuous maps [11℄. Alternatively an attra
ting
S-
y
le 
an bifur
ate to a 2n-band 
haoti
 attra
tor [131, 181℄, as in Fig. 13a (here n = 3).
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Figure 12: Panel a is a bifur
ation diagram of (5.1) 
orresponding to a 
ross-se
tion of Fig. 11 at
δR = 1.4 with µ = 0.05. An attra
ting LLR-
y
le loses stability at τR ≈ 0.3266 via an asso
iatedstability multiplier attaining the value 1. Panel b shows a 
orresponding bifur
ation diagram ofthe PWS map (8.1) with hL = [s2, 0]T and hR = [0, 0]T.
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Figure 13: Panel a is a bifur
ation diagram of (5.1) 
orresponding to a 
ross-se
tion of Fig. 11 at
δR = 1.4 with µ = 0.5. An attra
ting LLR-
y
le loses stability at τR ≈ −0.9167 via an asso
iatedstability multiplier attaining the value −1. Panel b shows a 
orresponding bifur
ation diagramof the PWS map (8.1) with hL = [s2, 0]T and hR = [0, 0]T.27
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Figure 14: Panel a is a bifur
ation diagram of (5.1) 
orresponding to a 
ross-se
tion of Fig. 11 at
τR = −0.7 with µ = 0.02. An attra
ting LLR-
y
le loses stability at δR = 1.5625 via an asso
iatedpair of 
omplex stability multipliers attaining moduli of 1. Panel b shows a 
orrespondingbifur
ation diagram of the PWS map (8.1) with hL = [0, s2]T and hR = [0, 0]T.In the presen
e of nonlinear terms, the λ = −1 bifur
ation is generi
ally a period-doubling(or �ip) bifur
ation at whi
h a unique S [2]-
y
le is 
reated. Under further variation of η the
S [2]-
y
le undergoes a BCB, as in Fig. 13b.Lastly, suppose λ → eiθ, for some 0 < θ < π, as η → η∗. This is shown for an example inFig. 14a for whi
h δR takes the role of η. If θ is irrational, then for (1.4) with µ > 0, at η = η∗there exists an un
ountable nested 
olle
tion of invariant sets that ea
h 
onsist of n disjointellipses 
entred at the points of the S-
y
le. Generi
ally the largest set of n ellipses involvesone point on the swit
hing manifold. Alternatively if θ is rational, dynami
s near the S-
y
leis periodi
. The boundary of the periodi
ity regions may be a polygon, but this has only beendes
ribed in detail in the 
ase that the S-
y
le is a �xed point [80, 156, 172, 179℄.In Fig. 14a, the S-
y
le is attra
ting prior to the λ = eiθ bifur
ation, and at the bifur
ationthe S-
y
le appears to 
hange to a 
haoti
 attra
tor. A similar bifur
ation is des
ribed in [181℄. If
λ = eiθ along a 
urve in parameter spa
e, we expe
t that the value of θ varies along this 
urve. Inthis 
ase Arnold tongues emanate from points on the 
urve at whi
h θ is rational [168, 172, 179℄.For the PWS map (1.3), the λ = eiθ bifur
ation generi
ally 
orresponds to a Neimark-Sa
kerbifur
ation at whi
h an invariant 
ir
le is 
reated about ea
h point of the S-
y
le. The invariant
ir
les grow until one of them 
ollides with the swit
hing manifold, Fig. 14b.8.2 Unfoldings of non-hyperboli
 �xed pointsIf (1.3) has a non-hyperboli
 �xed point, say xL, we 
an derive an unfolding of the 
odimension-two BCB by studying the extended 
entre manifold of fL. This analysis only determines dynami
sthat are 
ontained entirely within s ≤ 0, but it is extremely general. For proofs of the theoremsbelow, refer to [36, 168℄. It remains to extend these results to S-
y
les of period n > 1. We expe
tthat the essen
e of the unfoldings are un
hanged with n > 1 be
ause in prin
iple the theoremsgiven below 
an be applied to the nth iterate of (1.3). However, there is some 
omplexity inidentifying the relevant iterate of the S-
y
le that intera
ts with the swit
hing manifold.Fig. 15 summarises the three unfoldings. In this �gure, and for the remainder of this se
tion,we assume η ∈ R and that ea
h 
odimension-two BCB o

urs at (µ, η) = (0, 0). Again webegin with the 
ase λ = 1. In this 
ase a lo
us of saddle-node bifur
ations emanates from the28
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Figure 15: Unfoldings of 
odimension-two BCBs for whi
h AL has an eigenvalue λ with |λ| = 1at η = 0. From left to right, the three unfoldings 
orrespond to λ = 1, λ = −1, and λ = eiθwith 0 < θ < π, as des
ribed in Theorems 8.1, 8.2 and 8.3 respe
tively. Lo
i of saddle-node,period-doubling and Neimark-Sa
ker bifur
ations are denoted SN, PD and NS, respe
tively.
odimension-two point, tangent to η = 0, Fig. 15a. This is made pre
ise by the following theorem.Theorem 8.1. Suppose (1.3) is pie
ewise-Ck (k ≥ 4), λ(η) is an eigenvalue of AL(η), andi) λ(0) = 1 is of algebrai
 multipli
ity 1, and AL(0) has no other eigenvalues of modulus 1(eigenvalue 
ondition);ii) ̺T(0)b(0) 6= 0 (generi
ity of BCB);iii) λ′(0) 6= 0 (transversality).Then there exists a Ck−1 extended 
entre manifold of fL, W c(0; 0, 0), with the lo
al representation
x = H(s;µ, η). Let FL(s;µ, η) denote the restri
tion of fL to W c and supposeiv) ∂2FL

∂s2
(0; 0, 0) 6= 0 (non-degenera
y of saddle-node bifur
ation).Then for one sign of η (1.3) has a lo
us of saddle-node bifur
ations µ = c1η

2 + o(η2), where
c1 6= 0.With instead λ = −1, a lo
us of period-doubling bifur
ations emanates from the 
odimension-two point transverse to η = 0 (assuming non-degenera
y 
onditions are satis�ed). An L[2]-
y
le (period-2 solution 
omprised of two points with s ≤ 0) is 
reated in the period-doublingbifur
ation, and 
ollides with the swit
hing manifold along a 
urve that is tangent to the period-doubling lo
us, Fig. 15b. This bifur
ation is a BCB, and the quadrati
 tangen
y is due to the fa
tthat the distan
e of xL from the swit
hing manifold is proportional to µ, whereas the L[2]-
y
legrows at a rate proportional to the square root of the 
hange in η from the period-doubling lo
us.On one side of the BCB of the L[2]-
y
le there exists an LR-
y
le. If N = 1, a 
haoti
 attra
tingset is 
reated at the BCB of the L[2]-
y
le if and only if AR (whi
h in this 
ase is a s
alar) isgreater than 1 [174℄. In higher dimensions, numeri
al results suggest that for any n ∈ Z

+, a
2n-band 
haoti
 attra
tor 
an be 
reated at the BCB [181℄.Theorem 8.2 formalises the unfolding shown in Fig. 15b. Prior to a proof of Theorem 8.2,the unfolding was observed numeri
ally in a mathemati
al model of a DC/DC power 
onverter[5, 6℄.Theorem 8.2. Suppose (1.3) is pie
ewise-Ck (k ≥ 4), λ(η) is an eigenvalue of AL(η), and29



i) λ(0) = −1 is of algebrai
 multipli
ity 1, and AL(0) has no other eigenvalues of modulus 1(eigenvalue 
ondition);ii) ̺T(0)b(0) 6= 0 (generi
ity of BCB);iii) λ′(0) 6= 0 (transversality).iv) eT1 ζ(0) 6= 0, where ζ is the eigenve
tor of AL 
orresponding to λ (
entre manifold not tangentto swit
hing manifold);v) det(I − AL(0)AR(0)) 6= 0 (generi
ity for existen
e of LR-
y
le).Then there exists a Ck−1 extended 
entre manifold of fL, W c(0; 0, 0), with the lo
al representation
x = H(s;µ, η). Let FL(s;µ, η) denote the restri
tion of fL to W c and supposevi) 1

2

(

∂2FL

∂s2
(0; 0, 0)

)2

+ 1
3
∂3FL

∂s3
(0; 0, 0) 6= 0 (non-degenera
y of period-doubling bifur
ation).Then for one sign of µ (1.3) has a lo
us of period-doubling bifur
ations at whi
h an L[2]-
y
le is
reated, η = c1µ+ c2µ

2 + o(µ2), and a lo
us η = c1µ+ c3µ
2 + o(µ2), where c3 6= c2, on whi
h the

L[2]-
y
le has a BCB.The �nal 
ase λ = eiθ exhibits a similar unfolding to the previous 
ase. A lo
us of Neimark-Sa
ker bifur
ations emanates transversally from the BCB lo
us, and along a tangent 
urve thebifur
ating invariant 
ir
le interse
ts the swit
hing manifold, Fig. 15
. Note that dynami
s
reated by the 
ollision of an invariant 
ir
le of (1.3) with a swit
hing manifold do not appear tohave been investigated in detail.Theorem 8.3. Suppose (1.3) is pie
ewise-Ck (k ≥ 4), λ(η) = r(η)eiθ(η) is an eigenvalue of
AL(η), andi) r(0) = 1, λ(0) is of algebrai
 multipli
ity 1, and AL(0) has no other eigenvalues of modulus

1 (eigenvalue 
ondition);ii) eijθ(0) 6= 1 for j = 1, 2, 3, 4 (not at strong resonan
e)iii) ̺T(0)b(0) 6= 0 (generi
ity of BCB);iv) r′(0) 6= 0 (transversality).v) e1 /∈ E⊥, where E is the eigenspa
e of AL(0) 
orresponding to λ(0) and λ̄(0) (
entre mani-fold not tangent to swit
hing manifold);Then there exists a Ck−1 extended 
entre manifold of fL, W c(0; 0, 0), with the lo
al representa-tion x = H(s, y;µ, η), where y is a 
oordinate of x di�erent to s. Let FL(s, y;µ, η) denote therestri
tion of fL to W c and supposevi) α 6= 0 for FL, where α is the �rst Lyapunov exponent (non-degenera
y of Neimark-Sa
kerbifur
ation).Then for one sign of µ (1.3) has a lo
us of Neimark-Sa
ker bifur
ations at whi
h an invariant
ir
le is 
reated, η = c1µ + c2µ
2 + o(µ2), and a lo
us η = c1µ + c3µ

2 + o(µ2), where c3 6= c2, onwhi
h the invariant 
ir
le grazes the swit
hing manifold.30



9 Mode-lo
king regionsIn this se
tion we look at mode-lo
king regions of (1.3) and (1.4). These are regions of parameterspa
e for whi
h the map has an attra
ting periodi
 solution. In this 
ontext we treat µ 6= 0 as�xed, and allow η to vary.Fig. 16 illustrates mode-lo
king regions for a three-dimensional PWL map in border-
ollisionnormal form. Many of the regions exhibit a distin
tive 
hain stru
ture that loosely resembles astring of sausages. This stru
ture is typi
al near BCBs and for PWL maps [172, 180, 207, 206℄,and has been des
ribed in models of power 
onverters [204, 202, 209, 210℄, e
onomi
s systems[80, 120, 156, 158, 182℄, dry fri
tion os
illators [184℄, the human 
ardiorespiratory system [136℄,and in the integrate-and-�re neuron model (2.2) [186℄. Instability regions of Hill's equation,
ẍ +

(

a + b sgn(cos(t))
)

x = 0, also exhibit this stru
ture, but the instability regions are morespread out (be
ause they are indexed by integers rather than an interval of rational numbers)[25, 189℄.In order to explain the sausage stru
ture, we �rst dis
uss bifur
ations of (1.3) at whi
h onepoint of an S-
y
le 
ollides with the swit
hing manifold under variation of η, �9.1. Most of theboundaries of the mode-lo
king regions in Fig. 16 
orrespond to su
h bifur
ations. In 
ontrast,for smooth systems boundaries of Arnold tongues 
orrespond to saddle-node bifur
ations [8, 115℄.The sausage stru
ture is related to the existen
e of invariant 
ir
les, and indeed mode-lo
kingregions of sawtooth maps on S
1 exhibit the same stru
ture [30, 197℄. However, rather thanattempt to restri
t the dynami
s of (1.3) to an invariant 
ir
le, it is 
onsiderably simpler for us toinstead restri
t our attention to S-
y
les that, in a symboli
 sense, 
orrespond to rigid rotationon S

1, �9.2. In �9.3 we unfold shrinking points � points where mode-lo
king regions have zerowidth � and use the result to explain the sausage stru
ture.
1.6 1.8 2 2.2 2.4 2.6 2.8 3 3.2

0

0.1

0.2

0.3

0.4

δR

δL

4/9 3/7 5/12 2/5 5/13 3/8 4/11Figure 16: Mode-lo
king regions of (5.1) with N = 3, ∆L = [0,−1,−δL]
T, ∆R = [2, 0,−δR]

T,and µ = 1. This �gure was 
omputed by expli
itly 
al
ulating S-
y
les via (6.6) (up to period
50), and verifying stability and admissibility on a 1024× 256 grid of parameter values. Di�erent
olours indi
ate di�erent periods. Bla
k indi
ates the absen
e of an attra
ting S-
y
le of period
n ≤ 50. The mode-lo
king regions of this �gure 
orrespond to S-
y
les that are �rotational�, asde�ned in �9.2, and the largest mode-lo
king regions are labelled by their 
orresponding rotationnumber m/n (n is the period). The value of m/n roughly de
reases from left to right a
ross the�gure. Some mode-lo
king regions overlap, in whi
h 
ase the 
olour 
orresponding to the higherperiod is used.
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9.1 Border-
ollision bifur
ations of periodi
 solutionsSuppose that under variation of η with µ 6= 0 �xed, one point of an S-
y
le of (1.3) 
ollides withthe swit
hing manifold. This 
orresponds to the BCB of a �xed point of the nth iterate of (1.3),and lo
al dynami
s are des
ribed by a map of the form (1.3). This is made expli
it by Theorem9.1. In Theorem 9.1 we assume (without loss of generality) that it is the point xS0 , of the S-
y
le,that interse
ts the swit
hing manifold, and S0 = L. For simpli
ity we also assume η ∈ R. InTheorem 9.1 the BCB of the S-
y
le o

urs at η = h(µ) for µ > 0. We omit a proof of Theorem9.1 whi
h 
an be a
hieved by using the impli
it fun
tion theorem to 
onstru
t h.Theorem 9.1. Suppose (1.3) is pie
ewise-Ck (k ≥ 2), S is a periodi
 symbol sequen
e of period
n with S0 = L, andi) ̺T(0)b(0) 6= 0;ii) det(PS(0)) = 0;iii) ddet(PS)

dη
(0) 6= 0;iv) with µ > 0 and η = 0, the PWL approximation (1.4) has a unique admissible S-
y
le withexa
tly one point on the swit
hing manifold (xS0 ).Then there exists a unique Ck−1 fun
tion h, with h(0) = 0, su
h that sS0 (µ, h(µ)) = 0, for small

µ ∈ R. Let
x̂ = x− xS0 (µ, h(µ)) , η̂ = η − h(µ) . (9.1)Then, lo
ally, the nth iterate of (1.3) is given by

x̂n =

{

c(µ)µη̂ + (MS(0) +O(µ)) x̂0 + o (‖x̂0‖, η̂) , ŝ0 ≤ 0
c(µ)µη̂ + (MS0(0) +O(µ)) x̂0 + o (‖x̂0‖, η̂) , ŝ0 ≥ 0

, (9.2)where c : R → R
N is Ck−2 and eT1 adj(I −MS(0))c(0) 6= 0.Sin
e (9.2) is of the form (1.3), we 
an apply the results of earlier se
tions to investigate thedynami
s 
reated in the bifur
ation η = h(µ). For instan
e, we 
an 
lassify the BCB using Table1. Here �xed points and period-two solutions of (9.2) 
orrespond to S-
y
les, S0-
y
les, and

S [2]0-
y
les of (1.3).It is instru
tive to apply Theorem 9.1 to the border-
ollision normal form (5.1). Sin
e (5.1)has 2N parameters and BCBs are 
odimension-one, given a periodi
 symbol sequen
e S andthe index of the point undergoing border-
ollision, only a 
odimension-one subset of all BCBsare possible for (9.2). General properties of these 
odimension-one subsets are not known, but
ertainly diverse dynami
s 
an be 
reated in BCBs of (9.2).If a periodi
 solution is 
reated in the BCB of (9.2) at η = h(µ), it is possible that thisperiodi
 solution undergoes a BCB as another parameter is varied. This suggests that we 
ouldapply Theorem 9.1 several times. However, this does not appear to be useful be
ause at ea
h stepwe add one 
odimension. Leonov's method is a similar nesting 
on
ept for obtaining expli
it ex-pressions for parameter values at whi
h periodi
 solutions of one-dimensional dis
ontinuous mapsundergo border-
ollision [14, 85, 125℄. In this method the parameter values of the bifur
ation32



are determined from those of periodi
 solutions of one less 
omplexity level. It is not possible tousefully apply Leonov's method to (1.3) without an expli
it expression 
apturing the step fromone 
omplexity level to the next. Su
h an expression appears to be unavailable for (1.3) with
N > 1.Finally, it is not helpful to apply Theorem 9.1 to an S-
y
le with n < 3. This is be
ause with
n = 1, the S-
y
le is a �xed point and 
annot interse
t the swit
hing manifold of (1.4) for µ 6= 0while the non-degenera
y 
ondition ̺Tb 6= 0 is satis�ed, see �4.3. If an LR-
y
le of (1.4) has onepoint on the swit
hing manifold for µ 6= 0 and ̺Tb 6= 0, then one of the �xed points of (1.4) musthave an asso
iated eigenvalue of −1. For this reason it is more useful to treat the bifur
ation asthe loss of hyperboli
ity of a �xed point, as in �8.1.9.2 Rotational symbol sequen
esLet ℓ,m, n ∈ Z

+, with ℓ < n, m < n and gcd(m,n) = 1 (i.e. m and n are 
oprime). Let
S[ℓ,m, n] : Z → {L,R} be the period-n symbol sequen
e de�ned by

S[ℓ,m, n]i =

{

L , im mod n < ℓ
R , im mod n ≥ ℓ

. (9.3)As in [173, 175℄, we refer to a sequen
e (9.3), and any 
y
li
 permutation of (9.3), as rotational.Note that S[ℓ,m, n]0 = L, and the number of L's per period is ℓ. For example S[4, 3, 8] =
LLRLRRLR, where, as des
ribed in �6.1, to state S we list the symbols S0 · · · Sn−1.

S[ℓ,m, n] 
orresponds to rigid rotation of rotation number m/n on S
1, where [0, ℓ/n) ⊂ S

1 isidenti�ed with the symbol L, and the remaining part of S1 is identi�ed with the symbol R. Forthis reason, if (1.3) has an invariant 
ir
le that interse
ts the swit
hing manifold at two points,and the restri
tion of (1.3) to this 
ir
le is a monotone in
reasing 
ir
le map, then the symbolsequen
e of any S-
y
le of (1.3) 
ontained on the invariant 
ir
le is rotational. Consequently werefer to m/n as the rotation number of S[ℓ,m, n].Rotational symbol sequen
es appear to have been �rst studied by Slater [176, 177℄ who provedthe �three gap theorem� [3℄. In the 
ontext of (9.3), this theorem states that for any S[ℓ,m, n],there are at most three values for the number of steps between 
onse
utive instan
es of thesymbol L, and if there are three distin
t values then the largest value is the sum of the other two.For example, S[4, 3, 8] = LLRLRRLR and the number of steps from the �rst L to the se
ond
L is 1, from the se
ond L to the third L is 2, and from the third L to the fourth L is 3. Bysymmetry the statement remains true when L is repla
ed by R. Rotational symbol sequen
eswere studied for 
ir
le maps in [167℄, and applied to a 
ardia
 model in [40℄. They are similar toSturmian sequen
es (also 
alled rotation sequen
es) whi
h 
orrespond to an irrational rotationnumber [75, 144, 190, 191℄.9.3 Shrinking pointsPoints at whi
h mode-lo
king regions have zero width are referred to as shrinking points. Fig. 17illustrates dynami
s near one shrinking point of Fig. 16. Several useful statements 
an be provedabout mode-lo
king regions near shrinking points by assuming that the related symbol sequen
esare rotational. We 
an then obtain a qualitative des
ription of the global stru
ture of the mode-lo
king regions by extrapolating from shrinking points and assuming no other bifur
ations o

ur.33
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i = 0
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i = 2

i = 3Figure 17: A plot of the mode-lo
king region with m/n = 2/5 of Fig. 16, 
entred at the shrinkingpoint 
orresponding to S[2, 2, 5] = LRRLR. The boundaries of the mode-lo
king region 
orre-spond to det (PS(i)) = 0, for i = 0, . . . , 3, at whi
h the ith point of an S[2, 2, 5]-
y
le lies on theswit
hing manifold. Insets show periodi
 solutions in (s, y)-
oordinates, where s and y denote the�rst and se
ond 
omponents of x ∈ R
3. Inside the mode-lo
king region, the unstable manifold ofthe saddle-type periodi
 solution forms an invariant 
ir
le.The mode-lo
king regions of Fig. 16 all 
orrespond to rotational symbol sequen
es, and althoughperiodi
 solutions with non-rotational symbol sequen
es 
an be 
reated in border-
ollision bifur-
ations, they appear to be less 
ommon and not 
ondu
ive to the sausage stru
ture [168℄.Ea
h shrinking point is asso
iated with a parti
ular rotational symbol sequen
e, S[ℓ,m, n]. Forexample, in Fig. 17, [ℓ,m, n] = [2, 2, 5]. On one side of the shrinking point there exist S[ℓ,m, n]and S[ℓ − 1, m, n]-
y
les, and on the other side of the shrinking point there exist S[ℓ,m, n] and

S[ℓ + 1, m, n]-
y
les. On one side of the shrinking point the S[ℓ,m, n]-
y
le is attra
ting, andon the other side of the shrinking point either the S[ℓ− 1, m, n]-
y
le or the S[ℓ + 1, m, n]-
y
leis attra
ting. Consequently, mode-lo
king regions 
orrespond to attra
ting periodi
 solutionswith rotational symbol sequen
es for whi
h the value of l 
hanges by one ea
h time we 
ross ashrinking point. Throughout a mode-lo
king region, the rotation number m/n is 
onstant. Aswith Arnold tongues of smooth systems [7, 8, 138℄, the mode-lo
king regions are roughly orderedby the rotation number m/n, and their overall width de
reases with in
reasing n. Additionalbifur
ations apparent in Fig. 16 
orrespond to stability loss of the periodi
 solutions.Boundaries of mode-lo
king regions near shrinking points are BCBs of nonsmooth fold type,at whi
h the two 
oexisting periodi
 solutions 
oin
ide and have one point on the swit
hingmanifold. Let d denote the multipli
ative inverse of m modulo n. It 
an be shown from (9.3)that the 
oin
iden
e of an S[ℓ,m, n]-
y
le and an S[ℓ − 1, m, n]-
y
le by there being one pointon the swit
hing manifold is an S[ℓ,m, n]-
y
le for whi
h either xS0 or xS(ℓ−1)dmodn lies on theswit
hing manifold. The 
oin
iden
e of an S[ℓ,m, n]-
y
le and an S[ℓ+1, m, n]-
y
le, is similarlyan S[ℓ,m, n]-
y
le for whi
h either xSℓd or xS−d lies on the swit
hing manifold, where here and forthe remainder of this se
tion we omit the �modn� for brevity. For this reason, near the shrinkingpoint the mode-lo
king region is bounded by the 
urves det (PS(i)) = 0, for i = 0, (ℓ − 1)d, ℓd,and −d.The S[ℓ− 1, m, n] and S[ℓ+1, m, n]-
y
les 
oin
ide at the shrinking point. Let x̃i denote thepoints of this periodi
 solution, for whi
h
s̃0 = 0 , s̃ℓd = 0 . (9.4)34



In view of (9.4), both x̃0 and x̃d may be treated as the 0th-point of an admissible S[ℓ,m, n]-
y
le.Consequently, every point on the line segment 
onne
ting x̃0 to x̃d belongs to an S[ℓ,m, n]-
y
le,and the union of all of these S[ℓ,m, n]-
y
les is an invariant 
ir
le in the form of a non-planarpolygon [173℄. Sin
e the S[ℓ,m, n]-
y
les are non-unique, by Propositions 6.1 and 6.2 we musthave det(I −MS[ℓ,m,n]) = 0 and det
(

PS[ℓ,m,n](i)

)

= 0, for all i.Also, as shown in [175℄, the periodi
 solution {x̃i} satis�es
s̃ds̃(ℓ−1)d

s̃−ds̃(ℓ+1)d

= −
det

(

I −MS[ℓ−1,m,n]

)

det
(

I −MS[ℓ+1,m,n]

) . (9.5)Here we verify (9.5) for an example. Consider the map (5.1) with N = 3, µ = 1, and
∆L =







0
−1

− δR+2

δR(δ2R+2δR+2)






, ∆R =





δ2R+δR+2

δR+2

0
−δR



 . (9.6)For all δR > 0.5865, approximately, (5.1) with (9.6) has a shrinking point with S[2, 2, 5]. Theshrinking point shown in Fig. 17 
orresponds to this map with δR = 2. From dire
t 
al
ulationsof (5.1) with (9.6) we obtain
det

(

I −MS[1,2,5]

)

= −
φ(δR)

δR(δR + 2)3 (δ2R + 2δR + 2)
, (9.7)

det
(

I −MS[3,2,5]

)

=
(δR + 1)φ(δR)

δ3R(δR + 2) (δ2R + 2δR + 2)
3 , (9.8)where φ(δR) is a parti
ular eighth-order polynomial. Also, x̃0 = (0,−1, δR), from whi
h the otherpoints x̃i 
an be 
omputed by simply iterating this point under (5.1), and from whi
h we �ndthat both sides of (9.5) are given by δ2

R(δ2R+2δR+2)
2

(δR+2)2(δR+1)
.Next we look at an unfolding of an arbitrary shrinking point for the PWL map (1.4). In thefollowing theorem, taken from [173℄, we suppose for simpli
ity that η ∈ R

2, the shrinking pointis at η = (0, 0), and that we 
an 
hoose 
oordinates η = (η1, η2), su
h that
det(PS(0, η2)) = 0 ,

det (PS(ℓ−1)d(η1, 0)) = 0 ,
(9.9)in a neighbourhood of η = (0, 0).Theorem 9.2. Suppose (1.4) is pie
ewise-Ck (k ≥ 3), we have (9.9) for some S[ℓ,m, n] with

2 ≤ ℓ ≤ n− 2, andi) ̺T(0)b(0) 6= 0;ii) det(I −MS[ℓ−1,m,n](0)) 6= 0 and det(I −MS[ℓ+1,m,n](0)) 6= 0.Then there exist unique Ck−1 fun
tions
φ1(η1) = −c1η

2
1 + o

(

η21
)

, φ2(η2) = −c2η
2
2 + o

(

η22
)

, (9.10)35



with c1, c2 > 0, su
h that
det (PS(−d) (η1, φ1(η1)))) = 0 ,

det (PS(ld) (φ2(η2), η2)) = 0 ,
(9.11)in a neighbourhood of η = (0, 0).Theorem 9.2 explains the lo
al stru
ture shown in Fig. 17. The four BCB 
urves that boundthe mode-lo
king region are pairwise tangent at the shrinking point. The inequalities c1, c2 > 0imply that as we move away from the shrinking point the left and right boundaries of the mode-lo
king region 
urve towards one another, relative to the 
urvature of the boundaries on theother side of the shrinking point. This 
urvature favours the boundaries re
onne
ting at anothershrinking point, and thus forming the global sausage stru
ture.The dynami
s asso
iated with shrinking points is stru
turally unstable. Indeed typi
al mode-lo
king regions of (1.3) with small µ 6= 0 exhibit the overall sausage stru
ture, but have nonzerowidth in areas near where the PWL approximation to (1.3) has shrinking points [175℄. Numeri
alinvestigations have revealed that nearby shrinking points have similar properties, but this hasnot been explained quantitatively. Lo
i of shrinking points sometimes appear to form a boundaryfor 
haoti
 dynami
s [172℄, and it remains to identify the pre
ise me
hanism responsible for the
reation, or termination, of 
haos in this manner. The invariant polygons that exist at shrinkingpoints may persist as invariant 
ir
les (dis
ussed in the next se
tion) for nearby parameter values.10 Other dynami
s10.1 Invariant 
ir
lesAs noted in �2.4, an invariant 
ir
le appears to be 
reated at the BCB shown in Fig. 3b. This BCBmay therefore be viewed as a nonsmooth analogue of a Neimark-Sa
ker bifur
ation [172, 203℄.Ex
ept in spe
ial 
ases (su
h as shrinking points, �9.3) expli
it expressions for invariant 
ir
les
reated in BCBs are not available. Indeed invariant 
ir
les 
reated in BCBs often have an irregularshape. For this reason it does not appear to be possible to derive a 
ir
le map des
ribing dynami
son the invariant 
ir
le by restri
ting (1.3) to the invariant 
ir
le in an expli
it manner.Numeri
al explorations have revealed that if an invariant 
ir
le is 
reated in the BCB of (1.3)at µ = 0 for some value of η, then the invariant 
ir
le typi
ally persists as η is varied. We 
annotimmediately use normal hyperboli
ity [71, 101, 160℄ to prove the persisten
e of an invariant 
ir
le,be
ause (1.3) is not di�erentiable on the swit
hing manifold. As des
ribed in [179, 208℄, invariant
ir
les for (1.3) 
an be destroyed via me
hanisms that o

ur for smooth maps [1, 9℄, su
h as dueto a 
hange in the stability of a periodi
 solution on the invariant 
ir
le. For invariant 
ir
les of(1.3) 
ontaining two periodi
 solutions whose symboli
 representations di�er by one symbol, asis 
ommon throughout mode-lo
king regions, the invariant 
ir
le 
an be destroyed in a BCB ofthe two periodi
 solutions [179℄. In the 
ase that (1.3) is non-invertible, an invariant 
ir
le 
anbe destroyed by 
olliding with a 
riti
al surfa
e (where the range of (1.3) has a fold) [79℄. Asdis
ussed in the next se
tion, invariant 
ir
les 
an also be destroyed in homo
lini
 bifur
ations.
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Figure 18: Phase portraits of (5.1) and (5.3) with x = (s, y), µ = 1, δL = 0.5, τR = −2, δR = 2,and three di�erent values of τL, as indi
ated. In ea
h plot, the �xed point xR is repelling, andthere exists an attra
ting LLR-
y
le and a saddle-type LRR-
y
le. The stable and unstablemanifolds of the LRR-
y
le are 
oloured blue and red, respe
tively. In the middle plot the
LRR-
y
le has a homo
lini
 
orner.10.2 Homo
lini
 bifur
ationsConsider a saddle-type S-
y
le of the PWL map (1.4). If the S-
y
le has no points on the swit
h-ing manifold, then the stable and unstable manifolds emanate linearly from the S-
y
le in thedire
tions of the stable and unstable eigenspa
es of MS(i) . Globally the invariant manifolds arePWL, due to intera
tions with the swit
hing manifold. This property 
an be exploited to nu-meri
ally 
ompute invariant manifolds qui
kly and a

urately. For instan
e, the one-dimensionalinvariant manifolds of Fig. 18 were 
omputed via an iterated pro
edure of identifying points atwhi
h the invariant manifolds interse
t the swit
hing manifold, 
omputing images of the inter-se
tion points, and appropriately 
onne
ting the points with line segments.If the stable and unstable manifolds of an S-
y
le develop an interse
tion under parameter
hange, then an orbit homo
lini
 to the S-
y
le is 
reated. For smooth maps, this 
onstitutesa �rst homo
lini
 tangen
y at whi
h the interse
tions of the stable and unstable manifolds aretangential [152℄. For the PWL map (1.4), however, near ea
h interse
tion one manifold is linearand the other manifold has a 
orner. For this reason we refer to this phenomenon as a homo
lini

orner. Beyond the homo
lini
 
orner, the stable and unstable manifolds interse
t transversally,implying the existen
e of topologi
al horseshoes and 
haoti
 dynami
s.Fig. 18 shows an example in two dimensions. An LRR-
y
le develops homo
lini
 
onne
tionsas the parameter τL is in
reased. It is interesting that sin
e the manifolds are PWL, linear pie
esof the manifolds emanating from the LRR-
y
le 
an be 
omputed analyti
ally, from whi
h it
an be shown that the homo
lini
 
orner o

urs at a root of 128τ 8L + 896τ 7L + 2488τ 6L + 3292τ 5L +
1729τ 4L − 328τ 3L − 566τ 2L − 45τL + 34 = 0. This is an example of the general observation thatvarious 
al
ulations that are intra
table for smooth maps 
an be a
hieved exa
tly for PWL maps.For a smooth map, an in�nite sequen
e of �single-round� periodi
 solutions exists near ageneri
 homo
lini
 tangen
y [86, 87, 88℄. Su
h periodi
 solutions 
onsist of a large number ofpoints near the underlying saddle-type periodi
 solution, and one ex
ursion far from the saddle-type solution. If the saddle-type solution is more strongly attra
ting than repelling, then thereexists an in�nite sequen
e of non-overlapping intervals of parameter values, bounded by saddle-node and period-doubling bifur
ations, within whi
h a single-round periodi
 solution exists andis attra
ting. 37
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Figure 19: A bifur
ation diagram of the two-dimensional PWL map of Fig. 18, indi
ating S[k]and S[k]0-
y
les, where S[k] = LRLLRLL (RRL)k, for k = 1, . . . , 8. These are single-roundperiodi
 solutions asso
iated with a saddle-type LRR-
y
le. On the verti
al axis we have plotted
n(k)+s

S[k]
0 , where n(k) = 3k+7 is the period of the S[k]-
y
le and sS[k]0 is the �rst 
omponent ofthe 0th-point of the S[k]-
y
le (and similarly n(k) + s

S[k]0

0 is plotted for the S[k]0-
y
les). Thesequantities are indi
ated with a solid [dashed℄ line if the periodi
 solution is stable [unstable℄.In 
ontrast, near the homo
lini
 
orner of Fig. 18 there exists an in�nite sequen
e of BCBs atwhi
h single-round periodi
 solutions are 
reated, Fig. 19. The periodi
 solutions 
reated in theBCBs are unstable (ex
ept for the �rst two BCBs in the sequen
e). By 
omparing this bifur
ationdiagram to those near homo
lini
 tangen
ies of smooth maps, it appears that ea
h BCB 
an beinterpreted as a nonsmooth amalgamation of saddle-node and period-doubling bifur
ations. Thissuggests that an in�nite sequen
e of intervals within whi
h single-round periodi
 solutions areattra
ting does not arise near homo
lini
 
orners. A general study of homo
lini
 
orners remainsfor future work.Other aspe
ts of homo
lini
 
orners have been des
ribed numeri
ally in nonsmooth math-emati
al models for whi
h they are relatively dominant bifur
ations. Numeri
al-based studieshave revealed that at a homo
lini
 
orner an invariant 
ir
le 
an be destroyed [206, 207℄, or a
haoti
 attra
tor 
an be 
reated [206℄. In addition, if the stable manifold of the saddle-typeperiodi
 solution is a boundary of a basin of attra
tion of a 
haoti
 attra
tor, the number ofbands in the attra
tor may 
hange at the homo
lini
 
orner [131℄.10.3 Consequen
es of a la
k of invertibilityAs explained in �3.4, if det(AL) det(AR) ≤ 0, then (1.4) is non-invertible. In this 
ase the image ofthe swit
hing manifold is a boundary for the range of (1.4), and is referred as a 
riti
al manifold.If det(AL) det(AR) < 0, then points on one side of the 
riti
al manifold have two preimages andpoints on the other side of the 
riti
al manifold have no preimages.The 
ollision of an invariant set of a non-invertible map with a 
riti
al manifold is known as
onta
t bifur
ation, and often 
orresponds to a global bifur
ation [140℄. For instan
e if a basinof attra
tion is 
omprised of several disjoint sets, then the number of sets may 
hange whenthe basin 
ollides with a 
riti
al manifold. A wide variety of 
onta
t bifur
ations are des
ribedfor maps of the form (1.4) in [83, 140, 141℄. For (1.4), a 
onta
t bifur
ation is equivalent to a38



border-
ollision (i.e. the 
ollision of an invariant set with the swit
hing manifold).A repelling �xed point, 
all it x, has no lo
al stable manifold, yet for a non-invertible map itis possible that a sequen
e of preimages of x tends to x, in whi
h 
ase x has a homo
lini
 orbit.Under some te
hni
al assumptions, x is in this 
ase 
alled a snap-ba
k repeller, and its existen
eimplies the presen
e of an unstable 
haoti
 set, as well as in�nitely many unstable periodi
solutions [134, 135, 164℄. These unstable periodi
 solutions 
an themselves have homo
lini
orbits, and for this reason snap-ba
k repellers are asso
iated with a 
ompli
ated bifur
ationstru
ture akin to that of homo
lini
 tangles [90℄. Snap-ba
k repellers are possible for (1.4) [94℄,and thus 
an be 
reated at BCBs.11 Spe
ial 
ases and generalisations11.1 The one-dimensional 
aseIn one-dimension, (1.4) is a skew tent map whi
h we write as
xi+1 =

{

aLxi + µ , xi ≤ 0
aRxi + µ , xi ≥ 0

. (11.1)Here x = s and the magnitude of µ has been s
aled to absorb b. Equation (11.1), and otherone-dimensional PWS 
ontinuous maps, have been studied by various authors in diverse 
ontexts[18, 53, 70, 110, 132, 149, 181℄.For any 
hoi
e of parameter values, (11.1) has non-positive S
hwarzian derivative on R\{0},and thus has at most one attra
tor [128, 139℄. Fig. 20 indi
ates the attra
tor of (11.1) for µ > 0and di�erent values of aL and aR. For values of aL and aR in regions labelled Ln−1R, for n ≥ 1,there exists an attra
ting Ln−1R-
y
le. With aL �xed at 0.25, say, by de
reasing the value of aRwe produ
e a period in
rementing 
as
ade: windows of periodi
ity for whi
h the period in
reasesby one from ea
h window to the next [13, 34, 99℄. Note that a nonlinear s
ale is used on theverti
al axis of Fig. 20 so that many of the mode-lo
king regions 
an be seen.
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Figure 20: Attra
tors of the one-dimensional PWL map (11.1) for µ > 0. In regions labelled
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y
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In regions labelledQn there exists a 
haoti
 set 
omprised of n disjoint intervals of R. Formallythe existen
e of a 
haoti
 attra
tor for (1.4) 
an be proved by showing that there exists anattra
tor that is not a periodi
 solution [52℄. The 
haoti
 attra
tors exist in open regions ofparameter spa
e. That is, the 
haos is robust [21℄.In view of the symmetry property (3.12), attra
tors for µ < 0 
an be as
ertained from Fig. 20by swit
hing the values of aL and aR. For example with (aL, aR) = (−8, 0.25), (11.1) has anattra
ting R2L-
y
le for µ < 0, be
ause in Fig. 20 the point (aL, aR) = (0.25,−8) lies in the
L2R-region.For 
ompleteness we provide formulas for the bifur
ation boundaries in Fig. 20. For deriva-tions of these formulas the reader is referred to [132℄.The LR-region is bounded by aR = −1 and aR = ± 1

aL
. For ea
h n ≥ 3, the Ln−1R-region is bounded on the left by a lo
us of BCBs, aR = −

1−an−1
L

an−2
L

−an−1
L

, and bounded on the rightby aR = − 1
an−1
L

, at whi
h the stability multiplier of the Ln−1R-
y
le is −1. Just beyond thisbifur
ation boundary, the 
urve a2(n−1)
L a3R − aR + aL = 0 bounds Q2n and Qn-regions, and the
urve an−1

L a2R + aR − aL = 0 bounds Qn and Q1-regions.Next, let β0 = 1, and for all n ≥ 0, let βn+1 = 2βn + (−1)n−1
2

. For all n ≥ 0, Q2n and
Q2n+1-regions are bounded by aβn

L a
βn+1

R + (−1)n(aR − aL) = 0. This sequen
e of 
urves limits tothe point (aL, aR) = (1,−1).Finally, the boundary between Q1 and the lower-right region labelled divergen
e (in whi
h(11.1) has no attra
tor) is the 
urve aR = aL
1−aL

. On this boundary the 
riti
al point x = 0 mapsto the �xed point xL = 1
1−aL

in two iterations, and, as a 
onsequen
e of kneading theory forone-dimensional maps [139℄, (11.1) has an unstable S-
y
le for every periodi
 symbol sequen
e
S.11.2 The presen
e of a zero eigenvalueAs dis
ussed in �2.1, dynami
s near a grazing-sliding bifur
ation is well-approximated by a mapof the form (1.4) where one of the matri
es AL and AR has a zero eigenvalue. Also, dis
rete-timee
onomi
s models often involve PWL fun
tions with �at segments [158℄, translating to a zeroeigenvalue in either AL or AR.If AL has a zero eigenvalue of algebrai
 multipli
ity 1, then the range of gL is (N − 1)-dimensional. For the purposes of studying the dynami
s of (1.4) that involves both sides ofthe swit
hing manifold, it su�
es to study orbits of points on this (N − 1)-dimensional surfa
e.When N = 2, this provides substantial simpli�
ation, yet diverse dynami
s is still possible.For instan
e, (1.4) 
an have mode-lo
king regions with shrinking points [183, 184℄, and 
haoti
attra
tors 
omprised of various numbers of disjoint pie
es [113℄.11.3 The volume-preserving 
aseUnder a C1 map, for instan
e gL, the volume of an arbitrarily small set in
reases by a fa
tor of
| det(Dxg

L)|. If | det(Dxg
L)| = 1 everywhere, then gL is volume-preserving. Consequently thePWL map (1.4) is volume-preserving if det(AL) = det(AR) = 1 or det(AL) = det(AR) = −1.40



In ea
h 
ase (1.4) is invertible and so preserves the volume of sets interse
ting the swit
hingmanifold.If (1.4) is volume-preserving then it has no attra
tors and satis�es the Poin
aré re
urren
etheorem [194℄: for any x0 ∈ R
N , if the forward orbit {xi} is bounded, then for any neighbourhoodof x0, there exists j ∈ Z

+ su
h that xj is an element of this neighbourhood. Studies of (1.4)with N = 2 in the volume-preserving 
ase have shown that there 
an exist regions of positivearea within whi
h the dynami
s is ergodi
 [2, 47, 157, 196℄. Dynami
s with N = 2 in thevolume-preserving 
ase and µ = 0 are analysed in detail in [117, 118, 119℄.11.4 The e�e
ts of noiseBy adding a small random 
omponent to an otherwise deterministi
 system, we 
an investigatehow un
ertainties and noise a�e
t the dynami
s. In general, small noise removes deli
ate dynam-i
s, su
h as high-period solutions, but retains robust stru
tures, in
luding 
haoti
 attra
tors. Ifthe system has multiple attra
tors, with noise orbits may dwell 
lose to one attra
tor then shiftrapidly to the proximity of another attra
tor. Dwell times are roughly exponentially distributedwith mean values that depend on the size of the basin of attra
tion, and on the strength ofattra
tion [72, 111℄.Here we 
onsider the sto
hasti
 perturbation of (1.3)
xi+1 =

{

fL(xi;µ, η) , si ≤ 0
fR(xi;µ, η) , si ≥ 0

}

+ εξi , (11.2)where the ξi are identi
ally distributed, zero-mean, Gaussian random ve
tors, and 0 < ε ≪ 1represents the noise amplitude. Suppose that in the absen
e of noise, the �xed point xL is theglobal attra
tor of (11.2) and sL < 0. Then for small ε > 0, the probability density fun
tionfor the value of xi for large i (given an initial point x0 near xL) is a roughly Gaussian invariantmeasure 
entred at xL. This is be
ause the bulk of the measure lies in the left half-spa
e and sothe swit
hing manifold has little e�e
t. Moreover, limi→∞ E[xi] = xL + O (ε2) (where E denotesexpe
tation) [78, 82℄. However, if instead sL = 0 then the di�eren
e between E[xi] and xL 
an be
O(ε) [96, 97℄. In this 
ase the noise e�e
tively pushes orbits of (11.2) in a parti
ular dire
tion,on average.Now suppose that in the absen
e of noise (11.2) has one attra
tor for µ < 0 and two attra
torsfor µ > 0, and suppose that with ε > 0 we dynami
ally in
rease the value of µ slowly from aninitially negative value, and look at the behaviour of an orbit. While µ < 0, we 
an expe
t thatthe orbit is lo
ated near the unique attra
tor. However, as µ passes through zero, sin
e all threeattra
tors 
oin
ide with the origin at µ = 0, we 
annot say whi
h attra
tor the orbit will belo
ated near for µ > 0 regardless of how small we set the value of ε. In this sense the behaviourof (11.2) is indeterminable as we pass through the BCB. If the rate at whi
h we in
rease the valueof µ is su�
iently slow, the orbit will most likely end up near the attra
tor that has a longermean es
ape time [64℄.For a parti
ular appli
ation it may be more realisti
 to in
orporate randomness in the swit
h-ing 
ondition, rather than additively as in (11.2). With this formulation the theory of iteratedfun
tion systems 
an be used to prove the existen
e of an invariant measure [91℄.41
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Figure 21: A bifur
ation diagram of (11.3) with Φ(z) = tanh(z), fL(x;µ, η) = 0.3x + µ,
fR(x;µ, η) = −10x + µ and K = 100. This map represents a smooth approximation to (11.1)with (aL, aR) = (0.3,−10), whi
h has an attra
ting �xed point for µ < 0, and an attra
ting
LLR-
y
le for µ > 0, as indi
ated with solid lines.11.5 SmoothingThe map

xi+1 =
1

2

(

fL(xi) + fR(xi)
)

−
1

2

(

fL(xi)− fR(xi)
)

Φ(Ksi) , (11.3)represents a smooth approximation to (1.3), where Φ : R → R is a smooth fun
tion with
limz→±∞Φ(z) = ±1, and K > 0. The a

ura
y of the approximation is di
tated by the magni-tude of K. Sin
e (11.3) is smooth, it exhibits familiar 
lassi
al bifur
ations. This suggests thatby studying (11.3) as K → ∞ we 
an interpret BCBs of (1.3) as the limit of one or more 
lassi
albifur
ations. This is des
ribed for dis
ontinuous bifur
ations (the 
ontinuous-time analogue ofBCBs) in [121, 122℄.However, with large values of K the right hand-side of (11.3) has a steep derivative for
si ≈ 0, whi
h 
auses di�
ulty for both analyti
al and numeri
al 
al
ulations. More importantly,smoothing 
an introdu
e new dynami
s that is dependent on the 
hoi
e of the fun
tion Φ, andso it is not 
lear that this approa
h 
an be useful for understanding BCBs.For example, with (aL, aR) = (0.3,−10) the one-dimensional map (11.1) has an attra
ting�xed point that 
hanges to an attra
ting LLR-
y
le at the BCB, Fig. 21. For µ < 0, xL is theonly invariant set of (11.1). For µ > 0, sin
e (11.1) has a period-3 solution, it also has periodi
solutions of every period [163℄, and 
haoti
 dynami
s [126℄. The periodi
 solutions and 
haos areall generated simultaneously at the BCB.Fig. 21 also shows a bifur
ation diagram of the 
orresponding smoothed map (11.3) using
Φ(z) = tanh(z). For this map the transition from period-1 to period-3 requires an in�nitesequen
e of bifur
ations. The map (11.3) has an attra
ting period-3 solution for all values of
µ greater than about 0.043. In addition, as shown in the inset of Fig. 21, the smoothing hasgenerated additional �xed points, as des
ribed in [102℄. The smoothing of PWS maps has alsobeen found to eliminate robust 
haos by generating windows of periodi
ity [46℄.
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12 Summary and outlookThe theory of BCBs provides an important building blo
k for the growing �eld of nonsmooth dy-nami
al systems in whi
h simple and 
omplex dynami
al behaviour is generated in fundamentallydi�erent manners to that of smooth dynami
al systems. For instan
e, at a BCB a stable �xedpoint 
an instantly transition to a 
haoti
 attra
tor. This was observed in DC/DC 
onverters [76℄before subsequently being explained through an understanding of BCBs [54, 198℄. Alternatively,at a BCB a stable �xed point 
an split into several attra
tors. All attra
tors 
reated in BCBsgrow asymptoti
ally linearly in size with respe
t to parameter 
hange.Stru
turally stable invariant sets 
reated in a BCB are 
aptured by a PWL map of the form(1.4). The nature of the dynami
s on both sides of the BCB is determined by the eigenvalues ofthe matri
es AL and AR in (1.4). More pre
isely, given two maps (1.4) that share the same twosets of eigenvalues, if both maps are observable and ̺Tb 6= 0, see �5.4, then the maps are a�nely
onjugate (that is, there exists an a�ne 
oordinate 
hange that transforms one map to the otherand does not alter the swit
hing manifold).The simplest invariant sets of (1.4) are �xed points and period-two solutions. There arefour non-degenerate s
enarios for the existen
e and relative 
oexisten
e of these solutions, asdetermined by two simple 
onditions on the eigenvalues of AL and AR. This is summarised byTable 1. An analogous 
lassi�
ation of other dynami
al features for general N appears to beimpra
ti
al. Compli
ated dynami
s 
an o

ur on one or both sides of a BCB.Several di�erent me
hanisms for the 
reation of exoti
 dynami
s at BCBs have been reviewedin this paper. In a neighbourhood of a BCB there may be a unique �xed point that is stable forall parameter values ex
ept at the BCB. This is termed a dangerous bifur
ation and is due to thepresen
e of an attra
tor at in�nity for the PWL approximation to the BCB, �7.5. Mode-lo
kingregions of attra
ting solutions generated in BCBs 
ommonly exhibit a distin
tive 
hain stru
ture.This is due to boundaries of mode-lo
king regions interse
ting at points where a periodi
 solutionhas two points on the swit
hing manifold, and applies to periodi
 solutions that, at least in asymboli
 sense, 
orrespond to rigid rotation on a 
ir
le, �9.3. In�nitely many attra
tors 
an be
reated simultaneously at 
odimension-three BCBs for whi
h a periodi
 orbit has a 
oin
identhomo
lini
 
onne
tion, �7.2, and multi-dimensional attra
tors are also possible, �7.3.Many interesting problems remain for future work. Here is a short list of some su
h problems.i) A qualitative des
ription of the 
hain stru
ture of mode-lo
king regions 
an be inferredfrom Theorem 9.2, but a quantitative des
ription of the global layout of the mode-lo
kingregions is not known. It would be helpful to understand, for instan
e, s
aling laws thatgovern the distribution of shrinking points throughout a generi
 two-parameter 
ross-se
tionof parameter spa
e.ii) Attra
ting S-
y
les 
an be 
reated in BCBs inRN for only 
ertain periodi
 symbol sequen
es
S. With N = 1 an attra
ting S-
y
le 
an be found for some 
ombination of parametervalues if and only if S either has at most one L or at most one R, �11.1. It remains to
hara
terise su
h periodi
 symbol sequen
es for N ≥ 2.iii) For smooth dynami
al systems, homo
lini
 
onne
tions are 
reated at homo
lini
 tangen
iesand are a fundamental me
hanism by whi
h 
haoti
 dynami
s is generated. Near BCBs,homo
lini
 
onne
tions are typi
ally 
reated at homo
lini
 
orners, �10.2. These may be43



thought of as 
ontinuous but non-di�erentiable distortions of homo
lini
 tangen
ies, so havemany similarities to homo
lini
 tangen
ies, but have not yet been investigated rigorously.iv) Theorem 8.3 des
ribes the basi
 bifur
ations asso
iated with the 
odimension-two 
oin
i-den
e of a BCB and a Neimark-Sa
ker bifur
ation in R
N . However, even with N = 2,whi
h is the smallest value of N possible for this s
enario, a 
omplete 
lassi�
ation of theasso
iated dynami
s is not known. In parti
ular, dynami
s relating to the 
ollision of aninvariant 
ir
le of (1.3) with a swit
hing manifold, whi
h o

urs near this s
enario, doesnot appear to have been explored.v) Dimension redu
tion via a 
lassi
al 
entre manifold analysis is not possible for BCBs. How-ever, if (1.3) has parameters with varying orders of magnitude, an approximate dimensionredu
tion might be possible in a manner akin to geometri
 singular perturbation theory.We have seen that dynami
al behaviour asso
iated with BCBs 
an be extremely 
ompli
ated.For instan
e, an N-dimensional invariant set 
an be 
reated in a BCB in R

N , �7.3. Yet theequations that govern the dynami
s are merely PWL, and so various 
al
ulations that need tobe performed numeri
ally for analogous smooth maps, 
an here be a
hieved exa
tly, albeit oftenusing 
omputer algebra. For this reason, some aspe
ts of nonlinear dynami
s 
an be exploredanalyti
ally when the dynami
s is 
reated in a BCB rather than in a 
lassi
al bifur
ation of asmooth map. A solid framework for understanding BCBs has been established, but as des
ribedabove various features remain to be explained. One 
an also explore generalisations, su
h as BCBsfor maps on tori, and PWL 
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