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Asymptotic Blowup Profiles for Modified Camassa–Holm Equations∗
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Abstract. The infinite-time asymptotic behavior of a modified version of Camassa–Holm equations is studied.
In order to describe the peakon-type solutions of the problem, a family of self-similar solutions of the
second kind is constructed by an asymptotic analysis. Then the asymptotic profiles are compared
to some numerical computations which indicate a curious property of the evolution of the solution
through the asymptotic profiles.
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1. Introduction. In this paper, we study the asymptotic behavior of a modified version
of the celebrated Camassa–Holm equations

(1.1) mt + umx + 2uxm = 0, with m = (I − ∂2
x)ku, x ∈ R

1,

where k ≥ 2 is a positive integer. It is derived as the Euler–Poincaré differential equation on
some Lie group with respect to the Hk metric [15]. This equation with k = 0, 1 corresponds
to the KdV equation and the Camassa–Holm equation, respectively.

In order to study the shallow water waves, Camassa and Holm [7] derived in 1993 the
partial differential equation (PDE)

(1.2) (I − ∂2
x)ut + 2∂xu · (I − ∂2

x)u + u · (∂x − ∂3
x)u = 0,

which is now called the Camassa–Holm equation and is considered one of the most fascinating
PDEs in mathematical physics. Many people have contributed to the well-posedness study
on the whole real line R or on the unit circle S, including Arnold and Khesin [4], McKean
[14], and the references therein. The Camassa–Holm equation admits smooth solutions and
the so-called soliton (peakon) solutions as well.

Following the ideas introduced by Arnold [3], which view the Euler fluid equation as the
geodesic on some diffeomorphism group, Khesin and Misio�lek [11] have proven that the KdV
equation and the Camassa–Holm equation are the equations of the geodesic flow associated
to the L2 and H1 metrics, respectively, on the Bott–Virasoro group D̂s(S) of the unit circle
S = [0, 2π].
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Figure 1. The evolution of Gaussian initial value. The snapshots are taken at equal time intervals.

Now it is natural to ask how the dynamics of the geodesic flows on the Bott–Virasoro
group depends on the Hk metric from which the geodesic equations are derived. This leads
us to our study [15] on (1.1), where we derived the PDE and studied its well-posedness. One
of the results there is the following proposition.

Proposition 1.1. Suppose k ≥ 2 in (1.1). If the initial value m(0, x) ∈ L2(S), then m(t, x) ∈
L2(S) for any finite time t > 0, and there exists a constant C0 depending only on the norm
of initial values u such that

(1.3) ||m||L2 ≤ eC0t||m0||L2 .

Similar results also hold true for the whole line R case [15]. This means that there is
no finite-time blowup for (1.1) if the initial value is smooth enough. This is quite different
from the nature of the Camassa–Holm equation, because we know that for the Camassa–Holm
equation, even some very smooth initial values may lead to the finite-time blowup solution,
i.e., the momentum m may blow up to a δ function in finite time.

On the other hand, one of the most interesting things for the generalized Euler equations
on Lie groups is that they admit the particle solutions, examples of which include the point
vortices in the Euler fluid equations and the peakons in the Camassa–Holm equation. In a
recent survey [10] on this, Holm and Marsden studied the dynamics of the so-called singular
momentum map solutions. The numerical simulations indicate that this kind of solution even
dominates the time asymptotic dynamics of the initial value problems [10]. The authors of
[7, 8] studied the integrable solitons on the real line and Alber et al. studied in [1, 2] the
integrable solitons on the periodic case. In [9], Fringer and Holm studied the behavior of some
integrable and nonintegrable geodesic solitons, i.e., the equation

mt + umx + 2mux = 0, m = Qu,

with different inertia operators Q. They observed the emergence of the singular momentum
map solutions (which they called “pulsons”) in their numerical study, and they also studied
the interactions of these pulsons.

Our numerical simulation for solving (1.1) in [18] strongly suggests that (1.1) has some
solutions that blow up at t = ∞, although it has no finite-time blowup solution. See Figure
1 for the evolution of the solution m with the Gaussian initial value m0. This indicates that,
for the modified Camassa–Holm equation (1.1), the singular momentum map solutions also
dominate the evolution of the confined solutions.
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We use the term weak blowup to describe this kind of blowup at t = ∞, and this paper
is mainly concerned with the asymptotic profile analysis of the weak blowup. We obtain the
asymptotic profiles for the weak blowup, and then we try to understand numerically how the
confined initial value blows up to the δ momentum. Our numerical results agree with the
asymptotic theory, and at the same time they show evidence for quite a curious property on
the asymptotic profiles through which the solution m evolves toward the Dirac δ momentum.

2. Asymptotic PDEs. In general, if we know that an evolutionary PDE has a solution
v(x, t) which blows up at time T and we are to study the (asymptotic) self-similar blowup
profile f for the solution v(x, t) of the PDE, we need to choose an appropriate “similarity
variable ξ,” which may depend on x and t, and a scaled factor φ(t) (may depend on T )
according to the nature of PDE such that when plugging the solution v(x, t) = φ(t)f(ξ)
into the PDE, we can obtain a differential equation of f as t goes to the blowup time T.
The traveling wave solutions of PDEs are closely related to the self-similar solutions which
Barenblatt [5] discussed intensively for PDEs. Here by the term “traveling wave” we mean the
solutions of the form f(x−ct). If one is looking for traveling wave solutions u(t, x) = f(x−ct),
then one can regard ξ = x− ct as a new variable and plug this ansatz u(t, x) = f(x− ct) back
into the PDE to get an ODE in ξ.

For some PDEs, the resulting differential equation on f has a unique (stable) solution
(see e.g., [12, 13] for the generalized KdV equations and [17] for traveling wave solutions of
parabolic systems); then one can use various tools to prove that the solution of the PDEs goes
to the unique steady solution in some sense.

But for (1.1), we will find in this paper that the situation is quite different.
In order to study how the solutions are approaching the blowup profile, we consider the

traveling wave solutions of the form

m(t, x) = φ(t)f(φ(t) · (x− ct))

with a scaling factor φ(t) (we take this form to guarantee
∫
R
m =

∫
R
f). We will first plug this

ansatz into (1.1) to find the right choice of φ(t) and then get the differential equation that f
satisfies.

If G denotes the Green’s function for the operator (1−∂2
x)k, then, for very large φ = φ(t),

we can approximate u by (if we denote ξ = φ · (x− ct), η = φ · (y − ct))

(2.1)

u(y) =

∫
R

G(y − x)m(x)dx =

∫
R

G

(
η − ξ

φ

)
f(ξ)dξ

=

∫
R

(
G0 +

(η − ξ)2

2φ2
G′′(0)

)
f(ξ)dξ + O

(
1

φ3

)
with G0 = G(0)

= G0f0 +
G′′(0)

2φ2
f2 +

G′′(0)

2φ2
f0η

2 − η

φ2
G′′(0)f1 + O

(
1

φ3

)
,

where fi =
∫
R
ξif(ξ)dξ. Here we have used the fact that G′(0) = 0. From (2.1), we have for
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very large φ that

(2.2)
uy =

∫
R

G′
y(y − x)m(x)dx

= G′′(0)(ηf0 − f1)/φ + O

(
1

φ2

)
.

Substituting (2.1)–(2.2) into (1.1), we get a differential equation

(2.3) φf ′ · (φ′η/φ− cφ) + φ′f + 2G′′(0)(ηf0 − f1)f

+

(
G0f0 +

G′′(0)

2φ2
f2 +

G′′(0)

2φ2
η2f0 − G′′(0)

φ2
ηf1

)
φ2f ′ = 0,

i.e.,

(2.4) ηf ′φ′− cf ′φ2 + fφ′ +G0f0f
′φ2 + 2G′′(0)(ηf0 − f1)f +

G′′(0)

2

(
f2 + η2f0 − 2ηf1

)
f ′ = 0.

In order to make this equation balance in φ, we have to assume φ′ ∼ 1 or φ′ ∼ φ2. We will
discuss which assumption suits our need.

• If φ′ ∼ φ2, take φ′ = φ2 as an example; then φ(t) will become infinity at some finite
time, which contradicts with Proposition 1.1. Moreover, if φ′ = φ2, then the leading
term in (2.4) will lead to

ηf ′ − cf ′ + f + G0f0f
′ = 0,

which has only unbounded solutions. This is not of interest to us because we are
looking for some smooth profile. This rules out the choice φ′ ∼ φ2.

• If φ′ ∼ 1 (take φ(t) = t, for example) we can get the case in which we are interested.
See Remark 1 for an explanation on what we can obtain from the general choice
φ(t) = A(t + B) of the solution of φ′ ∼ 1.

Now assume φ(t) = t; then we match the coefficients of ti in (2.4):

t0 :
[
2G′′(0)(ηf0 − f1) + 1

]
f

+

(
G′′(0)

2
f2 +

G′′(0)

2
η2f0 −G′′(0)ηf1 + η

)
f ′ = 0,

t2 = φ2 : −cf ′ + G0f0f
′ = 0.

The leading order term t2(−cf ′ + G0f0f
′) is the limiting (δ function) part of the motion.

If we divide (2.3) by t2 and let t → ∞, then we get −cf ′ + G0f0f
′ = 0, which means the

leading order term determines the speed c of the soliton: c = G0f0. If we denote U(η) =
1
2G

′′(0)f0η
2 −G′′(0)f1η + 1

2G
′′(0)f2, then the ODE for the coefficient in t0 takes the form

(2.5) (ηf)η + fηU + 2Uηf = 0.

This equation is nonlinear and nonlocal (for U depends on the integrals of f), but fortu-
nately it can be explicitly solved as follows.
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Multiplying the left-hand side of the ODE in t0 by η and then integrating it, we find that
f1 = 0. Now that f0 =

∫
R
f =

∫
R
m is a conserved quantity for (1.1), and G′′(0) < 0, so

without loss of generality we can assume f0G
′′(0) = −1. Then f2 turns up as a parameter. In

order to simplify the notation, we introduce a parameter a out from f2 by f2G
′′(0) = −1−a−2;

then we have

(2.6) (−2η + 1)f +
1

2
(2η − η2 − 1 − a−2) · f ′ = 0,

and so
df

f
=

−2(2η − 1)dη

(η − 1)2 + a−2
;

then

−df

f
=

2 + 4(η − 1)

(η − 1)2 + a−2
dη =

2

(η − 1)2 + a−2
dη +

4(η − 1)

(η − 1)2 + a−2
dη.

From this we have

(2.7) f(a, η) = C(a) · e
−2a[arctan(a(η−1))+π

2
]

((η − 1)2 + a−2)2
.

We can find, with the help of the software Mathematica, that∫ +∞

−∞
fdη =

C(a)a2

4

1 − e−2aπ

a2 + 1
,

∫ +∞

−∞
η2fdη =

C(a)

4
(1 − e−2aπ).

If we take

C(a) = − 1

G′′(0)

a2 + 1

a2
· 4

1 − e−2aπ
,

then f does satisfy the conditions f0G
′′(0) = −1, f2G

′′(0) = −1 − a−2. The limit of (2.7) is

(2.8) lim
a→+∞ f(a, η) = f̃ =

⎧⎨
⎩

−4

G′′(0)
(η − 1)−4e

2
η−1 if η − 1 < 0,

0 if η − 1 > 0.

Here in (2.7), we have taken an integral constant C(a)e−aπ in order to guarantee the limit
function f̃ ∈ L1(R). It is easy to verify that f̃ is a solution to (2.5), too, and we call this
solution the limit steady solution. The steady solutions with G being the Green’s function of
(I − ∂2

x)2 are depicted in Figure 2.
Some remarks are in order at this stage.
Remark 1. The general solution to φ′(t) ∼ 1 is

φ(t) = A(t + B)

for arbitrary constants A and B. If we take A = 1, then we still have the same asymptotic
equation as (2.5) even if we take B �= 0. So the introduction of an arbitrary constant B
does not change the asymptotic stationary equation. Now if we take φ(t) = At, then the
asymptotic stationary equation reads

(2.9) A(ηf)η + fηU + 2Uηf = 0
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Figure 2. The steady solutions to the asymptotic equations.

with U(η) = 1
2G

′′(0)f0η
2 + 1

2G
′′(0)f2. However, due to the special form of (2.9), we can see

that with the stretching transform η 	→ αη, f 	→ αf (and correspondingly f2 	→ α2f2, U 	→
α2U, Uη 	→ αUη) with α = A, equation (2.9) is transformed into (2.5). This means that the
real asymptotic profiles are a two-parameter family: one parameter a is for the shape of the
profile, and the other one α (or A) is for the spatial stretching factor.

Remark 2. There are two very interesting features of (2.5).
• Equation (2.5) is a nonlinear differential equation, so in general we cannot multiply or

divide the solution by a constant to get a solution. But once we know f0 is fixed from
the conservation law of (1.1), then f2 (or a) turns out to be a parameter defining the
shape of the solution, and (2.5) can be solved explicitly.

• The other interesting point here is that there is a family of one-parameter self-similar
blowup profiles (or a family of two-parameter profiles for (2.9)), unlike in most familiar
cases where only a unique profile exists [12, 13, 17]. This is what Barenblatt called a
self-similarity solution of the second kind in [5], which means that one cannot obtain
this kind of solution only by dimensional analysis.

Now that we have the asymptotic stationary profiles, can we say something about the
asymptotic evolution of the solution to (1.1) toward the profiles in an intrinsic slow-time
scale? That is, if we take m(x, t) = tf(t(x− ct), τ), with a time scale factor τ = g(t) (here we
again omit the stretching factor A in m(x, t) = Atf(At(x− ct), τ)), then we can do the same
things as before:

(2.10) stfξ · (η/t − ct) + f + tfτg
′(t) + 2G′′(0)(ηf0 − f1)f

+

(
G0f0 +

G′′(0)

2t2
f2 +

G′′(0)

2t2
η2f0 − G′′(0)

t2
ηf1

)
t2fξ = 0.

This means that if we want to take fτ into the equation, we have to take g′(t) = 1
t , that is,

g(t) = ln t. Then we have the following asymptotic slow-time PDE (the self-similar case):

(2.11) fτ + (ξf)ξ + Ufξ + 2Uξf = 0,
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where U = G′′(0)
2 (ξ2f0− 2ξf1 + f2). It is easy to verify that f0 is independent of t, from which

we can assume f0G
′′(0) = −1 in order to simplify the calculation.

The numerical simulation strongly suggests that the steady solutions (2.7) and (2.8) are
stable for the asymptotic equations (2.11) and are stable asymptotic solutions to (1.1) (here
we use the term “stable asymptotic solutions” to mean that the solutions of (1.1) tend to the
family of “steady solutions” (2.7) and (2.8), but we have to point out that (2.7) and (2.8) are
not the steady solutions of (1.1), although they are the steady solutions of (2.11)).

3. Boundary conditions for the inner problem via matched asymptotic expansions. If
we linearize (2.11) around the steady solution f by a small perturbation f + εh(τ, ξ), we get
the linearized equation on h

(3.1) hτ + [(U + ξ)h]ξ + Uξh + (Wf)ξ + Wξf = 0,

where U = G′′(0)
2 (f0ξ

2 + f2), W = G′′(0)
2 (h0ξ

2 − 2h1ξ + h2), and hi =
∫
ξih(ξ)dξ. Multiplying

(3.1) by ξi, i = 0, 1, 2, and integrating by parts, one can easily find that

(3.2)
dh0
dτ

= 0,
dh1
dτ

= h1,
dh2
dτ

+
G′′(0)

2
(h0f + f0h)ξ4

∣∣+∞
−∞ = 2h2.

We can see that some characteristics of (3.1) cannot reach the ξ axis (i.e., τ = 0) (see
Figures 3 and 4), so if we want to solve (2.11) (or 1.1) reliably, we need some appropriate
upstream boundary conditions f(τ, ξ0) for some large ξ0; for example, we need as the upstream
boundary condition

(3.3) lim
τ→∞ f(τ, ξ0) = 0 for very large ξ0

in order that the small perturbations from the upstream do not affect the solution in the inner
region, i.e., where ξ ∼ O(1), by the propagation along the characteristics.

Up until now, we have taken ξ = t(x − ct), with c = G(0)f0, as a new variable, which
means that we concentrate on the region where the bump is supported and which is getting
thinner as t increases. Now we are going to obtain some upstream boundary conditions for

0       ξ0 
ξ

Characteristics at the general steady solutions

Figure 3. Characteristics of the linearized equations around the general steady solutions.
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Figure 4. Characteristics of the linearized equations around the limit steady solution.

(2.11) and (3.1), that is, the boundary condition for very large ξ, where the so-called matched
asymptotic expansion method comes in.

The technique of matched asymptotic expansion concerns different differential equations
in two regions known as the “fine scale” (or inner) region and the “coarse scale” (or outer)
region, matching the boundary condition on the “common” boundary (see [5] and [16], etc.,
for details). The multiscale asymptotic expansion is very subtle. One has to be very careful to
choose the inner/outer variables in order to have the useful relations. If one chooses a wrong
scale, then the resulting equations may not make sense or may contradict each other. The
key point is the scale under which the problem is considered or, in other words, what limit
process is of interest to us. Specific to our problem here, we can think of the region A with
the variable ξ = t(x− ct) as the inner region (with ξ = O(1)) and think of the region out of A
as an outer region with another, much coarser, variable, for example, z = x− ct = O(1). Now
that we need the up-stream boundary condition for f(ξ, τ) or h(ξ, τ), we can think of this as
the boundary condition at z → 0+ of the outer region equation as t → +∞ (see Figure 5).

So we introduce z = x− ct as a new variable and have another approximation for u(x) in
(1.1) (when t is very large, while we think z = x − ct = O(1), because now we are in the z
coordinate):

(3.4)

u(y) =

∫
R

G(y − x)m(x)dx

=

∫
R

G

(
y − ct− ξ

t

)
f(ξ)dξ if m(x) = tf(t(x− ct)), ξ = t(x− ct), c = G0f0

≈ G(y − ct)f0 − 1

t
· · · ,

and so in a moving frame (which means we can let z = x− ct denote the relative position of
the point x with respect to the point where the Dirac δ function is supported, and consider
m as a function of z : m(t, x) = n(t, z) = n(t, x − ct)), m(0, x) = n(0, z) = n(0, x) and
mt = nt− cnz. If we denote v(z) = (G(z) −G0)f0, then v(z) = u(x)− c, vz = ux, and we can
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Figure 5. A schematic illustration of the inner and outer regions. As t → ∞, any bounded interval of the
ξ-region corresponds to a point in the z-region.

approximate (1.1) (in the region where t is large enough and z = x− ct = O(1)) by

(3.5) nt + vnz + 2vzn = 0.

If we take f0 = 1 just for simplifying the notation, then v(z) = (G(z) −G0)f0 = G(z) −G0.
It is easy to find that the characteristics curve z = F (t, z0) for (3.5) is defined by

(3.6)

∫ z

a

1

G(x′) −G0
dx′ = t +

∫ z0

a

1

G(x′) −G0
dx′,

where

a =

{
1 if z0 > 0,

−1 if z0 < 0.

z = F (t, z0) means that the curve starting from z0 at t = 0 gets to z at time t, so it is clear
that z0 = F (−t, z).

From this, one can solve (3.5) explicitly:

(3.7)

n(t, z) = n(0, F (−t, z))

(
G0 −G(F (−t, z))

G0 −G(z)

)2

= m(0, F (−t, z))

(
G0 −G(F (−t, z))

G0 −G(z)

)2

= m0(F (−t, z))

(
G0 −G(F (−t, z))

G0 −G(z)

)2

,

where z = F (t, z0) is the characteristics curve.
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G′′(0)x

α + x
G0

Figure 6. Asymptotic for the function f(x) ≡ − ∫ x

1
1

G(x′)−G0
dx′.

Now we are going to use the limit of m(t, z) as t → +∞ and z → 0+ as the boundary
condition of the outer region with (z, t) coordinates and then transfer this limit to the upstream
boundary condition of the inner region with (ξ, τ) coordinates.

In order to do that, we need to find the asymptotic expression of m(t, z) as z > 0 very
small and t is large enough; i.e., we are interested in the case z → 0+ and t → ∞ such that
ξ = zt = t(x − ct) > 0 very large. We are concerned with how fast the initial value m0(z0)
decreases as z0 → +∞ can guarantee that the upstream boundary conditions of f(ξ, τ) tend
to 0 as τ → +∞, and so we consider the situation where z0 → +∞, z → 0+, t → +∞. In
this case, taking into account that G(z) = G0 + 1

2G
′′(0)z2 + o(z3) for z > 0 small enough and

G(z) → 0 as z → +∞, we have

−
∫ z

1

1

G(x′) −G0
dx′ ≈ 2

G′′(0)z
is negatively large as z > 0 small enough,(3.8)

−
∫ z0

1

1

G(x′) −G0
dx′ ≈

(
α +

z0
G0

)
is positively large as z0 large enough(3.9)

(see Figure 6). On the other hand, from (3.6) and (3.8), we have

−
∫ z0

1

1

G(x′) −G0
dx′ ≈ 1

z

(
tz +

2

G′′(0)

)
,
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which, together with (3.9), gives us that z0 ≈ G0
z (tz + 2

G′′(0)), and

(3.10)

m(t, x) = n(t, z) = m0(z0)

(
G0 −G(F (−t, z))

G0 −G(z)

)2

≈ G2
0

(G0 −G(z))2
m0

(
G0

z

(
tz +

2

G′′(0)

))
.

This approximation holds true for t large enough and z > 0 small enough. Now we will
match this m(t, z) to the upstream boundary condition of f(ξ, τ). Notice G(z) − G(0) =
G′′(0)

2 z2 + o(z3) as z → 0+, so the estimate (3.10), together with m = tf(ξ, τ), τ = ln t, ξ = zt,
yields that for large ξ and τ ,

(3.11) f(τ, ξ) ∼ e3τξ−4

(
2G0

G′′(0)

)2

m0

(
G0e

τ + 2
G0e

τ

G′′(0)ξ

)
.

This gives an f(τ, ξ) such that limτ→∞ f(τ, ξ) = 0 as long as the initial m0(x) = o(x−3) as
x → +∞. We call this f(τ, ξ) for large ξ = ξ0 the upstream boundary condition for the inner
problem (2.11). From the above derivation, we can see that (3.3) is satisfied as long as the
initial value m0(x) decays fast enough as x → +∞.

4. The family of steady solutions. Now we turn to the numerical simulation. Take
k = 2 in (1.1) as an example (the numerical simulation for (2.11) presents similar results).
We found that the real profile for the confined initial value seems to be approaching the
asymptotic profiles very quickly, as shown in Figures 7–9. In these figures, the differential
equation (1.1) is solved by the box scheme with a moving frame; i.e., we use u − maxx(u)
as our velocity function u in the simulation and concentrate on the region where the blob is
mainly supported. This region is [0, L] = [0, 4], with n = 480 grid points, dt = 0.002, and the
initial value m0(x) = 8e−64|x−2|2 , which implies that (3.3) holds true. The solid line of the
top plot of each figure stands for the real solution m(x, t), and then we use the nonlinear least
square method to solve a parameter optimization problem to find the closest profile (hence
the shape parameter a) from the family

(4.1) a3e
a4 exp(−2a2 arctan(a2a3(x− a1)))

((a3(x− a1))2 + a−2
2 )2

,

with four parameters ai, i = 1, . . . , 4: a1 is a constant whose introduction is due to the space
translation symmetry of (1.1); a2 is the shape parameter a in the previous sections; a3 is the
spatial scaling factor, i.e., the constant A in Remark 1 of section 2 (in other words, we think
Cf(Cx) and f(x) stand for the same profile in the family); and a4 is the height scaling factor,
and the introduction of a4 means that we care about only the profile of the solution and not
the height of the solution, which is due to the time translation symmetry of (1.1) (in other
words, we identify Cf(x) with f(x) in the profiles). The dotted line in the figures corresponds
to the best-fit profiles. We can see from Figure 1 and Figures 7–9 that the Gaussian initial
value evolves very quickly to the family of steady solution profiles. Then it does not stay at
any steady solution; instead, it wanders in this family of steady solutions (see the evolution of
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Figure 7. Fit of the solution to the family of profiles: The equation is solved by the box scheme with a
moving frame. Starting off from the Gaussian initial value, the solution is soon almost indistinguishable from
the best-fit profile. Grid number n = 480.

a in Figure 10). If we go a little bit further on how the shape parameter a evolves, we observe
an interesting phenomena: a steadily increases for a while, and then it stops increasing at the
moment when the scaled m starts to wiggle (see Figure 9 and the blue curve in Figure 10 for
n = 480), which means that at this stage the resolution of m is not fine enough to find a good
best-fit approximation from the asymptotic family. If we change the resolution of the space
grid, we can find that this change does affect a (see Figure 10), and it seems to indicate that
the limit asymptotic profile (2.8) is most likely the stable profile for (1.1), although we have
not found rigorous proof for that.
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Figure 8. Fit of the solution to the profiles. Grid number n = 480.

Figure 11 is about the prediction of the constant velocity of the traveling wave; the real
velocity u is quite close to G(0)

∫
f (which is f0/4 for (I − ∂2

x)2) after a short time period.
We can see that some of the initial mass is left behind or smeared out of the interval where
our numerical simulation continues to dwell. If we change the value A in the initial value
m(x, 0) = A exp(−A2|x|2), we observe that as A gets bigger and bigger, the velocity gets
closer and closer to G(0)m0.

Our numerical simulations agree with our asymptotic analysis in section 2. But we have
to admit here that we have not yet rigorously solved this problem. For example, we have
not found a rigorous proof that the (limiting case) δ momentum solution is (asymptotically)
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Figure 9. Fit of the solution to the best-fit profiles: The solution is getting concentrated on a narrower
region as t increases. From t = 40.0, the grid is not fine enough in the support region in order to obtain a decent
solution and the graph starts to wiggle, as can be seen from the plot of the scaled m. Grid number n = 480.

stable for either (1.1) or (2.11), although the numerical evidence indicates so. Here are some
reasons why we have not found a rigorous proof:

• Analytically, both the original PDE (1.1) and its slow time asymptotic PDE (2.11)
are nonlinear and nonlocal, and they are not really hyperbolic equations. In general,
when talking about the stability of a steady solution, we need some nice properties
such as the dissipation or some sufficient number of conserved quantities to prove that
the solutions of the PDE evolve to the steady solution in some sense, but the PDEs
(1.1) and (2.11) do not have such nice properties. We have studied the four-particle
systems corresponding to (1.1) in [18] and obtained that only one Lyapunov exponent
is positive, which indicates that there may be another conserved quantity in addition
to

∫
u and

∫
um, and it might help to prove the stability of the steady solution if we

had the third conserved quantity.
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Figure 11. The velocity of traveling wave and G(0)m0. The simulation is for (1.1) with initial value
m(x, 0) = 8 exp(−64|x− 2|2); the simulation interval = [0, 4].

• Numerically, the features of (1.1) and (2.11) prevent us from reliably resolving the
stability of steady solutions: (a) The coefficients of (2.11) depend on fi, i = 0, 1, 2.
We know the solution f(η, τ) of (2.11) behaves like (2.7) or (2.8) after some time,
which means for some τ0 > 0,

f ∼ η−4 for |η| large, τ > τ0.

This incurs an O( 1
L) error when we replace f2 =

∫∞
−∞ ξ2f(ξ)dξ with the evaluation of
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f2 =
∫ L
−L ξ2f(ξ)dξ in the simulation. This error in the coefficients will take over the

true solution. (b) The nature of the weak blowup of (1.1) laid a barrier to numerically
solving (1.1) for a long time. As time increases, the solution, mainly supported in a
narrower and narrower region, becomes larger and larger. So, if we use a fixed-grid-
number approach, no matter how big the grid number we choose, the resolution of the
grid is not fine enough to get a decent solution after some time. See Figure 9, where we
choose n = 480 grid points; the grid is not fine enough after t = 40.0. (c) If we use a
moving frame in the simulation, then we concentrate on the very narrow region where
the bump is supported, which is good. But a moving frame means that we are not
capturing the correct upstream boundary conditions. It seems that it would need the
adaptive grid method used by Budd and Williams [6] which we could not get to work.

From the numerical simulations, we make the following conjectures:
• The two-parameter family of the steady solutions is exponentially stable; every initial

value not in but close to this set will tend to it very quickly and then wander along
this set.

• If the initial value m(x, 0) is zero for all large x > 0, then the profile of the solution
will tend to the limit steady solution (2.8).

• If m(x, 0) is zero for all large x > 0 and there is a small perturbation h(x0, t) at some
large x0 with h(x0, t) → 0 as t → ∞, then the solution will track this perturbation
and tend to the limit steady solution (2.8) as t → ∞.

Remark 3. For the Camassa–Holm equation

mt + umx + 2uxm = 0 with m = (1 − ∂2
x)u, in R,

we have G(x) = 1
2e

−|x| and G′(0) does not exist. However, using tricks similar to those used
before, we can obtain the asymptotic stationary equation for the profile of m(t, x) = φ(t)f(φ(t)
(x− ct)) :

(4.2) (4f3 − ffη)fηηη + 2ff2
ηη − (f2

η + 22f2fη)fηη + 21ff3
η = 0 for η ∈ R.

See [18] for details. But this time we are not so lucky as before, as we cannot find the explicit
solutions for this equation.

5. Conclusions. We have reported a new phenomenon on the blowup profiles for a mod-
ified Camassa–Holm equation (1.1). For (1.1), we have obtained the asymptotic steady equa-
tion and its related slow-time self-similar PDEs and found a family of two-parameter steady
solutions for the asymptotic steady equation. The standard approach to blowup in both
Hamiltonian and parabolic PDEs is to find self-similar solutions in similarity variables based
on Lie symmetries of the PDEs, but in this paper, we do not use Lie symmetries. We used the
matched asymptotic expansion to get some upstream boundary conditions for the evolution
of the solutions in the inner regions. After that, we presented a numerical simulation which
shows how the confined initial values evolve toward the Dirac δ momentum: the profile of the
solution approaches the family of asymptotic steady solutions very quickly and then it seems
to wander through in this family (to the limiting case profile). This is the first time we have
seen such a phenomenon in the study of nonlinear PDEs: the PDE has nontrivial dynamics
even en route to blowup!
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