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Abstract

For piecewise-smooth maps, new dynamics can be created by varying parameters such
that a fixed point collides with a surface on which the map is nonsmooth. If the map is
continuous and piecewise-linear to leading order, this is referred to as a border-collision
bifurcation. A lack of differentiability allows for substantial complexity and a wide variety
of invariant sets can be created in border-collision bifurcations, such as invariant circles and
chaotic sets, and several attractors may be created simultaneously. Yet many calculations
that would be intractable for smooth nonlinear maps can be performed exactly for piecewise-
linear maps and in recent years several new results have been obtained for border-collision
bifurcations. This paper reviews border-collision bifurcations with a general emphasis on
results that apply to maps of any number of dimensions. The paper covers applications, the
border-collision normal form, basic properties and dynamics such as fixed points, periodic
solutions and mode-locking regions, and more complex phenomena such as multistability,
multi-dimensional attractors, attractors at infinity, homoclinic bifurcations and unfoldings
of codimension-two scenarios.

1 Introduction

PWS (piecewise-smooth) systems are increasingly being used as mathematical models in diverse
areas. A PWS map on M C R" is a discrete-time evolution rule

Tip1 = f () T, €My, (1.1)

where the regions M ; form a partition of M, and each f7 : M; — M is a smooth function.
Boundaries of the M ;, termed switching manifolds, are assumed to be PWS codimension-one
surfaces. Maps of the form (1.1) arise as return maps of nonsmooth systems of differential
equations. In this context, applications include mechanical systems with impacts or friction
[16, 24, 26, 122, 193], power electronics and relay control [20, 108, 201|, and more recently



ecological systems involving quotas or switching of species between different habitats or food
sources [4, 45, 154, 185]. PWS maps are also used to model discrete-time phenomena involving
a switch, choice or threshold, such as economics systems involving non-negativity conditions,
decisions or optimisation [28, 105, 120, 158|. Other applications of (1.1) include bursting in
neurons [43, 162|, Chua’s circuit [133], and game theory [151]. Maps that are continuous and
PWL (piecewise-linear), such as the tent map and the Lozi map [127, 142| (a PWL version of
the Hénon map), are used throughout dynamical systems and are particularly relevant to this
paper.

Interactions between invariant sets and switching manifolds of (1.1) give rise to discontinuity-
induced bifurcations |52]. The simplest type of discontinuity-induced bifurcation for (1.1) corre-
sponds to the collision of a fixed point with a smooth part of a switching manifold. Generically
this involves two functional components of (1.1), call them f¥ and ff (for “left” and “right”).
Dynamics near the bifurcation are described by the local representation

fi(x), h(z;) <0
Tip1 = { fR(xz) : h(xl) >0 (1'2)

where h is a smooth function specifying the switching manifold. At the bifurcation one of the
half-maps (f¥ and ff) has a fixed point on the switching manifold (h = 0).

Many essential features of the bifurcation are determined by the local properties of (1.2)
and there are a handful of distinct scenarios that commonly arise. For instance, (1.2) may
be discontinuous. Discontinuous maps are frequently used to model excitable systems [39, 89|,
and circuit systems [68, 106]. Alternatively, (1.2) may be continuous but involve a square-root
singularity in either f© or ff. This scenario arises naturally in grazing bifurcations of vibro-
impacting systems (the singularity results from a quadratic tangency between a periodic orbit
and a switching manifold) |51, 143, 145, 146]. In any case, the bifurcation is a type of border-
collision, but the term border-collision bifurcation is usually reversed for the situation that (1.2)
is continuous and PWL to leading order. This definition is adopted in this paper. The dynamics
of discontinuous maps are described in [12, 13, 66, 103, 159|, maps with a square-root singularity
in [10, 34, 65, 77, 147], and other maps in [52].

It is instructive to compare BCBs (border-collision bifurcations) with classical bifurcations
of smooth maps, to which it is assumed the reader is familiar. For definiteness, let us consider
period-doubling (or flip) bifurcations. BCBs and period-doubling bifurcations are both local,
codimension-one bifurcations of fixed points, with the following key differences:

i) For a period-doubling bifurcation, as parameters are varied a stability multiplier of the fixed
point continuously passes through the value —1. For a BCB, since the map is continuous
but non-differentiable, the stability multipliers of the fixed point change discontinuously at
the bifurcation, and one or more multipliers can “jump” across the unit circle.

ii) Dynamics related to a period-doubling bifurcation are fully described by the restriction of
the map to a two-dimensional extended centre manifold. For a typical BCB, there is no
centre manifold. Indeed for PWS systems in general a lack global differentiability inhibits
the construction of a centre manifold and dimension reduction.

iii) At a period-doubling bifurcation a period-2 solution is created, and we can determine the
side of the bifurcation for which the period-doubled solution exists via straight-forward



direct calculations. At a BCB, a seemingly inexhaustible array of invariant sets can be
created. Simple calculations suffice to identify fixed points and period-2 solutions. Other
dynamics can be determined numerically or with more sophisticated methods, as discussed
in later sections.

iv) As we move away from a period-doubling bifurcation, the period-2 solution grows at a rate
asymptotically proportional to the square root of the parameter change. In contrast, any
bounded invariant set created in a BCB grows linearly, to leading order, with parameter
change.

Such differences can be identified qualitatively from the measurements of a physical system,
lending support, or not, to the use of a mathematical model that is nonsmooth. For example, in
[199, 200] it is found that the linear scaling laws associated with a BCB provide a better fit to ex-
perimental data for the action potential duration of cardiac cells than those for a period-doubling
bifurcation, suggesting that a nonsmooth (or highly nonlinear) model is more appropriate than
a smooth model.

The term BCB was coined in the pioneering 1992 paper of Nusse and Yorke [148|. The paper
describes various fundamental aspects of BCBs in two dimensions and was motivated by novel
dynamics in economics models [104, 105]. Some study of BCBs had been performed earlier. In
particular, in the Russian literature at least as early the 1960’s, BCBs were studied and referred
to as C-bifurcations, after the word cmmsars, which means to “sew” (or “stitch”). The behaviour
of fixed points and period-2 solutions near BCBs was studied in [27] and [69] respectively. In
[70], Feigin determined an efficient and practical method for identifying fixed points and period-2
solutions based on the computation of eigenvalues.

Grazing bifurcations of nonsmooth systems of differential equations originally provided much
motivation for BCBs, but in [51] it was shown that regular grazing bifurcations involve a square-
root singularity, and are therefore not BCBs. However, the authors showed that if grazing occurs
at a corner, then the bifurcation is a BCB [50]. Subsequent studies revealed that so-called grazing-
sliding bifurcations [58] and event collisions in systems with time-delayed switching [165] are also
instances of BCBs. BCBs have been demonstrated experimentally in circuit systems |18, 207],
and mechanical systems |150].

BCBs have been the subject of intense study over the past quarter century. A comprehensive
description of BCBs in one dimension was given in [132, 149], and a classification of dynamics
in the two-dimensional dissipative case was given in [17]. A wide variety of intricate dynamics
may be created in BCBs. Recently several new features of BCBs have been identified, such as
multi-dimensional attractors [95|, and the simultaneous creation of infinitely many attractors
[171]. Many investigations have been restricted to maps of one or two dimensions. This paper
reviews BCBs emphasising properties and statements that hold in any number of dimensions.

In this paper we work with three different maps that each describe dynamics near a BCB,
and are each useful in different contexts. In §3.1, to (1.2) we apply a coordinate change and
expand f¥ and f¥ to produce the form

o — § Arz b+ o(fal) s <0
R R v s e 11 A S -

where s = e x denotes the first coordinate of z € RY, i € R is the primary bifurcation parameter,
and n € RM represents other parameters of the map. Then by dropping the explicit nonlinear



terms in (1.3) we obtain the PWL approximation

Ap(m)xi +b(n)p, s <0

Tiy1 = g(l’iQ [y 77) = { AR(U)IZ' + b(n),u , 8,20 (14)

The validity of (1.4) is discussed in §3.2. Finally, under certain conditions detailed in §5, we can
apply a second coordinate change such that Ay and Ag transform to companion matrices, and
b transforms to e;. The resulting PWL map (5.1) is referred to as the border-collision normal
form (or observer canonical form). Roughly speaking, the three maps (1.3), (1.4) and (5.1) are
increasingly easier to work with, but have increasingly more assumptions placed upon them.

The remainder of this paper is organised as follows. Applications and typical BCBs are
discussed in §2. In §3 we introduce the maps (1.3) and (1.4) more carefully. In the subsequent four
sections we study the map (1.4). Fixed points are analysed in §4, and the border-collision normal
form is constructed in §5. Section 6 concerns periodic solutions. Any point of a periodic solution
of (1.4) can be expressed as the solution to an N x N matrix equation. For this reason, we only
need to employ elementary linear algebra to analyse non-degenerate periodic solutions created in
BCBs. In particular, by considering only fixed points and period-two solutions, all generic BCBs
can be categorised into exactly four distinct scenarios, as determined by the eigenvalues of Ap
and Ag. More complicated attractors are discussed in §7.

In §8 we study the influence of the nonlinear terms dropped to produce (1.4) on non-hyperbolic
fixed points and periodic solutions. Section 9 concerns the unique chain structure commonly ex-
hibited by mode-locking regions of (1.3). Other dynamics such as invariant circles and homoclinic
orbits are discussed in §10. Section 11 looks at special cases such as the one-dimensional case
and the effects of smoothing and noise. Finally, §12 provides a summary and lookout for future
studies.

2 The origin of continuous piecewise-linear maps

Return maps of nonsmooth systems of ODEs often take the general form (1.1). In this context,
fixed points of (1.1) correspond to periodic orbits of the underlying ODE system. As parameters
are varied a periodic orbit of the ODE system may develop an intersection with a switching
manifold. This is a grazing event that corresponds to border-collision for (1.1). Several different
types of grazing events have been classified [37, 52|, and only in certain cases is the induced map
locally continuous and asymptotically PWL, as required for a BCB. In this section we describe
two such cases, indicate how BCBs can also occur for nonsmooth systems with time-delay in the
switching condition, and illustrate typical BCBs.

2.1 Grazing-sliding bifurcations
Here we consider a PWS ODE system of the form:

X:{ FYX), H(X)<0

FE(X), H(X)>0 (2.1)

Subsets of the switching manifold H(X) = 0 that attract orbits from both sides are called stable
sliding regions. Forward orbits of (2.1) that reach a stable sliding region subsequently evolve
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on the region for some time. Such evolution is called sliding motion |73, 74, 188|, and grazing
events that involve sliding motion are called sliding bifurcations. Sliding bifurcations have been
identified in models of mechanical systems with stick-slip friction [59, 98, 114], and various other
applications |41, 44, 57, 185].

Several different types of sliding bifurcations have been classified [37, 58, 59, 107, 116]. At a
grazing-sliding bifurcation, a periodic orbit of (2.1) has a quadratic tangency with the switching
manifold at a point X*, as shown in Fig. 1la. Given a suitable Poincaré section II, the local induced
return map P : II — II is continuous and takes the form (1.2), where x € II. P is usually derived
by composing global maps (describing motion from II to a suitable cross-section intersecting X*,
and back), with a local discontinuity map that captures dynamics near X* [52, 58|.

In this scenario, one half-map of (1.2), say f%, corresponds to orbits of (2.1) that connect
r to P(x) along a path intersecting H = 0 near X*, and the other half-map, f%, corresponds
to orbits for which there is no such intersection. Due to the quadratic tangency between the
periodic orbit and H = 0, ff admits an expansion in powers of h(x)%. However, unlike for
reqular grazing bifurcations |51, 52|, % has no square-root term (due to a cancellation of terms
relating to the nature of sliding motion near X*). Therefore (2.1) is PWL to leading order, and
thus grazing-sliding bifurcations are examples of BCBs. In this instance f7 is differentiable but
not C2, so the unfolding theorems for codimension-two BCBs presented in §8 cannot usually be
applied to grazing-sliding bifurcations.

Orbits of the ODE system corresponding to f# involve segments of sliding motion near X*.
For this reason, the range of f% is at most (N — 1)-dimensional (where N is the dimension of
IT). Consequently, the Jacobian D, f® (denoted Ay in later sections) has a zero eigenvalue at
the BCB. Furthermore, the local dynamics can be partially captured by an (N — 1)-dimensional
return map |92, 93|.

a) grazing-sliding bifurcation b) corner collision c) event collision
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Figure 1: Three discontinuity-induced bifurcations of a periodic orbit of a PWS system of ODEs.
Each of these are examples of BCBs. Each panel shows a schematic phase portrait illustrating
the periodic orbit at the bifurcation. In each panel Il is a Poincaré section and H = 0 is a
switching manifold. In panel (c) the switching condition has a time-delay 7, and evolution times
at key points on the periodic orbit are indicated.



2.2 Corner collisions

For many reasons, switching manifolds of PWS systems of ODEs intersect or have a corner.
Consider, for instance, the simple integrate-and-fire model

V=-V+1I—Asgn <sin (?)) , Vit )=1= V(t)=0, (2.2)

where V(t) represents the membrane potential of a neuron, I is a constant forcing current, and
A and T denote the amplitude and period of square wave forcing [186]. When the value of V
reaches 1, the neuron is said to fire and the value of V' is reset to 0. Assuming I > A > 0, we
can treat (2.2) as a two-dimensional PWS vector field with domain (V,t) € [0,1) x [0,7). In this
setting the system has three switching manifolds, V =0,¢ =0 and t = %, that have two points
of intersection.

DC/DC power converters employ high frequency switching for which current is permitted to
flow for some variable fraction of the switching period. Simple mathematical models therefore
typically often involve two switching manifolds: one for periodic switching events and one for
times at which the current is halted, and these may intersect [49, 201]|. In models of mechanical
systems with compliant impacts, the switching manifold corresponds to points where objects
impact or detach [123, 124, 129, 130, 150]. Detachment occurs when the contact force between
objects vanishes. This provides a different algebraic expression for the switching manifold than
points of impact, in which case the switching manifold often has a corner.

The collision of a periodic orbit with the corner of a switching manifold, or at the intersection
of two manifolds, is referred to as a corner collision. Since corners and intersections constitute
a measure zero subset of switching manifolds, one may suspect that corner collisions require an
additional codimension to occur, but this is not the case. Simply visualise distortions of the
periodic orbit shown in Fig. 1b. The periodic orbit generically attains an intersection with the
switching manifold at the corner because the corner is a protuberance.

At a generic corner collision there is no tangency in the sense that no smooth component of
the switching manifold is tangent to the periodic orbit at the bifurcation. For this reason, the
induced return map P : IT — II is continuous and PWL to leading order |35, 50|, and therefore
corner collisions are also BCBs.

2.3 Event collisions in systems with time-delayed switching

We now consider (2.1) with constant time-delay in the switching condition:

. FEX(@), HX({t-71)<0
X(t) = { FRX(1), H(X(t—7) >0 (2:3)
In (2.3), 7 > 0 denotes the time-delay. Systems of the form (2.3) are used extensively to model
switched control systems, both biological and man-made, where 7 represents the inherent time
lag between when variables are measured and the control is applied [29, 56, 153, 161].

Suppose an orbit of (2.3) crosses the switching manifold H = 0 at some time 7. Then the
functional form of the equations that govern evolution switches at the later time ¢ =T+ 7. For a
periodic orbit, the codimension-one phenomenon H (X (7' + 7)) = 0 is known as an event collision



[38], Fig. lc. Generically the local induced return map P : II — II is continuous and PWL to
leading order [165]. Thus event collisions are BCBs, although due the presence of time-delay
some care is required when defining II. In some instances it is not possible to choose 11 such that
in a neighbourhood of the periodic orbit evolution through II is independent to the location of
the orbit at earlier times. In this case it may suffice to include the time since the last intersection
with the switching manifold in the domain of the return map [166].

2.4 Typical border-collision bifurcations

To illustrate BCBs, we consider the system

y . ALX(t)+BL, U(t—T)<0
X(6) = { ApX(1) + Br, Ult—7)>0 (2:4)
where X = (U,V,W), A and Ap are 3 x 3 matrices, and Br, Bp € R3. For simplicity we let
IT coincide with U = 0, and only consider points on II corresponding to orbits that previously
resided in the left half-space (U < 0) for a continuous length of time equal to at least 7, see
Fig. 2. The switching manifold of the induced return map P : II — II, is a curve on II that
separates points whose forward orbit reintersects U = 0 in a time less than 7, with points for
which this time is greater than 7.

Fig. 3 shows numerically computed bifurcation diagrams of (2.4) using 7 as the primary
bifurcation parameter, and
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Figure 2: A sketch of the phase space of (2.4) showing three orbits beginning and ending on the
Poincaré section II. Evolution times at key points on the orbits are indicated. The orbits begin
on II at £ = 0 and reintersect U =0 at t =T
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Figure 3: Three different BCBs (more specifically these are event collisions) for the system with
time-delayed switching (2.4)-(2.5). The three panels show bifurcation diagrams corresponding to
points on the Poincaré section II (U = 0, see Fig. 2) for three different values of 7. In each case
an attracting periodic orbit (indicated by a solid curve) loses stability in a BCB (after which
it is indicated by a dashed curve). The additional points in panels (a) and (b) were computed
by numerically solving (2.4)-(2.5) and removing transient dynamics. In panel (c), an unstable
3-cycle exists to the left of the BCB (highlighted in the inset), and an attracting 3-cycle exists
for all values of 7 shown.

Over a range of values of 7, (2.4)-(2.5) has an attracting periodic orbit that loses stability in
a BCB:

i) With n = —2.7, the BCB occurs at 7 ~ 1.8868, Fig. 3a. At the bifurcation an attracting
5-cycle (a periodic orbit involving five loops near the original periodic orbit) is created.
The 5-cycle is subsequently destroyed in a second BCB at 7 ~ 1.9162.

ii) With n = —3.2, numerics indicate that an attracting invariant circle is created at the
BCB at 7 = 1.9506, Fig. 3b. Initially the dynamics on the invariant circle appears to be
quasiperiodic. Mode-locking windows are visible for larger values of 7.

iii) With n = —4.5, numerics suggest that no attracting solution is created at the BCB at
T ~ 2.1878, Fig. 3c. Prior to the bifurcation there exists a saddle-type 3-cycle, and the
stable manifold of the 3-cycle appears to form the boundary of the basin of attraction of
the attracting periodic orbit. As we approach the BCB, the periodic solution and 3-cycle
coalesce and the size of the basin of attraction shrinks to zero. Beyond the BCB nearby
orbits are attracted to another 3-cycle.

In each case, invariant sets created at the BCB grow in size asymptotically linearly with respect
to 7. In §5.5 we return to this example after some essential properties of BCBs have been
established.

3 Basic properties

In this section we begin by introducing local coordinates convenient for BCBs. This requires
intuitive genericity assumptions that are justified by the implicit function theorem; further details
are given in [17, 52]. We then introduce the PWL approximation and discuss adjugate matrices
and invertibility.



3.1 Coordinate change and formulation

Suppose (1.1) has a BOB at p = 0, where p € R is a parameter of (1.1), and n € R represents
all other parameters of (1.1). Also suppose that the switching manifold is smooth near the BCB.
Then we can assume that the BCB occurs at the origin, and that locally the switching manifold
coincides with the coordinate plane s = 0, where

s=er, (3.6)
and e; denotes the j™ standard basis vector of RY. Locally (1.1) may then be written as

Lagum), <0

Since (3.7) is continuous and fL and f% are locally differentiable by assumption, we can write

F @) = As(mz +b(m)p+o (=], 1) | (3.8)

for J = L, R, where b € RY and Ay and Ag are N x N matrices. The requirement that (3.7) is
continuous on s = 0, implies e] A, = e] Ap for all j # 1. That is,

Ap = Ap +&ef | (3.9)

for some & € RV,

3.2 The piecewise-linear approximation

With small values of x and pu, the linear terms dominate f7. For this reason it is useful drop the
higher order terms, with which (3.7)-(3.8) may be written as

L. <
g (x27/’677]> 9 SZ — O (310)

Tit1 = 9(931';#,77) = { gR(ﬂﬁi;,u,ﬁ) L5 >0

where

g7 (s ) = As(n)z +b(n)p . (3.11)
The maps (3.7)-(3.8) and (3.10)-(3.11) were stated as (1.3) and (1.4) in §1, and for the remainder
of the paper we refer to (1.3) and (1.4).

For any A\ > 0, we have g(Ax; A\, ) = Ag(z; 1, m). Consequently, all bounded invariant sets
of (1.4) collapse linearly to the origin as y — 0. For the purposes of determining the dynamics
of (1.4), it suffices to consider p € {—1,0,1}. Furthermore, if we are willing to switch L and R,
we can further ignore the case ;1 = —1 because (1.4) is unchanged under the replacement

(x,pu, L, R) — (—z,—u, R, L) . (3.12)

To justify (1.4) for use as an approximation to (1.3), suppose 2 is a bounded invariant set of
g(z;1,m). Then for all u > 0, uQ2 is a bounded invariant set of g(x; i, 7). By choosing a suitably
small value o > 0, we can make the difference between the right-hand sides of (1.3) and (1.4) as
small as we like in a neighbourhood of u$. If Q is a structurally stable invariant set of g(x;1,7),
then for sufficiently small ;1 > 0 some perturbation of ;€2 is an invariant set of (1.3).
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3.3 Adjugate matrices

Many basic calculations for (1.4) involve adjugate matrices |23, 112]. Given an N x N matrix A,
let m;; denote the determinant of the (N — 1) x (N — 1) matrix formed by removing the i row
and j* column from A (the m;; are called the minors of A). The adjugate of A is then defined
by adj(A);; = (—1)"my;. It is a standard linear algebra exercise to show that for any A

adj(A)A = Aadj(A) = det(A)] . (3.13)

If A is nonsingular then A=! = Zigﬁg.

Given any £ € RY, A+ &e] differs from A in only the first column. By changing only the first
column of A, each m;; is unchanged and hence the first row of the adjugate is unchanged, i.e.,

eradj (A+&ej) = efadj(A) . (3.14)

3.4 Invertibility

In order to construct the inverse of (1.4), we let
0" =ejadj(AL) = ejadj(AR) . (3.15)

The second equality in (3.15) is a consequence of (3.9) and (3.14). By using (3.13), we obtain

det(Ar)s + ¢ bp, s<0

T _ L ) >

v g@) = { det(Ag)s + by, s>0 - (3.16)
Therefore if s < 0 and det(Ay) # 0, then s = %, and if s > 0 and det(Ag) # 0, then
s = L@ 1t fo]lows that (1.4) is invertible if and only if det(A,Agr) > 0, in which case

det(AR)

—1
g ()= - 7oA (3.17)
At (e —bp) , Gl >0

— T(z—b
{ ALl (LL’ - blu’) ) Sﬁde(t(ALl;) S 0

4 Fixed points

Here we work with the PWL map (1.4). If the matrices I — Ay and I — Ag are nonsingular, then
(1.4) has two possible fixed points:

vl = (1 —Ap) o, (4.1)

for J = L,R. Each z7 is a fixed point of (1.4), and said to be admissible, if it lies on the
appropriate side of s = 0, or on s = 0, otherwise it is said to be virtual. That is, 2" is admissible
if and only if s© < 0, and z is admissible if and only if s > 0.
We let
o' =efadj(l — Ap) = e adj(l — Ag) (4.2)

10



where we have used (3.14) to obtain the second equality. By multiplying both sides of (4.1) by
e on the left, we obtain
Th
J_ 0 u
det([ — AJ) ’
Therefore if I — Ay and [ — Ag are nonsingular, then as p is varied from zero the two fixed points
move away from s = 0 if and only if o"b # 0. Hence

0'b#0, (4.4)

is a non-degeneracy condition for the BCB at pu = 0.

(4.3)

4.1 Persistence versus nonsmooth folds

The admissibility of 2 and x is determined by the signs of s* and s®. From (4.3) we see that
there are two distinct scenarios (assuming [ — Ay, and I — Ap are nonsingular and o'b # 0).

i) If det(I — Ap) and det(I — Ag) have the same sign, then z* and 2z are admissible for
different signs of y, and thus (1.4) has a unique fixed point for all 4 € R. This case is
referred to as persistence, Fig. 4a.

ii) If det(I — Ar) and det(I — Ag) have different signs, then zl and x are admissible for the
same sign of p. The two fixed points of (1.4) collide and annihilate at the origin at =0

in a manner akin to a saddle-node bifurcation. This case is referred to as a nonsmooth fold,
Fig. 4b.

4.2 Feigin’s classification, part I

Here we demonstrate how BCBs can be classified as either persistence or a nonsmooth fold
by looking at the eigenvalues of A and Ap. This was first described by Feigin in |70]. (The
analogous classification of period-2 solutions is given in §6.6, following a general discussion of
periodic solutions.)

a) persistence b) nonsmooth fold
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Figure 4: Two bifurcation diagrams of (1.4) showing the fixed points ¥ and x (4.1). All generic
BCBs conform to one of these two scenarios.
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Let o denote the number of real eigenvalues of A; that are greater than 1. If I — A, is
nonsingular (equivalently, if 1 is not an eigenvalue of A;), then

+
J

sgn (det(I — Ay)) = (—1)°7 (4.5)

Then by (4.3) we have
+
sgn (s7) = (—1)77 sgn (o"bp) (4.6)
from which the next result immediately follows.

Proposition 4.1. Suppose o'b # 0 and 1 is not an eigenvalue of Ay, or Ag. If o + o is even
[odd], then =0 corresponds to persistence [a nonsmooth fold].

5 The border-collision normal form

As with classical bifurcations of smooth dynamical systems, it is often convenient to work with
a normal form. A normal or canonical form for (1.4) is:

_J Crzi+tep, <0
T = { Crri+ep, 5,20 7 (5:1)
where C', and Cr are companion matrices
1
C;=|-4Ay 00 | (5.2)

where A; € RY and [ is the (N — 1) x (N — 1) identity matrix. The map (5.1) is known as the
border-collision normal form, although slight variations of (5.1)-(5.2) have been used by different
authors. In the special case N = 2, it is convenient to write

=5 ol 539

because 7; and d; are, respectively, the trace and determinant of C';.
For a given PWL map (1.4), we would like to transform it to (5.1) via an invertible affine
coordinate change
x—=Tr+qu, W= ajl (5.4)

that does not disrupt the first coordinate of z. This requires e] T = e[, e]q = 0, det(T") # 0 and
a # 0. Below we explain that such a coordinate change is possible if and only if (1.4) is observable
and o"h # 0. This was essentially first achieved in RY by di Bernardo [48]. The terminology
stems from the derivation of the continuous-time analogue of (5.1) through the use of control
theory concepts [31, 60].

The border-collision normal form (5.1) is convenient to work with for several reasons. In
addition to pu, there are exactly 2N parameters (these are the elements of the vectors Ay and
AR). The coefficients of the characteristic polynomial of C'; are given by the elements of A :

det(AM —C7) = AV + A AV o Agy AN+ Ay (5.5)

The map (5.1) automatically satisfies the non-degeneracy condition (4.4), because o' = [1,...,1]
and b = e;.
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5.1 Observability

Consider for a moment the linear map x;; = Apx;. Given some xy, we can iterate this map
to determine all future points x;. But suppose that we are instead given some values s; = e] z;
(these represent our observations of the system). If we can always determine zg from s, ..., Sy_1,
then the pair (AL, ef) is said to be observable [67, 178, 187, 192]. The values sq,...,sy_1 are
the elements of the vector Opxq, where
el AJ7
0, = :

6-1I—AJ

T
€1

for J = L, R. Therefore (AL, ef) is observable if and only if O is nonsingular.
The following result relates Op, to the desired coordinate change (5.4) and can be proved with
only basic linear algebra tools, but this does require some ingenuity, see |22, 168|.

Lemma 5.1. There exists a nonsingular matriz T, with e]T = e, such that TALT™' is a
companion matriz of the form (5.2), if and only if Or is nonsingular.

In view of Lemma 5.1, we say that (1.4) is observable if Op is nonsingular. In view of the
next result, which is a consequence of the identity (3.9) and can be deduced from Lemma 5.1 in
a few lines, observability of (1.4) could equally be defined using Op.

Lemma 5.2. Op, is nonsingular if and only if Or is nonsingular.

5.2 Construction of the affine transformation

The following result provides us with an explicit expression for the transformation (5.4).
Proposition 5.3. Suppose Oy, is nonsingular. Let
-1
T— [Af—loglel ...)AL(o;lel Oglel} ,

g= (=) (erd" =T)b, (5.7)
a=0"b,

for any companion matriz C of the form (5.2) for which I — C'is nonsingular. Then under the
transformation (5.4), (1.4) transforms to (5.1).

We leave a proof of Proposition 5.3, and a verification that e]T = e and e]q = 0 to the
reader. This may be achieved via direct calculations. For the matrix C' that appears in (5.7), we
could use C}, or Ck if possible, or we could simply use the companion matrix for which A = 0.
If oTb = 0 for (1.4), then the behaviour of (5.1) for u # 0 does not match the behaviour of (1.4)

for u # 0.
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5.3 The unobservable case

If (1.4) is not observable then it may be decoupled [67]. Specifically, after an affine coordinate
change, we can write x = (Z,7), where # € R¥~7 and § € R, such that (1.4) takes the form

Tiv1 = g(T;)
Uir1r = 1(Js) + a2(24)
where g and 1), are PWL, and 1), is affine. Evolution of  is governed by the (N — j)-dimensional

PWL map g. Therefore in this case we can obtain a partial description of the dynamics by
working in a lower number of dimensions.

(5.8)

5.4 Consequences of the border-collision normal form

A geometric interpretation of observability is provided by the Popov-Belevitch-Hautus observabil-
ity test [155, 178, 195]. In our context, this control theory result states that (1.4) is observable if
and only if Ay does not have an eigenvector orthogonal to e;. The test can be used to quickly as-
certain observability in some scenarios. For instance, if Ay has a repeated real-valued eigenvalue
with a corresponding eigenspace that is at least two-dimensional, then Ay must have an eigenvec-
tor orthogonal to e;, and so (1.4) cannot be observable. Alternatively, if (1.4) is two-dimensional
and A has complex eigenvalues, then (1.4) must be observable.
Next, let us make two elementary, but important, observations:

i) The dynamics of (5.1) for all ;1 € R is determined by the coefficients of the characteristic
polynomials of C7, and Ck.

ii) These coefficients are determined by the eigenvalues of C and Cg (taking the algebraic
multiplicity of the eigenvalues into account).

Furthermore, by Proposition 5.3, if O is nonsingular and o"b # 0, then under the transformation
(5.4):

iii) The dynamics of (5.1) is affinely conjugate to the dynamics of (1.4).
iv) Cp and Cg are similar to Ay, and Ag, respectively.

These four facts lead us to the following fundamental conclusion: if (1.4) is observable and
o'b # 0, then the dynamics of (1.4) for all u € R is determined by the eigenvalues of Ap and
Ag.

Next we use this result to help us understand BCBs of the system introduced in §2.4. Note
also that the eigenvalues of A; and Ap are the stability multipliers of the fixed points z* and
o, if they exist.

5.5 An example

Here we use the above results to explain some aspects of Fig. 3. Local to a BCB the return map
P 11 — II of (2.4)-(2.5) is asymptotically PWL, but, as discussed above, in order to determine
the dynamics created in the bifurcation we expect that we only need to compute the eigenvalues
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of the left and right linearisations. We do not have to put P in the form (1.3) and compute
all the elements of Ay, Ar and b, unless we want to quantitatively match the dynamics of the
border-collision normal form (5.1) with the dynamics of (2.4)-(2.5), or unless we want to formally
verify observability and the non-degeneracy condition o"b # 0.

The eigenvalues of the left and right linearisations of P can be estimated by computing finite
difference approximations to numerical solutions of (2.4)-(2.5). For the three BCBs of Fig. 3, to
four decimal places, the eigenvalues of C';, and Cy are

a)  Ab, = —0.5920 £ 0.4639i, AF, = —0.8870 £ 0.6206i,
b) A, = 05109+ 0.53851, A, = —0.9526 + 0.7236i,

) AL, =—0.3897+0.6167i, A, = 12502, —2.2244,

where we have chosen the right half-map to correspond to orbits of (2.4)-(2.5) that return to
U = 0 in a time less than 7. In each case |)\f2| < 1, thus prior to the BCB the periodic
orbit is attracting. Similarly, in each case |)\fQ| > 1, thus after the BCB the periodic orbit is
repelling. Furthermore, in each case o 4+ 07, = 0, thus by Proposition 4.1 each BCB corresponds
to persistence, as evident in Fig. 3.

With the first combination of eigenvalues (corresponding to n = —2.7 and Fig. 3a), P corre-
sponds to (5.1) with

Ap =[1.1840,0.5657]7 ,  Ap = [1.7740,1.1719]" , (5.9)

to four decimal places. Fig. 5 shows a bifurcation diagram of (5.1) with (5.9). An attracting
5-cycle is created at p© = 0. The 5-cycle is a structurally stable invariant set, thus is exhibited
by P for a small interval of values of 7 immediately beyond the BCB, and this can be seen in
Fig. 3a. We may formally verify the existence of an attracting 5-cycle for (5.1) by studying fixed
points of the fifth iterate of (5.1), as discussed in the next section.

6 Periodic solutions

PWL maps are extremely convenient to work with in regards to periodic solutions. Any point of
a periodic solution of (1.4) is the fixed point of some composition of g* and ¢g*. Since g* and g

Figure 5: A bifurcation diagram of (5.1) with (5.9). Solid |dashed]| lines indicate a stable [unstable|
solution. For p > 0 the solid lines represent a stable 5-cycle.
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are affine, any such composition is also affine. Thus the problem of finding a periodic solution
reduces to solving a linear system of algebraic equations.

6.1 Symbolic representation

We associate an orbit of (1.4), {x;}, with a symbol sequence, S : Z — {L, R}, by setting S; = L if
s; <0,and §; = Rif s; > 0. If s; = 0 we impose no restriction on S; because (1.4) is continuous
(some authors introduce a third symbol in this case).

If {x;} is periodic with period n, then the corresponding symbol sequence S is the infinite
repetition of the word Syp---S,_1. For this reason, whenever we write a periodic symbol se-
quence, we just list the symbols Sy - - - S,,_1. We use the notation S to denote the i*" left shift
permutation of S (i.e., S]@ = Si+j), and let S denote the symbol sequence created by changing
the symbols S;;p, for all j € Z. For example, for the periodic solution in Fig. 5, if we choose zg

to denote the point of the periodic solution with the smallest value of s, then the corresponding
symbol sequence is S = LRLRR. Then, for instance, S® = LRRLR and S*> = LRRRR.

6.2 Existence and uniqueness

Let S be a periodic symbol sequence, and let n € Z™ be a period of S. Write n = kny,;,, where
k € Z* and ny,;, is the minimal period of S. We refer to an n-tuple, {If}::ol, that satisfies

Ifz"—}—l)modn = gSi (l’f) ) (61)

for all 4, as an Sl¥l-cycle, or just an S-cycle if it is clear what value of k is being used (usually
k =1). In order to compute S-cycles of (1.4), we let g5 = g1 0-..0¢%. The map ¢° is affine
and given by

9°(x) = Msx + Psbu (6.2)
where
Ms=As, |- As,, (6.3)
Ps=1+As, ,+As,As,nt -+ As, - As, (6.4)
Each 27 is a fixed point of gs(i), that is
(I — Mgw) x5 = Py . (6.5)
S .

Therefore if I — Mg is nonsingular, or equivalently if 1 is not an eigenvalue of Mg, then 7 is
unique. If I — Mg is singular, 2% either does not exist or is non-unique. It is a straight-forward
exercise to show that the spectrum of I — Mg is independent of i, because changing ¢ only
changes the cyclical order in which Ay and Ag are multiplied to form Mgq). These observations
provide us with the following result.

Proposition 6.1. The S-cycle is unique if and only if I — Ms is nonsingular, and if I — Mg is
nonsingular then
:L’;S = ([ — Ms(i))_l Ps(i)blu . (6.6)
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It usually suffices to consider £ = 1 for the following reason. Suppose Mg with n = ny;, does
not have an eigenvalue with unit modulus, as is generically the case. Then by Proposition 6.1,
the Sl-cycle is unique. For any k € Z*, the matrix part of gStmmin—1 o -.. 0 ¢ is equal to ME.
Since 1 is not an eigenvalue of ME, the SlFl-cycle is also unique. The S and S¥-cycles satisfy
the same set of equations (6.1), therefore they consist of the same points. For this reason it is
not helpful to further study the S¥l-cycle. If Ms does have an eigenvalue with unit modulus,
then S-cycles with k£ > 1 can be important, see §8.

6.3 Admissibility

An S-cycle is a periodic solution of (1.4) only if each point of the S-cycle lies on the “correct”
side of the switching manifold, or on the switching manifold. That is, s¢ < 0 whenever S; = L
and s¢ > 0 whenever S; = R. In this case the S-cycle is said to be admissible; otherwise it is
virtual.

To study the admissibility of S-cycles, it is useful to use the identity

elTadj ([ - Ms(i)) Pgiy = det (Ps(i)) QT , (6.7)

where p is given by (4.2). Equation (6.7) is a non-trivial consequence of the requirement that
Ay and Ag differ in only their first columns. For a derivation refer to [168, 175]. By multiplying
both sides of (6.5) by ef adj(I — Mg)) on the left, and applying (6.7), we obtain

det(I — Mg)s$ = det (Psw) 0" by - (6.8)
The next result follows immediately from (6.8).

Proposition 6.2. i) If u #0, 0'b # 0 and [ — Ms is singular, yet g° has a fived point, then
Psiy s singular for all i.

ii) If I — Ms is nonsingular, then

S _ det (Psw) o™ bp
© T Tden(I — M)

(6.9)

From part (i) of Proposition 6.2 we can say that if I — Mg is singular and Ps is nonsingular,
then ¢® does not have a fixed point and so no S-cycle exists. From part (ii) of Proposition 6.2
we can relate the admissibility of an S-cycle to the determinants of the Pg:

Proposition 6.3. Suppose I — Ms is nonsingular, jn # 0, and 0"b # 0. Let v = sgn <%>.
Then the S-cycle is an admissible periodic solution of (1.4) if and only if, for all values of i for
which Psy 1s nonsingular:

if S; = L, then sgn (det (Psw)) = —7v ,
if S; = R, then sgn (det (Psw)) = .
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6.4 Stability

If no points of an S-cycle lie on the switching manifold, then the image of a suitably small
neighbourhood of z§ under n iterations of (1.4) is given by ¢g°. Therefore the evolution of points
near r5 is determined by Mg, and the stability of the S-cycle is determined by the eigenvalues
of MS-

Proposition 6.4. An admissible S-cycle of (1.4) with no points on the switching manifold is
attracting [stable] if and only if all eigenvalues of Ms have modulus less than 1 [less than or equal
to 1/.

Furthermore, by (6.8) if an S-cycle has no points on the switching manifold and I — Mg is
nonsingular, then pu # 0, 0" # 0, and P is nonsingular for all 4. If in addition Mg has no
eigenvalues with modulus 1, then the S-cycle is hyperbolic and structurally stable.

6.5 A four-dimensional example
As an example, we consider (5.1) with
AL - [_TLa Oa 07 5L]T ) AR = [_TR> 4a 07 5R]T ) (610)

and search for parameters 7.,0., T, 0g € R yielding an attracting LLR-cycle for ;. > 0. With
S = LLR, by (6.3) and (6.4) we have Ms = AgA? and Ps = I + Ar + ArAy, where Ay and Ap
are the companion matrices (5.2). In Proposition 6.3 we use v = 1 because

i) we are considering p > 0,
ii) we require det(/ — Mg) > 0 for the LLR-cycle to be attracting, and
iii) o'h = 1, since is the map is in border-collision normal form.

Therefore by Proposition 6.3 the S-cycle is admissible if
det(Pg) <0 , det (P5(1)> <0 , det (Ps(z)) > 0. (6.11)

Ar

Figure 6: A bifurcation diagram of the border-collision normal form (5.1) with (6.10) and (6.12).
For ;1 < 0 the fixed point z is unstable and there exists a stable LR-cycle. For p > 0 the fixed
point zf is unstable and there exists a stable LLR-cycle.
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Direct calculations with (6.10) yield

det([— MS) :4TL _45L+5%5R+5R7'2 _5%TR_TETR_25L5RTL+25LTLTR+1 s
det(Pg) :47'[,—5R—45L+TR—|—5L(SR—5LTR—5RTL—|-TLTR—|—1,
det (Psw) = 71, — 0r + 010r — 01 Tp — ORTL + T0TR — 3 ,
)

det (Ps) = 07 — 26,7, — 0 + 717 + 71 + 1.
Numerically we can use these expressions to find parameter values where (6.11) holds. For
example, (6.11) holds with

b}
TR:_i’ 5R:_~ (612)

and at these parameter values the LLR-cycle is attracting, see Fig. 6. With (6.12) and p < 0,
the map has an attracting LR-cycle. The reader may verify this for themselves using the above
methodology, however, for period-two solutions there is a simpler approach as discussed in the
next section.

This example highlights some general idiosyncrasies encountered when analysing dynamics
near a BCB for a map with many parameters. Since we have explicit expressions for Mg and Pg
in terms of Ay, and Ag, which contain the parameters, it is relatively easy to numerically identify
parameter regions where S-cycles are admissible. However, explicit expressions for det (Ps)) are
relatively complicated, except in simple cases such as N = 1, so it is impractical to describe these
regions analytically. Indeed it is futile to attempt a complete classification of the dynamics of
(5.1) in terms of the 2N parameters A ;. Nevertheless a partial classification can be useful. For
instance in the two-dimensional dissipative case (N = 2 and |det(AL)|,|det(Agr)| < 1), eleven
fundamentally different scenarios have been identified explicitly in terms of the parameters of
(5.1) [17, 19].

6.6 Feigin’s classification, part II

The above methods apply to periodic solutions of any period n. The case n = 1 corresponds to
fixed points, discussed in §4. With n = 2, it suffices to consider S = LR for generic BCBs (refer to
the discussion at the end of §6.2). Here we describe Feigin’s analysis of LR-cycles [53, 55, 69, 70].

Let o denote the number of real eigenvalues of A; that are less than —1. If I 4+ A; is
nonsingular, then

sgn (det(I + Ay)) = (—1)77 | (6.13)

and we have the following result.

Proposition 6.5. Suppose o"b # 0, 1 is not an eigenvalue of ARAr, and —1 is not an eigenvalue
of A, or Ag. Then there exists a unique LR-cycle, and if o +o0p is even [odd] then the LR-cycle
is virtual for all p # 0 [admissible for exactly one sign of .

In [53, 70| this result is proved directly. Here we provide a short proof by applying (6.9) to
S =LR.
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Proof. An LR-cycle, {xt® zF7} is admissible if and only if s/® < 0 and st > 0. With S = LR
we have Ps = [ + A and Pgqy = [ + Ay, which are both nonsingular by assumption. In view of
the remaining assumptions of Proposition 6.5, the right hand side of (6.9) is nonzero whenever
p#0. If o + o0 is even, then by (6.13), det(Ps) and det (Psqy) have the same sign, thus by
(6.9), s§™ and s have the same sign, hence the LR-cycle is virtual for all u # 0. If o, + o, is
odd, then s and s have different signs, and these depend on the sign of 1, hence the LR-cycle
is admissible for exactly one sign of p. O

From Propositions 4.1 and 6.5, and a little extra work, we can conclude that there are exactly
four scenarios for the existence and relative coexistence of fixed points and period-two solutions
near non-degenerate BCBs. These are illustrated in Table 1. To justify Table 1 we require the
following two additional results. In these results od denotes the number of real eigenvalues of
Ms that are greater than 1.

Proposition 6.6. Suppose o"b # 0, 1 is not an eigenvalue of Ay, Ar or ArAr, —1 is not an
eigenvalue of Ap, or Ag, and o + 0, is odd. If o7, + 0}, is odd [even] then the LR-cycle coezists
with ¥ [does not coexist with x”/.

For a proof of Proposition 6.6, refer to |52, 53, 70|. In the case that o] + o}t is even and
o} + oy is odd, the even/odd parity of o}, + 0}, determines which fixed point coexists with the
LR-cycle. The next result is taken from [169].

Proposition 6.7. Suppose 1 is not an eigenvalue of Ay, Ar or AgrAyr, and —1 is not an eigen-
value of Ay, or Ar. If of + 0} and of + o are odd, then o, + o is also odd.

If of 4+ 0} and o + oy are both odd, then by Propositions 6.6 and 6.7 the LR-cycle coexists
with both 2% and z® rather than coexisting with neither z* or 2%, as indicated in Table 1.

Table 1 constitutes a partial classification of BCBs. This classification does not appear to
have a useful analogue for general PWL discontinuous maps, but has been extended to maps
that differ from the form (1.4) only in that the constant parts of g© and g% are given by different
vectors [66].

7 Attractors

Attractors created in BCBs can be chaotic. We expect that chaotic attractors involving transverse
homoclinic connections are structurally stable, and so if such a chaotic attractor is present in the
PWL approximation (1.4) with g = 1, then a similar chaotic attractor exists in (1.3) for small
w1 > 0 |52|. However, this does not appear to have been demonstrated rigorously. As with other
bounded invariant sets, chaotic attractors of (1.3) created at u = 0 will generically be of a size
proportional to |u|, to leading order.

Chaotic attractors of (1.4) are often robust in the sense that if 7 is varied while p # 0 is held
constant then a chaotic attractor can persist without windows of periodicity [21]. As detailed in
[52], this is particularly evident for BCBs in one-dimension, see §11.1.

20



+ +
o; +top

even odd
r’ and zf admissible for % and 2 admissible for the
even | different signs of u; LR-cycle same sign of u; LR-cycle
_ _ virtual for all p # 0 virtual for all p # 0
o, top
r’ and zf admissible for zl, 2® and the LR-cycle
odd | different signs of p; LR-cycle admissible for the
admissible for one sign of same sign of u

Table 1: A partial classification of BCBs. As discussed in §3, dynamics near a generic BCB are
described by a PWL map of the form (1.4). As described in §4.2 and §6.6, o} |o;] denotes the
number of eigenvalues of A; that are greater than 1 [less than —1]. The existence and relative
coexistence of the fixed points z* and z and of an LR-cycle near the BCB of (1.4) are determined
by the even/odd parity of o} + o}, and o} + o5, as indicated.

2 N

Figure 7: A phase portrait of (5.1) with (5.3), = = (s,y), (70,05, 7Tr,0R) =
(—0.1,0.35,—2.25,0.75) and p = 1. There is an attracting LR-cycle, an attracting LLR-cycle,
a saddle-type LRR-cycle, and an unstable fixed point z®. The basin of attraction of the LR-
cycle (the shaded region) and the basin of attraction of the LLR-cycle (the unshaded region) are
bounded by the stable manifold of the LRR-cycle.

7.1 Coexisting attractors

At a BCB it is possible that more than one attractor is created simultaneously. As an example,
Fig. 7 shows a phase portrait of the PWL map (1.4) with N = 2, at parameter values for which
there is an attracting LR-cycle and an attracting L L R-cycle for p > 0. For p < 0, the fixed point
rl is attracting (and appears to be a global attractor). As the value of y is increased through
zero, the LR-cycle and LLR-cycles are created simultaneously at the origin. From a practical
viewpoint, the coexistence of attractors induces an inherent unpredictability in a neighbourhood
of the BCB in the presence of noise, see §11.4.

With N = 1, coexisting attractors are not possible for (1.4), see §11.1. With N > 2, diverse
types of attractors can coexist. For example with N = 2 (1.4) may have an attracting periodic

solution and an attracting invariant circle [205], an attracting periodic solution and an apparently
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chaotic attracting set [64], or several coexisting attractors [109] (see also §7.2). The following
result is possibly the only known result regarding coexisting attractors of (1.4) that has no
restriction on N:

Proposition 7.1. For (1.4) with u # 0, there can be at most one attracting fized point or
period-two solution.

This result follows simply from Feigin’s classification outlined in §4.2 and §6.6. If the two
fixed points 2 and a2 coexist, then by Proposition 4.1, 67 + 0} is odd, and thus by Proposition
6.4, ¥ and 2 cannot both be attracting. With similar arguments, Proposition 6.5 can be used
to show that if the LR-cycle is attracting, then any fixed point that coexists with the LR-cycle
cannot also be attracting |52, 53, 70].

7.2 Extreme multistability

Large numbers of coexisting attractors have recently been identified for the two-dimensional
border-collision normal form, (5.1) and (5.3), for which parameter space is four-dimensional
(the parameters are 77, 07, T and Jg). Infinitely many attracting periodic solutions coexist at
codimension-three points of parameter space that are characterised by the existence of a saddle-
type periodic solution for which branches of its stable and unstable manifolds coincide [171].
Fig. 8 shows a phase portrait at parameter values extremely close to such a codimension-three
point. At the codimension-three point, branches of the stable and unstable manifolds of an
RLLR-cycle are coincident, and form an invariant hexagon that contains the basins of attraction
of infinitely many periodic solutions.

At parameter values near such a codimension-three point, (5.1) exhibits a large number of
attracting periodic solutions, say K. If € denotes the distance in parameter space from the
codimension-three point, then e scales with A™%, where \ is the unstable stability multiplier of
the relevant saddle-type periodic solution [170].

There also exist codimension-four points at which Mg has a repeated unit eigenvalue, for
some symbol sequence S, and (5.1) has infinitely many periodic solutions that are stable, but
not attracting [170]. Despite the high codimension and lack of attraction, these points may be
important because at nearby parameter values the periodic solutions can be attracting, and in
this instance ¢ scales with K ~2. Therefore the number of attracting periodic solutions decays
relatively slowly with distance, and so the codimension-four points influence relatively large
regions of parameter space. It remains to extend these results to maps (1.4) of any number of
dimensions.

7.3 Multi-dimensional attractors

In [95], Glendinning and Wong use Markov partitions to prove that chaotic two-dimensional
attractors can be created in BCBs. Fig. 9 shows an example, taken from [95], of a PWL map of
the form (1.4) for which typical forward orbits fill the interior of a quadrilateral, R.

The division of R into eight closed regions R;, as shown, forms a Markov partition because
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-5 -4 -3 -2 -1 s 0 1 2 3
Figure 8 A phase portrait of (5.1) and (5.3), with =z = (s,y), (72,0L,7r,0r) =
(0.55, é, —1.090903277,1.216136849) and 1+ = 1. These parameter values approximate (to ten

significant figures) values at which (5.1) has an attracting (RLLR)* LLR-cycle, for all k € Z*.
The first ten periodic solutions in this sequence are shown here (as black dots) and their basins
of attraction are indicated by colour (from purple for k = 1, through to green for k = 10).

the image of each R; under the map is a union of some of Ry,...,Rs:

Figure 9: A phase portrait of the two-dimensional border-collision normal form, (5.1) and (5.3),
with z = (s,y), p = 1, and (71,9, Tr, 0r) =~ (—0.2956, —1,0.5437,1.8393), specified exactly by

412 +7r—1=00r ==L, 7 =72 and 6, = —1. The regions R, ...Rg form a Markov

)

partition of an invariant quadrilateral. Also shown are the points x;, for ¢ = 5000, ..., 10000, for
the forward orbit of xy = (—1,0).
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locally eventually onto on R, from which we can say that (5.1) is chaotic on R [95]. Numerical
results suggest that such attractors typically persist under parameter change [140].

Recently there have been efforts to extend these concepts to higher dimensions |92|. For
example, with Ay, = —2en, Ap = 2ey and p = 1, (5.1) is chaotic on the invariant hypercube
C=[-1,1 x [=2,0] x - -+ x [=2,0], although C is not an attractor. In this case the N*'-iterate
of s; is given simply by the tent map: s;;y = 1 — 2|s;].

7.4 Attractors at infinity

Even though the PWL map (1.4) was constructed as an approximation to (1.3) at small values
of x and p, it is often useful to analyse the dynamics of (1.4) at infinity, i.e. on the Poincaré
sphere, in order to obtain a deeper understanding of the BCB of (1.3) at x = 0. Dynamics
on the Poincaré sphere can be explored via a compactification of phase space [137]. Under the

coordinate change

P (7.1)

VIl

(1.4) is transformed to a PWS map on the N-dimensional unit ball, that we write as

L
- r(Emn), wi <0

T { PRz ), wi >0 (7.2)
where u = ef 2. Expressions for p* and p™ are relatively complicated, but on the boundary of

the ball (7.2) is given simply by

Arz;
_ u; <0
Zit1 = { ”ﬁéiﬁ-“ ’ ul >0 HZZH =1. (7'3)
ARzl > ™ =

The map (7.3) describes the dynamics of (1.4) on the Poincaré sphere. Notice that p is absent
from (7.3), thus the dynamics of (1.4) on the Poincaré sphere is independent of .

An S-cycle of (7.3), denoted {2}, is a periodic solution that follows the half-maps of (7.3)
in the order determined by S. Since the n'! iterate of (7.3) following S is given by 2, = II%ngI
(where Mg is the product (6.3)), z5 is an eigenvector of Mg with corresponding eigenvalue
A= [[MszS]| 0.

Evolution near {27’} is governed by the Jacobian (D.p®) (2§), and the stability of {27} is
determined by the eigenvalues of this matrix. From an explicit expression for (szs) (25), we
find that % is an eigenvalue of (szs) (2§), with corresponding eigenvector z5. Moreover, if
A € R is another eigenvalue of Mg (A # \), then 2 is an eigenvalue of (D.p%) (2§), and the

corresponding eigenvector is equal to the projection of the eigenvector of Mg for A onto (zbS )L.

For example, the two-dimensional map illustrated in Fig. 10 has two LLRLR-cycles on the
Poincaré sphere. For the given parameter values the eigenvalues of Mg with S = LLRLR are

A~ 10430 and Ay ~ 0.7419. With A = A, and A = Ay, we have ||, )g) < 1, hence the

corresponding S-cycle on the Poincaré sphere is attracting. With instead A = Ay and X = Ay, we

have ‘%} , %‘ > 1, hence the other S-cycle on the Poincaré sphere is repelling.
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Figure 10: Phase portraits illustrating a dangerous bifurcation for the two-dimensional border-
collision normal form, (5.1) and (5.3), with (7,0, 7r,dr) = (—1.33,0.95, —1.87,0.95), in com-
pactified coordinates (7.1), where z = (u,v). The circle bounding each plot corresponds to
|z|| = 1, and represents the Poincaré sphere of (5.1). In the left plot [right plot| there is a
saddle-type LLRLR-cycle | RLRLR-cycle|, and its stable and unstable manifolds are shown. In
the left plot [right plot| the fixed point 2z |2 is attracting and the shaded region is its basin of
attraction. The two LLRLR-cycles on the Poincaré sphere are independent of p and each involve
one point that is located just to the left of the switching manifold, as shown in the insets.

An S-cycle of (1.4) undergoes a bifurcation at infinity when an eigenvalue of Mg attains the
value 1 [15]. Except in special cases, at this bifurcation the S-cycle of (1.4) collides with a second
S-cycle at infinity. The two S-cycles interchange stability in a manner akin to a transcritical
bifurcation and the S-cycle of (1.4) becomes virtual, see §8.1.

7.5 Dangerous bifurcations

In the case that (1.4) has a unique fixed point for all ;1 € R, it is possible for the fixed point to be
attracting for all p # 0, yet unstable when p = 0. In this scenario the BCB is called a dangerous
bifurcation |61, 62, 81, 100]. All eigenvalues of Ay and Ag have a modulus less than 1, so it may
be surprising that z = 0 can be an unstable fixed point of (1.4) with u = 0 (although we require
N > 2). The continuous-time analogue of this phenomenon requires at least three dimensions
[32].

Ascertaining the stability of © = 0 for (1.4) with x = 0 is difficult, and the stability does not
appear to relate to the eigenvalues of Ay and Ag in a simple manner. Due to the radial symmetry
of (1.4) with p = 0, the distance of points from the origin can be scaled to 1, reducing (1.4) to a
map on the unit sphere SV~! together with a “dilation ratio” indicating the factor by which the
distance from the origin changes under (1.4). It may be possible to determine the stability of the
origin by evaluating dilation ratios over an invariant measure of the map on S™V~!. To date this
approach has only been explored for N = 2 [63].

A typical dangerous bifurcation is illustrated in Fig. 10, which is plotted in compactified
coordinates (7.1). When p = 0 the origin is unstable because there is an attracting LLRLR-
cycle on the Poincaré sphere. This attractor is independent of u, hence are multiple attractors
for all p # 0. The basin of attraction of the fixed point is bounded by the stable manifold of a
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Figure 11: A two-parameter bifurcation diagram of the two-dimensional border-collision normal
form, (5.1) and (5.3), with 7, = —1.5, 0, = —0.8 and g > 0. In the shaded region the map
exhibits an attracting LL R-cycle. The LLR-cycle loses stability on the boundaries of this region
via an associated stability multiplier A (eigenvalue of M) crossing the unit circle as indicated.
The dot-dashed line segments indicate the parameter values used in Figs. 12-14.

saddle-type LLRLR-cycle for y < 0, and a saddle-type RLRLR-cycle for ;# > 0. In compactified
coordinates the area of the basin of attraction of the fixed point tends to zero as p — 0. A
three-dimensional example of a dangerous bifurcation is given in [42].

8 Loss of hyperbolicity for periodic solutions

As the additional parameter 7 is varied, the nature of the BCB of (1.3) at u = 0 can change. In
this section we suppose that at a critical value of 7, call it n*, a non-hyperbolic S-cycle is born in
the BCB and exists for small g > 0. With n = n*, Ms has an eigenvalue A with |A| = 1. There
are three generic cases: A = 1, A = —1, and A = e with 0 < # < 7. These constitute three
different codimension-two BCBs, and each occurs for the example shown in Fig. 11.

The nature of the dynamics related to the non-hyperbolic S-cycle is dependent on the non-
linear terms in f¥ and f7® that were omitted to produce the PWL map (1.4). We start in §8.1 by
looking at (1.4), then examine the effects of nonlinear terms with the example of Fig. 11. In §8.2
we formally describe unfoldings of the three codimension-two BCBs in the case that the S-cycle
is a fixed point, and speculate on unfoldings for general S-cycles. Throughout this section it
is assumed that det (Pgu)) # 0 for all 4, so that the S-cycle does not intersect the switching
manifold for p > 0.

8.1 Loss of hyperbolicity in the piecewise-linear approximation

If A\ — 1 asn — n* while 4 > 0 is held constant, then for (1.4) the S-cycle grows in size without
bound. This is shown in Fig. 12a for which 75 takes the role of . At n = n* the S-cycle does not
exist, but may be thought of as residing on the Poincaré sphere, see §7.4. In generic situations
the sign of det(I — Ms) switches as we cross the bifurcation, in which case by (6.9) the S-cycle
becomes completely virtual (that is all points lie on the wrong side of s = 0 for admissibility).
As shown in Fig. 12, the inclusion of nonlinear terms can change the bifurcation at infinity
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(panel a) into a saddle-node bifurcation (panel b). For this example, (1.3) is written as

' . 61/L+CLZL’i+hL(l’i) , S SO (8 1)
Titl = e + CRZL'Z' + hR(ZL'Z) , S 2 0’ '
where h* and A% contain only nonlinear terms.

Now suppose A — —1 as n — n*, and first consider (1.4) with © > 0 at n = n*. Let ¢ denote
an eigenvector of Mg corresponding to . For small ¢ > 0, the forward orbit of z§ + £ is an
SlPl_cycle (that is, a period-doubled solution following S). Generically there exists €., > 0 such
that for all 0 < € < eax the SP-cycle has no points on the switching manifold, and with & = &,ax
the SP-cycle has one point on the switching manifold, say :Efm. This “maximal” SP-cycle is
therefore also an S pﬁ—cycle. Except in special cases, the S pﬁ—cycle is unique and admissible for
values of 7 on one side of = n*. At n = 7" an attracting S-cycle can change to an attracting
SPli_cycle, in which case the bifurcation may be viewed as non-local period-doubling [168]. This
phenomenon has also been described for discontinuous maps [11]. Alternatively an attracting
S-cycle can bifurcate to a 2n-band chaotic attractor [131, 181|, as in Fig. 13a (here n = 3).

2 ),

L
—

D1 0 o1 02 03 1 '6l 01 02 03

TR TR
Figure 12: Panel a is a bifurcation diagram of (5.1) corresponding to a cross-section of Fig. 11 at
0r = 1.4 with p = 0.05. An attracting L L R-cycle loses stability at 7z ~ 0.3266 via an associated
stability multiplier attaining the value 1. Panel b shows a corresponding bifurcation diagram of
the PWS map (8.1) with h* = [s%,0]7 and R® = [0,0]".
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Figure 13: Panel a is a bifurcation diagram of (5.1) corresponding to a cross-section of Fig. 11 at
0r = 1.4 with . = 0.5. An attracting LLR-cycle loses stability at 7z &~ —0.9167 via an associated

stability multiplier attaining the value —1. Panel b shows a corresponding bifurcation diagram
of the PWS map (8.1) with hX = [s,0]T and A% = [0,0]".
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Figure 14: Panel a is a bifurcation diagram of (5.1) corresponding to a cross-section of Fig. 11 at
Tr = —0.7 with g = 0.02. An attracting L LR-cycle loses stability at 0 = 1.5625 via an associated
pair of complex stability multipliers attaining moduli of 1. Panel b shows a corresponding
bifurcation diagram of the PWS map (8.1) with h* = [0, 5?7 and At =[0,0]".

In the presence of nonlinear terms, the A = —1 bifurcation is generically a period-doubling
(or flip) bifurcation at which a unique S-cycle is created. Under further variation of 7 the
SPl_cycle undergoes a BCB, as in Fig. 13b.

Lastly, suppose A — €', for some 0 < # < m, as n — n*. This is shown for an example in
Fig. 14a for which 0g takes the role of . If € is irrational, then for (1.4) with 4 > 0, at n = n*
there exists an uncountable nested collection of invariant sets that each consist of n disjoint
ellipses centred at the points of the S-cycle. Generically the largest set of n ellipses involves
one point on the switching manifold. Alternatively if 6 is rational, dynamics near the S-cycle
is periodic. The boundary of the periodicity regions may be a polygon, but this has only been
described in detail in the case that the S-cycle is a fixed point [80, 156, 172, 179|.

In Fig. 14a, the S-cycle is attracting prior to the A = el bifurcation, and at the bifurcation
the S-cycle appears to change to a chaotic attractor. A similar bifurcation is described in [181]. If
A = €% along a curve in parameter space, we expect that the value of § varies along this curve. In
this case Arnold tongues emanate from points on the curve at which @ is rational [168, 172, 179].

For the PWS map (1.3), the A = e bifurcation generically corresponds to a Neimark-Sacker
bifurcation at which an invariant circle is created about each point of the S-cycle. The invariant
circles grow until one of them collides with the switching manifold, Fig. 14b.

8.2 Unfoldings of non-hyperbolic fixed points

If (1.3) has a non-hyperbolic fixed point, say ¥, we can derive an unfolding of the codimension-
two BCB by studying the extended centre manifold of f©. This analysis only determines dynamics
that are contained entirely within s < 0, but it is extremely general. For proofs of the theorems
below, refer to [36, 168|. It remains to extend these results to S-cycles of period n > 1. We expect
that the essence of the unfoldings are unchanged with n > 1 because in principle the theorems
given below can be applied to the n'" iterate of (1.3). However, there is some complexity in
identifying the relevant iterate of the S-cycle that interacts with the switching manifold.

Fig. 15 summarises the three unfoldings. In this figure, and for the remainder of this section,
we assume 1 € R and that each codimension-two BCB occurs at (u,n7) = (0,0). Again we
begin with the case A = 1. In this case a locus of saddle-node bifurcations emanates from the
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Figure 15: Unfoldings of codimension-two BCBs for which A, has an eigenvalue A with |A| =1
at 7 = 0. From left to right, the three unfoldings correspond to A = 1, A = —1, and )\ = ¢’
with 0 < # < 7, as described in Theorems 8.1, 8.2 and 8.3 respectively. Loci of saddle-node,
period-doubling and Neimark-Sacker bifurcations are denoted SN, PD and NS, respectively.

codimension-two point, tangent to n = 0, Fig. 15a. This is made precise by the following theorem.
Theorem 8.1. Suppose (1.5) is piecewise-C* (k> 4), X(n) is an eigenvalue of Ar(n), and

i) AM(0) =1 is of algebraic multiplicity 1, and AL(0) has no other eigenvalues of modulus 1
(eigenvalue condition);

i) 07(0)b(0) # 0 (genericity of BCB);
iii) N'(0) # 0 (transversality ).

Then there exists a C*~1 extended centre manifold of f£, W¢(0;0,0), with the local representation
x = H(s;p,m). Let FX(s;p,m) denote the restriction of & to W€ and suppose

i) %(0; 0,0) # 0 (non-degeneracy of saddle-node bifurcation).

Then for one sign of n (1.3) has a locus of saddle-node bifurcations u = cin?® + o(n?), where
C1 §£ 0.

With instead A = —1, a locus of period-doubling bifurcations emanates from the codimension-
two point transverse to n = 0 (assuming non-degeneracy conditions are satisfied). An LIA-
cycle (period-2 solution comprised of two points with s < 0) is created in the period-doubling
bifurcation, and collides with the switching manifold along a curve that is tangent to the period-
doubling locus, Fig. 15b. This bifurcation is a BCB, and the quadratic tangency is due to the fact
that the distance of ¥ from the switching manifold is proportional to y, whereas the LP-cycle
grows at a rate proportional to the square root of the change in 7 from the period-doubling locus.
On one side of the BCB of the L?-cycle there exists an LR-cycle. If N = 1, a chaotic attracting
set is created at the BCB of the LIZ-cycle if and only if Az (which in this case is a scalar) is
greater than 1 [174]. In higher dimensions, numerical results suggest that for any n € Z*, a
2"-band chaotic attractor can be created at the BCB [181].

Theorem 8.2 formalises the unfolding shown in Fig. 15b. Prior to a proof of Theorem 8.2,
the unfolding was observed numerically in a mathematical model of a DC/DC power converter
[5, 6].

Theorem 8.2. Suppose (1.3) is piecewise-C* (k > 4), \(n) is an eigenvalue of Ar(n), and
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i) N0) = —1 is of algebraic multiplicity 1, and Ap(0) has no other eigenvalues of modulus 1
(eigenvalue condition);

i) 07(0)b(0) # 0 (genericity of BCB);
iii) N'(0) # 0 (transversality).

w) e]C(0) # 0, where ¢ is the eigenvector of Ay, corresponding to X (centre manifold not tangent
to switching manifold);

v) det(I — AL(0)AR(0)) # 0 (genericity for existence of LR-cycle).

Then there exists a C*~1 extended centre manifold of f£, W¢(0;0,0), with the local representation
x = H(s;p,m). Let FE(s;p,m) denote the restriction of f& to W€ and suppose

2
vi) % <8;52L (050, O)) %‘gff (0;0,0) # 0 (non-degeneracy of period-doubling bifurcation).

Then for one sign of u (1.3) has a locus of period-doubling bifurcations at which an L -cycle is
created, n = cip + cop® + o(p?), and a locus n = cip + cspu® + o(u?), where c3 # co, on which the
L _cycle has a BCB.

The final case A\ = e? exhibits a similar unfolding to the previous case. A locus of Neimark-
Sacker bifurcations emanates transversally from the BCB locus, and along a tangent curve the
bifurcating invariant circle intersects the switching manifold, Fig. 15c. Note that dynamics
created by the collision of an invariant circle of (1.3) with a switching manifold do not appear to
have been investigated in detail.

Theorem 8.3. Suppose (1.3) is piecewise-C* (k > 4), A\(n) = r(n)e®™ is an eigenvalue of
AL(n); and

i) 7(0) =1, X0) is of algebraic multiplicity 1, and Ar(0) has no other eigenvalues of modulus
1 (eigenvalue condition);

i) €990) £ 1 for j =1,2,3,4 (not at strong resonance)
iii) 0" (0)b(0) # 0 (genericity of BCB);
iv) r'(0) # 0 (transversality).

v) e; ¢ E*, where E is the eigenspace of Ap(0) corresponding to A\(0) and \(0) (centre mani-
fold not tangent to switching manifold);

Then there exists a C*~1 extended centre manifold of ¥, W¢(0;0,0), with the local representa-
tion v = H(s,y;p,n), where y is a coordinate of x different to s. Let FX(s,y;u,n) denote the
restriction of f* to W¢ and suppose

vi) a # 0 for F'¥, where v is the first Lyapunov exponent (non-degeneracy of Neimark-Sacker
bifurcation,).

Then for one sign of u (1.3) has a locus of Neimark-Sacker bifurcations at which an invariant
circle is created, 1 = cip + cop® + o(p?), and a locus n = cyp + c3p® + o(pu?), where ¢ # co, on
which the invariant circle grazes the switching manifold.
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9 Mode-locking regions

In this section we look at mode-locking regions of (1.3) and (1.4). These are regions of parameter
space for which the map has an attracting periodic solution. In this context we treat p # 0 as
fixed, and allow 7 to vary.

Fig. 16 illustrates mode-locking regions for a three-dimensional PWL map in border-collision
normal form. Many of the regions exhibit a distinctive chain structure that loosely resembles a
string of sausages. This structure is typical near BCBs and for PWL maps [172, 180, 207, 206],
and has been described in models of power converters [204, 202, 209, 210|, economics systems
[80, 120, 156, 158, 182|, dry friction oscillators [184|, the human cardiorespiratory system [136],
and in the integrate-and-fire neuron model (2.2) [186]. Instability regions of Hill’s equation,
i+ (a + bsgn(cos(t)))z = 0, also exhibit this structure, but the instability regions are more
spread out (because they are indexed by integers rather than an interval of rational numbers)
[25, 189).

In order to explain the sausage structure, we first discuss bifurcations of (1.3) at which one
point of an S-cycle collides with the switching manifold under variation of 1, §9.1. Most of the
boundaries of the mode-locking regions in Fig. 16 correspond to such bifurcations. In contrast,
for smooth systems boundaries of Arnold tongues correspond to saddle-node bifurcations |8, 115].

The sausage structure is related to the existence of invariant circles, and indeed mode-locking
regions of sawtooth maps on S! exhibit the same structure [30, 197]. However, rather than
attempt to restrict the dynamics of (1.3) to an invariant circle, it is considerably simpler for us to
instead restrict our attention to S-cycles that, in a symbolic sense, correspond to rigid rotation
on S, §9.2. In §9.3 we unfold shrinking points — points where mode-locking regions have zero
width — and use the result to explain the sausage structure.

Figure 16: Mode-locking regions of (5.1) with N = 3, Ay = [0,—1,—0.]", Ar = [2,0,—6r]T,
and p = 1. This figure was computed by explicitly calculating S-cycles via (6.6) (up to period
50), and verifying stability and admissibility on a 1024 x 256 grid of parameter values. Different
colours indicate different periods. Black indicates the absence of an attracting S-cycle of period
n < 50. The mode-locking regions of this figure correspond to S-cycles that are “rotational”, as
defined in §9.2, and the largest mode-locking regions are labelled by their corresponding rotation
number m/n (n is the period). The value of m/n roughly decreases from left to right across the
figure. Some mode-locking regions overlap, in which case the colour corresponding to the higher
period is used.
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9.1 Border-collision bifurcations of periodic solutions

Suppose that under variation of 1 with 1 # 0 fixed, one point of an S-cycle of (1.3) collides with
the switching manifold. This corresponds to the BCB of a fixed point of the n'® iterate of (1.3),
and local dynamics are described by a map of the form (1.3). This is made explicit by Theorem
9.1. In Theorem 9.1 we assume (without loss of generality) that it is the point zg, of the S-cycle,
that intersects the switching manifold, and Sy = L. For simplicity we also assume 1 € R. In
Theorem 9.1 the BCB of the S-cycle occurs at n = h(u) for g > 0. We omit a proof of Theorem
9.1 which can be achieved by using the implicit function theorem to construct h.

Theorem 9.1. Suppose (1.3) is piecewise-C* (k > 2), S is a periodic symbol sequence of period
n with Sy = L, and

i) 07(0)b(0) # 0;
i) det(Ps(0)) = 0;
”7;) ddet(Ps ( )7&0

w) with ;1 > 0 and n =0, the PWL approzimation (1.4) has a unique admissible S-cycle with
ezactly one point on the switching manifold (x§).

Then there exists a unique C*=1 function h, with h(0) = 0, such that s§5(u, h(p)) = 0, for small
uwe R, Let

F=x—ay(ph(p),  A=n—"hp). (9.1)
Then, locally, the n' iterate of (1.8) is given by

:{ ()i + (Ms(0) + O(u)) Zo + o (| Zoll,7) 80 <0
" c(p)pn + (Mgs(0) + O(u)) &0 + o (%ol 1) » 5020

where ¢ : R — RY is C*=2 and e adj(I — Ms(0))c(0) # 0.

9.2)

z

Since (9.2) is of the form (1.3), we can apply the results of earlier sections to investigate the
dynamics created in the bifurcation n = h(u). For instance, we can classify the BCB using Table
1. Here fixed points and period-two solutions of (9.2) correspond to S-cycles, S°-cycles, and
S0 cycles of (1.3).

It is instructive to apply Theorem 9.1 to the border-collision normal form (5.1). Since (5.1)
has 2N parameters and BCBs are codimension-one, given a periodic symbol sequence S and
the index of the point undergoing border-collision, only a codimension-one subset of all BCBs
are possible for (9.2). General properties of these codimension-one subsets are not known, but
certainly diverse dynamics can be created in BCBs of (9.2).

If a periodic solution is created in the BCB of (9.2) at n = h(u), it is possible that this
periodic solution undergoes a BCB as another parameter is varied. This suggests that we could
apply Theorem 9.1 several times. However, this does not appear to be useful because at each step
we add one codimension. Leonov’s method is a similar nesting concept for obtaining explicit ex-
pressions for parameter values at which periodic solutions of one-dimensional discontinuous maps
undergo border-collision |14, 85, 125]. In this method the parameter values of the bifurcation
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are determined from those of periodic solutions of one less complexity level. 1t is not possible to
usefully apply Leonov’s method to (1.3) without an explicit expression capturing the step from
one complexity level to the next. Such an expression appears to be unavailable for (1.3) with
N > 1.

Finally, it is not helpful to apply Theorem 9.1 to an S-cycle with n < 3. This is because with
n = 1, the S-cycle is a fixed point and cannot intersect the switching manifold of (1.4) for u # 0
while the non-degeneracy condition o"b # 0 is satisfied, see §4.3. If an LR-cycle of (1.4) has one
point on the switching manifold for y # 0 and o"b # 0, then one of the fixed points of (1.4) must
have an associated eigenvalue of —1. For this reason it is more useful to treat the bifurcation as
the loss of hyperbolicity of a fixed point, as in §8.1.

9.2 Rotational symbol sequences

Let ¢,m,n € Z*, with £ < n, m < n and ged(m,n) = 1 (i.e. m and n are coprime). Let
S[t,m,n] : Z — {L, R} be the period-n symbol sequence defined by

L, tmmodn</

Sl m,nl; = { R, immodn >/ (9:3)

As in [173, 175], we refer to a sequence (9.3), and any cyclic permutation of (9.3), as rotational.
Note that S[¢,m,nly = L, and the number of L’s per period is ¢. For example S[4,3,8] =
LLRLRRLR, where, as described in §6.1, to state S we list the symbols Sy---S,,_1.

S[¢, m, n] corresponds to rigid rotation of rotation number m/n on S', where [0,¢/n) C S' is
identified with the symbol L, and the remaining part of S! is identified with the symbol R. For
this reason, if (1.3) has an invariant circle that intersects the switching manifold at two points,
and the restriction of (1.3) to this circle is a monotone increasing circle map, then the symbol
sequence of any S-cycle of (1.3) contained on the invariant circle is rotational. Consequently we
refer to m/n as the rotation number of S[¢, m,n].

Rotational symbol sequences appear to have been first studied by Slater [176, 177| who proved
the “three gap theorem” [3]. In the context of (9.3), this theorem states that for any S[¢, m,n],
there are at most three values for the number of steps between consecutive instances of the
symbol L, and if there are three distinct values then the largest value is the sum of the other two.
For example, S[4,3,8] = LLRLRRLR and the number of steps from the first L to the second
L is 1, from the second L to the third L is 2, and from the third L to the fourth L is 3. By
symmetry the statement remains true when L is replaced by R. Rotational symbol sequences
were studied for circle maps in [167], and applied to a cardiac model in [40]. They are similar to
Sturmian sequences (also called rotation sequences) which correspond to an irrational rotation
number |75, 144, 190, 191].

9.3 Shrinking points

Points at which mode-locking regions have zero width are referred to as shrinking points. Fig. 17
illustrates dynamics near one shrinking point of Fig. 16. Several useful statements can be proved
about mode-locking regions near shrinking points by assuming that the related symbol sequences
are rotational. We can then obtain a qualitative description of the global structure of the mode-
locking regions by extrapolating from shrinking points and assuming no other bifurcations occur.
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Figure 17: A plot of the mode-locking region with m/n = 2/5 of Fig. 16, centred at the shrinking
point corresponding to S[2,2,5] = LRRLR. The boundaries of the mode-locking region corre-
spond to det (Pgw) = 0, for i = 0,...,3, at which the i*" point of an S[2,2,5]-cycle lies on the
switching manifold. Insets show periodic solutions in (s, y)-coordinates, where s and y denote the
first and second components of x € R3. Inside the mode-locking region, the unstable manifold of
the saddle-type periodic solution forms an invariant circle.

The mode-locking regions of Fig. 16 all correspond to rotational symbol sequences, and although
periodic solutions with non-rotational symbol sequences can be created in border-collision bifur-
cations, they appear to be less common and not conducive to the sausage structure [168].

Each shrinking point is associated with a particular rotational symbol sequence, S[¢, m,n]. For
example, in Fig. 17, [¢,m,n| = [2,2,5]. On one side of the shrinking point there exist S[¢, m,n]
and S[¢ — 1, m,n]-cycles, and on the other side of the shrinking point there exist S[¢, m,n] and
S[¢ + 1,m,n]-cycles. On one side of the shrinking point the S[¢, m,n]-cycle is attracting, and
on the other side of the shrinking point either the S[¢ — 1, m, n]-cycle or the S[¢ + 1, m, n]-cycle
is attracting. Consequently, mode-locking regions correspond to attracting periodic solutions
with rotational symbol sequences for which the value of [ changes by one each time we cross a
shrinking point. Throughout a mode-locking region, the rotation number m/n is constant. As
with Arnold tongues of smooth systems [7, 8, 138|, the mode-locking regions are roughly ordered
by the rotation number m/n, and their overall width decreases with increasing n. Additional
bifurcations apparent in Fig. 16 correspond to stability loss of the periodic solutions.

Boundaries of mode-locking regions near shrinking points are BCBs of nonsmooth fold type,
at which the two coexisting periodic solutions coincide and have one point on the switching
manifold. Let d denote the multiplicative inverse of m modulo n. It can be shown from (9.3)
that the coincidence of an S[¢, m,n|-cycle and an S[¢ — 1, m,n]-cycle by there being one point
on the switching manifold is an S[¢, m,n]-cycle for which either x5 or x‘&_l)dmodn lies on the
switching manifold. The coincidence of an S[¢, m, n]-cycle and an S[¢+ 1, m, n]-cycle, is similarly
an S[¢, m, n]-cycle for which either 23, or 2%, lies on the switching manifold, where here and for
the remainder of this section we omit the “modn” for brevity. For this reason, near the shrinking
point the mode-locking region is bounded by the curves det (Pgu) = 0, for i = 0, (¢ — 1)d, /d,
and —d.

The S[¢ — 1, m,n] and S[¢+ 1, m, n|-cycles coincide at the shrinking point. Let Z; denote the
points of this periodic solution, for which

50=0, 5a=0. (9.4)
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In view of (9.4), both %y and 74 may be treated as the 0**-point of an admissible S[¢, m, n]-cycle.
Consequently, every point on the line segment connecting o to Z4 belongs to an S[¢, m, n]-cycle,
and the union of all of these S[¢, m,n]-cycles is an invariant circle in the form of a non-planar
polygon [173|. Since the S[¢, m,n]-cycles are non-unique, by Propositions 6.1 and 6.2 we must
have det(I — Msjgmn)) = 0 and det (Ps[&m’n](i)) =0, for all 4.

Also, as shown in [175], the periodic solution {Z;} satisfies

aS(e-na __ det (I — Msge—1,mn)

il Gl . (9.5)
5—d5(t+1)d det (I — Msie41,mm))
Here we verify (9.5) for an example. Consider the map (5.1) with N =3, yp =1, and
0 62 +0r+2
5R+2
AL = gl , AR = 0 . (96)
— Rr+2
o (0%+20p+2) —0R

For all 65 > 0.5865, approximately, (5.1) with (9.6) has a shrinking point with §[2,2,5]. The
shrinking point shown in Fig. 17 corresponds to this map with g = 2. From direct calculations
of (5.1) with (9.6) we obtain

_ ¢(0r)
det (I — Msp25) = 0r(0g +2)3 (0% + 20+ 2) (9.7)
(0r +1)¢(0r)

53.(0p +2) (0% + 205 +2)°

det (I — MS[3,275}) = (98)

where ¢(dg) is a particular eighth-order polynomial. Also, g = (0, —1, dg), from which the other
points Z; can be computed by simply iterating this point under (5.1), and from which we find

. . 5%(5%—#261#2)2
that both sides of (9.5) are given by <5 =5am—-

Next we look at an unfolding of an arbitrary shrinking point for the PWL map (1.4). In the
following theorem, taken from |173|, we suppose for simplicity that n € R?, the shrinking point
is at 7 = (0,0), and that we can choose coordinates n = (1, 72), such that

det(Ps(0,m2)) =0,

9.9
det (PS(Zﬂ)d (7]1, 0)) =0, ( )
in a neighbourhood of = (0, 0).

Theorem 9.2. Suppose (1.4) is piecewise-C* (k > 3), we have (9.9) for some S[{,m,n] with
2<0<n-—2, and

i) 07(0)b(0) # 0;
’LZ) det([ — Mg[g_Lm’n](O)) 75 0 and det([ — M5[5+17m7n}(0)) 75 0.
Then there exist unique C*~1 functions

d1(m) = —ani +o (n7) Ga(n2) = —cams + 0 (n3) (9.10)
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with ¢y, co > 0, such that

det (Psc-a (m, ¢1(m)))) =0, (9.11)
; .

det (Psaa) (¢2(12),m2)) =

Y

in a neighbourhood of n = (0,0).

Theorem 9.2 explains the local structure shown in Fig. 17. The four BCB curves that bound
the mode-locking region are pairwise tangent at the shrinking point. The inequalities ¢;,cy > 0
imply that as we move away from the shrinking point the left and right boundaries of the mode-
locking region curve towards one another, relative to the curvature of the boundaries on the
other side of the shrinking point. This curvature favours the boundaries reconnecting at another
shrinking point, and thus forming the global sausage structure.

The dynamics associated with shrinking points is structurally unstable. Indeed typical mode-
locking regions of (1.3) with small  # 0 exhibit the overall sausage structure, but have nonzero
width in areas near where the PWL approximation to (1.3) has shrinking points [175]. Numerical
investigations have revealed that nearby shrinking points have similar properties, but this has
not been explained quantitatively. Loci of shrinking points sometimes appear to form a boundary
for chaotic dynamics [172], and it remains to identify the precise mechanism responsible for the
creation, or termination, of chaos in this manner. The invariant polygons that exist at shrinking
points may persist as invariant circles (discussed in the next section) for nearby parameter values.

10 Other dynamics

10.1 Invariant circles

As noted in §2.4, an invariant circle appears to be created at the BCB shown in Fig. 3b. This BCB
may therefore be viewed as a nonsmooth analogue of a Neimark-Sacker bifurcation [172, 203].
Except in special cases (such as shrinking points, §9.3) explicit expressions for invariant circles
created in BCBs are not available. Indeed invariant circles created in BCBs often have an irregular
shape. For this reason it does not appear to be possible to derive a circle map describing dynamics
on the invariant circle by restricting (1.3) to the invariant circle in an explicit manner.
Numerical explorations have revealed that if an invariant circle is created in the BCB of (1.3)
at p = 0 for some value of 7, then the invariant circle typically persists as 7 is varied. We cannot
immediately use normal hyperbolicity |71, 101, 160] to prove the persistence of an invariant circle,
because (1.3) is not differentiable on the switching manifold. As described in [179, 208, invariant
circles for (1.3) can be destroyed via mechanisms that occur for smooth maps [1, 9|, such as due
to a change in the stability of a periodic solution on the invariant circle. For invariant circles of
(1.3) containing two periodic solutions whose symbolic representations differ by one symbol, as
is common throughout mode-locking regions, the invariant circle can be destroyed in a BCB of
the two periodic solutions [179]. In the case that (1.3) is non-invertible, an invariant circle can
be destroyed by colliding with a critical surface (where the range of (1.3) has a fold) [79]. As
discussed in the next section, invariant circles can also be destroyed in homoclinic bifurcations.
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Figure 18: Phase portraits of (5.1) and (5.3) with 2 = (s,y), p =1, dp = 0.5, T = —2, ép = 2,
and three different values of 77, as indicated. In each plot, the fixed point z% is repelling, and
there exists an attracting LLR-cycle and a saddle-type LRR-cycle. The stable and unstable
manifolds of the LRR-cycle are coloured blue and red, respectively. In the middle plot the
LRR-cycle has a homoclinic corner.

10.2 Homoclinic bifurcations

Consider a saddle-type S-cycle of the PWL map (1.4). If the S-cycle has no points on the switch-
ing manifold, then the stable and unstable manifolds emanate linearly from the S-cycle in the
directions of the stable and unstable eigenspaces of Mgu). Globally the invariant manifolds are
PWL, due to interactions with the switching manifold. This property can be exploited to nu-
merically compute invariant manifolds quickly and accurately. For instance, the one-dimensional
invariant manifolds of Fig. 18 were computed via an iterated procedure of identifying points at
which the invariant manifolds intersect the switching manifold, computing images of the inter-
section points, and appropriately connecting the points with line segments.

If the stable and unstable manifolds of an S-cycle develop an intersection under parameter
change, then an orbit homoclinic to the S-cycle is created. For smooth maps, this constitutes
a first homoclinic tangency at which the intersections of the stable and unstable manifolds are
tangential [152|. For the PWL map (1.4), however, near each intersection one manifold is linear
and the other manifold has a corner. For this reason we refer to this phenomenon as a homoclinic
corner. Beyond the homoclinic corner, the stable and unstable manifolds intersect transversally,
implying the existence of topological horseshoes and chaotic dynamics.

Fig. 18 shows an example in two dimensions. An LRR-cycle develops homoclinic connections
as the parameter 77, is increased. It is interesting that since the manifolds are PWL, linear pieces
of the manifolds emanating from the LRR-cycle can be computed analytically, from which it
can be shown that the homoclinic corner occurs at a root of 12875 + 89677 + 248878 + 329277 +
17297} — 3287} — 56677 — 4577, + 34 = 0. This is an example of the general observation that
various calculations that are intractable for smooth maps can be achieved exactly for PWL maps.

For a smooth map, an infinite sequence of “single-round” periodic solutions exists near a
generic homoclinic tangency [86, 87, 88]. Such periodic solutions consist of a large number of
points near the underlying saddle-type periodic solution, and one excursion far from the saddle-
type solution. If the saddle-type solution is more strongly attracting than repelling, then there
exists an infinite sequence of non-overlapping intervals of parameter values, bounded by saddle-
node and period-doubling bifurcations, within which a single-round periodic solution exists and
is attracting.
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Figure 19: A bifurcation diagram of the two-dimensional PWL map of Fig. 18, indicating S[k]
and S[k]%-cycles, where S[k| = LRLLRLL (RRL)*, for k = 1,...,8. These are single-round
periodic solutions associated with a saddle-type LRR-cycle. On the vertical axis we have plotted
n(k)+ sg[k}, where n(k) = 3k+7 is the period of the S[k]-cycle and sg[k} is the first component of

the 0™-point of the S[k]-cycle (and similarly n(k) + sg[k}o is plotted for the S[k]’-cycles). These
quantities are indicated with a solid [dashed| line if the periodic solution is stable [unstable].

In contrast, near the homoclinic corner of Fig. 18 there exists an infinite sequence of BCBs at
which single-round periodic solutions are created, Fig. 19. The periodic solutions created in the
BCBs are unstable (except for the first two BCBs in the sequence). By comparing this bifurcation
diagram to those near homoclinic tangencies of smooth maps, it appears that each BCB can be
interpreted as a nonsmooth amalgamation of saddle-node and period-doubling bifurcations. This
suggests that an infinite sequence of intervals within which single-round periodic solutions are
attracting does not arise near homoclinic corners. A general study of homoclinic corners remains
for future work.

Other aspects of homoclinic corners have been described numerically in nonsmooth math-
ematical models for which they are relatively dominant bifurcations. Numerical-based studies
have revealed that at a homoclinic corner an invariant circle can be destroyed [206, 207|, or a
chaotic attractor can be created |206]. In addition, if the stable manifold of the saddle-type
periodic solution is a boundary of a basin of attraction of a chaotic attractor, the number of
bands in the attractor may change at the homoclinic corner [131].

10.3 Consequences of a lack of invertibility

As explained in §3.4, if det(AL) det(Ag) < 0, then (1.4) is non-invertible. In this case the image of
the switching manifold is a boundary for the range of (1.4), and is referred as a critical manifold.
If det(AfL) det(Agr) < 0, then points on one side of the critical manifold have two preimages and
points on the other side of the critical manifold have no preimages.

The collision of an invariant set of a non-invertible map with a critical manifold is known as
contact bifurcation, and often corresponds to a global bifurcation [140|. For instance if a basin
of attraction is comprised of several disjoint sets, then the number of sets may change when
the basin collides with a critical manifold. A wide variety of contact bifurcations are described
for maps of the form (1.4) in [83, 140, 141]. For (1.4), a contact bifurcation is equivalent to a

38



border-collision (i.e. the collision of an invariant set with the switching manifold).

A repelling fixed point, call it z, has no local stable manifold, yet for a non-invertible map it
is possible that a sequence of preimages of x tends to x, in which case x has a homoclinic orbit.
Under some technical assumptions, x is in this case called a snap-back repeller, and its existence
implies the presence of an unstable chaotic set, as well as infinitely many unstable periodic
solutions [134, 135, 164]. These unstable periodic solutions can themselves have homoclinic
orbits, and for this reason snap-back repellers are associated with a complicated bifurcation
structure akin to that of homoclinic tangles [90]. Snap-back repellers are possible for (1.4) [94],
and thus can be created at BCBs.

11 Special cases and generalisations

11.1 The one-dimensional case

In one-dimension, (1.4) is a skew tent map which we write as

- _Joaritp, 2, <0

Here © = s and the magnitude of p has been scaled to absorb b. Equation (11.1), and other
one-dimensional PWS continuous maps, have been studied by various authors in diverse contexts
[18, 53, 70, 110, 132, 149, 181].

For any choice of parameter values, (11.1) has non-positive Schwarzian derivative on R\{0},
and thus has at most one attractor [128, 139]. Fig. 20 indicates the attractor of (11.1) for x> 0
and different values of a;, and ag. For values of a;, and ay in regions labelled L" 'R, for n > 1,
there exists an attracting L" ' R-cycle. With ay, fixed at 0.25, say, by decreasing the value of ap
we produce a period incrementing cascade: windows of periodicity for which the period increases
by one from each window to the next [13, 34, 99]. Note that a nonlinear scale is used on the
vertical axis of Fig. 20 so that many of the mode-locking regions can be seen.

divergence

=20 divergence

I I L I Qs I I I
-1 -0.5 0 0.5 1 15 05 052 054 056 0.58

Figure 20: Attractors of the one-dimensional PWL map (11.1) for 1 > 0. In regions labelled
L™ 'R, (11.1) has an attracting L"'R-cycle. In regions labelled @,, (11.1) has a chaotic at-
tracting set comprised of n disjoint intervals.
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In regions labelled ), there exists a chaotic set comprised of n disjoint intervals of R. Formally
the existence of a chaotic attractor for (1.4) can be proved by showing that there exists an
attractor that is not a periodic solution |52]. The chaotic attractors exist in open regions of
parameter space. That is, the chaos is robust [21].

In view of the symmetry property (3.12), attractors for u < 0 can be ascertained from Fig. 20
by switching the values of a; and ar. For example with (ar,ar) = (—8,0.25), (11.1) has an
attracting R%L-cycle for p < 0, because in Fig. 20 the point (az,ar) = (0.25,—8) lies in the
L? R-region.

For completeness we provide formulas for the bifurcation boundaries in Fig. 20. For deriva-
tions of these formulas the reader is referred to [132].

The LR-region is bounded by ar = —1 and ap = :té. For each n > 3, the L" 'R-

n—1
l—ay

region is bounded on the left by a locus of BCBs, ap = T and bounded on the right

L

by ar = —az%l, at which the stability multiplier of the L"‘lR—cycle is —1. Just beyond this

bifurcation boundary, the curve ai("_l)a?j{ —ag + arp = 0 bounds @2, and @),-regions, and the

n—1_2 _ 1
curve a; ap +ar — ar, = 0 bounds @),, and Q);-regions.

Next, let 8, = 1, and for all n >0, let B = 26, + XL For all n > 0, Qu and

Qgni1-regions are bounded by a?afr ' + (=1)"(ag — a) = 0. This sequence of curves limits to

the point (ar,ar) = (1,—1).
Finally, the boundary between ); and the lower-right region labelled divergence (in which

(11.1) has no attractor) is the curve ag = . On this boundary the critical point x = 0 maps

to the fixed point a¥ = ﬁ in two 1terat10ns and, as a consequence of kneading theory for

one-dimensional maps [139], (11 1) has an unstable S-cycle for every periodic symbol sequence

S.

11.2 The presence of a zero eigenvalue

As discussed in §2.1, dynamics near a grazing-sliding bifurcation is well-approximated by a map
of the form (1.4) where one of the matrices Ay and Ag has a zero eigenvalue. Also, discrete-time
economics models often involve PWL functions with flat segments [158|, translating to a zero
eigenvalue in either Ay or Ag.

If A; has a zero eigenvalue of algebraic multiplicity 1, then the range of g* is (N — 1)-
dimensional. For the purposes of studying the dynamics of (1.4) that involves both sides of
the switching manifold, it suffices to study orbits of points on this (N — 1)-dimensional surface.
When N = 2, this provides substantial simplification, yet diverse dynamics is still possible.
For instance, (1.4) can have mode-locking regions with shrinking points [183, 184|, and chaotic
attractors comprised of various numbers of disjoint pieces [113].

11.3 The volume-preserving case

Under a C! map, for instance g~ the volume of an arbitrarily small set increases by a factor of
| det(D,g")|. If |det(D,g")| = 1 everywhere, then g” is volume-preserving. Consequently the
PWL map (1.4) is volume-preserving if det(A,) = det(Agr) = 1 or det(Ar) = det(Agr) = —1.
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In each case (1.4) is invertible and so preserves the volume of sets intersecting the switching
manifold.

If (1.4) is volume-preserving then it has no attractors and satisfies the Poincaré recurrence
theorem |194]: for any zy € RY, if the forward orbit {z;} is bounded, then for any neighbourhood
of xg, there exists j € Z* such that z; is an element of this neighbourhood. Studies of (1.4)
with N = 2 in the volume-preserving case have shown that there can exist regions of positive
area within which the dynamics is ergodic [2, 47, 157, 196]. Dynamics with N = 2 in the
volume-preserving case and p = 0 are analysed in detail in |[117, 118, 119].

11.4 The effects of noise

By adding a small random component to an otherwise deterministic system, we can investigate
how uncertainties and noise affect the dynamics. In general, small noise removes delicate dynam-
ics, such as high-period solutions, but retains robust structures, including chaotic attractors. If
the system has multiple attractors, with noise orbits may dwell close to one attractor then shift
rapidly to the proximity of another attractor. Dwell times are roughly exponentially distributed
with mean values that depend on the size of the basin of attraction, and on the strength of
attraction |72, 111].
Here we consider the stochastic perturbation of (1.3)

fE(zipm), s <0 }
Tip1 = + g6, 11.2
o { SR pm), s >0 ¢ (112)

where the &; are identically distributed, zero-mean, Gaussian random vectors, and 0 < ¢ < 1
represents the noise amplitude. Suppose that in the absence of noise, the fixed point x” is the
global attractor of (11.2) and s, < 0. Then for small ¢ > 0, the probability density function
for the value of x; for large i (given an initial point zy near x) is a roughly Gaussian invariant
measure centred at z”. This is because the bulk of the measure lies in the left half-space and so
the switching manifold has little effect. Moreover, lim;_,, E[z;] = 2% 4+ O (¢2) (where E denotes
expectation) |78, 82]. However, if instead s = 0 then the difference between E[x;] and 2% can be
O(e) 96, 97]. In this case the noise effectively pushes orbits of (11.2) in a particular direction,
on average.

Now suppose that in the absence of noise (11.2) has one attractor for p < 0 and two attractors
for 4 > 0, and suppose that with € > 0 we dynamically increase the value of p slowly from an
initially negative value, and look at the behaviour of an orbit. While o < 0, we can expect that
the orbit is located near the unique attractor. However, as p passes through zero, since all three
attractors coincide with the origin at 4 = 0, we cannot say which attractor the orbit will be
located near for 1 > 0 regardless of how small we set the value of €. In this sense the behaviour
of (11.2) is indeterminable as we pass through the BCB. If the rate at which we increase the value
of p is sufficiently slow, the orbit will most likely end up near the attractor that has a longer
mean escape time [64].

For a particular application it may be more realistic to incorporate randomness in the switch-
ing condition, rather than additively as in (11.2). With this formulation the theory of iterated
function systems can be used to prove the existence of an invariant measure [91].
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Figure 21: A bifurcation diagram of (11.3) with ®(z) = tanh(z), fL(z;u,n) = 0.3z + u,
ff(z;p,m) = =102 + g and K = 100. This map represents a smooth approximation to (11.1)
with (ar,ar) = (0.3,—10), which has an attracting fixed point for © < 0, and an attracting
LLR-cycle for > 0, as indicated with solid lines.

11.5 Smoothing

The map . .
Tit1 = 5 (5 (i) + o)) — 3 (fH (i) = f(3) ©(Ks;) (11.3)

represents a smooth approximation to (1.3), where ® : R — R is a smooth function with
lim, 4. ®(z) = £1, and K > 0. The accuracy of the approximation is dictated by the magni-
tude of K. Since (11.3) is smooth, it exhibits familiar classical bifurcations. This suggests that
by studying (11.3) as K — oo we can interpret BCBs of (1.3) as the limit of one or more classical
bifurcations. This is described for discontinuous bifurcations (the continuous-time analogue of
BCBs) in [121, 122].

However, with large values of K the right hand-side of (11.3) has a steep derivative for
s; ~ 0, which causes difficulty for both analytical and numerical calculations. More importantly,
smoothing can introduce new dynamics that is dependent on the choice of the function ®, and
so it is not clear that this approach can be useful for understanding BCBs.

For example, with (ay,ar) = (0.3, —10) the one-dimensional map (11.1) has an attracting
fixed point that changes to an attracting LLR-cycle at the BCB, Fig. 21. For p < 0, 2 is the
only invariant set of (11.1). For x> 0, since (11.1) has a period-3 solution, it also has periodic
solutions of every period [163], and chaotic dynamics [126]. The periodic solutions and chaos are
all generated simultaneously at the BCB.

Fig. 21 also shows a bifurcation diagram of the corresponding smoothed map (11.3) using
®(z) = tanh(z). For this map the transition from period-1 to period-3 requires an infinite
sequence of bifurcations. The map (11.3) has an attracting period-3 solution for all values of
w1 greater than about 0.043. In addition, as shown in the inset of Fig. 21, the smoothing has
generated additional fixed points, as described in [102]. The smoothing of PWS maps has also
been found to eliminate robust chaos by generating windows of periodicity [46].
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12 Summary and outlook

The theory of BCBs provides an important building block for the growing field of nonsmooth dy-
namical systems in which simple and complex dynamical behaviour is generated in fundamentally
different manners to that of smooth dynamical systems. For instance, at a BCB a stable fixed
point can instantly transition to a chaotic attractor. This was observed in DC/DC converters [76]
before subsequently being explained through an understanding of BCBs [54, 198|. Alternatively,
at a BCB a stable fixed point can split into several attractors. All attractors created in BCBs
grow asymptotically linearly in size with respect to parameter change.

Structurally stable invariant sets created in a BCB are captured by a PWL map of the form
(1.4). The nature of the dynamics on both sides of the BCB is determined by the eigenvalues of
the matrices Ay and Ag in (1.4). More precisely, given two maps (1.4) that share the same two
sets of eigenvalues, if both maps are observable and o"b # 0, see §5.4, then the maps are affinely
conjugate (that is, there exists an affine coordinate change that transforms one map to the other
and does not alter the switching manifold).

The simplest invariant sets of (1.4) are fixed points and period-two solutions. There are
four non-degenerate scenarios for the existence and relative coexistence of these solutions, as
determined by two simple conditions on the eigenvalues of Ay and Ag. This is summarised by
Table 1. An analogous classification of other dynamical features for general N appears to be
impractical. Complicated dynamics can occur on one or both sides of a BCB.

Several different mechanisms for the creation of exotic dynamics at BCBs have been reviewed
in this paper. In a neighbourhood of a BCB there may be a unique fixed point that is stable for
all parameter values except at the BCB. This is termed a dangerous bifurcation and is due to the
presence of an attractor at infinity for the PWL approximation to the BCB, §7.5. Mode-locking
regions of attracting solutions generated in BCBs commonly exhibit a distinctive chain structure.
This is due to boundaries of mode-locking regions intersecting at points where a periodic solution
has two points on the switching manifold, and applies to periodic solutions that, at least in a
symbolic sense, correspond to rigid rotation on a circle, §9.3. Infinitely many attractors can be
created simultaneously at codimension-three BCBs for which a periodic orbit has a coincident
homoclinic connection, §7.2, and multi-dimensional attractors are also possible, §7.3.

Many interesting problems remain for future work. Here is a short list of some such problems.

i) A qualitative description of the chain structure of mode-locking regions can be inferred
from Theorem 9.2, but a quantitative description of the global layout of the mode-locking
regions is not known. It would be helpful to understand, for instance, scaling laws that
govern the distribution of shrinking points throughout a generic two-parameter cross-section
of parameter space.

ii) Attracting S-cycles can be created in BCBs in RY for only certain periodic symbol sequences
S. With N = 1 an attracting S-cycle can be found for some combination of parameter
values if and only if S either has at most one L or at most one R, §11.1. It remains to
characterise such periodic symbol sequences for N > 2.

iii) For smooth dynamical systems, homoclinic connections are created at homoclinic tangencies
and are a fundamental mechanism by which chaotic dynamics is generated. Near BCBs,
homoclinic connections are typically created at homoclinic corners, §10.2. These may be
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iv)

thought of as continuous but non-differentiable distortions of homoclinic tangencies, so have
many similarities to homoclinic tangencies, but have not yet been investigated rigorously.

Theorem 8.3 describes the basic bifurcations associated with the codimension-two coinci-
dence of a BCB and a Neimark-Sacker bifurcation in RY. However, even with N = 2,
which is the smallest value of N possible for this scenario, a complete classification of the
associated dynamics is not known. In particular, dynamics relating to the collision of an
invariant circle of (1.3) with a switching manifold, which occurs near this scenario, does
not appear to have been explored.

Dimension reduction via a classical centre manifold analysis is not possible for BCBs. How-
ever, if (1.3) has parameters with varying orders of magnitude, an approximate dimension
reduction might be possible in a manner akin to geometric singular perturbation theory.

We have seen that dynamical behaviour associated with BCBs can be extremely complicated.
For instance, an N-dimensional invariant set can be created in a BCB in RY, §7.3. Yet the
equations that govern the dynamics are merely PWL, and so various calculations that need to
be performed numerically for analogous smooth maps, can here be achieved exactly, albeit often
using computer algebra. For this reason, some aspects of nonlinear dynamics can be explored
analytically when the dynamics is created in a BCB rather than in a classical bifurcation of a
smooth map. A solid framework for understanding BCBs has been established, but as described
above various features remain to be explained. One can also explore generalisations, such as BCBs
for maps on tori, and PWL continuous maps comprised of more than two pieces [33, 84, 133].
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