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1. Introduction

In 1991 Moser and Veselov published a memorable paper [12] in which they
described discrete versions of several classical integrable systems, among which,
the rigid body (RB). The integrability of these discrete maps was shown with the
help of a Lax pair representation corresponding to a factorization of certain matrix
polynomials.

There is a large interest in the computational community toward good methods
for the integration of the RB equations, since they arise naturally in a number of
applications, for instance, celestial mechanics and molecular dynamics. RB equa-
tions are used here to follow particles (planets, atoms, molecules, etc.) in between
other body—body interactions. It is of fundamental importance that some qualita-
tive features of the system under consideration are preserved under integration,
for instance, energy. However, in recent years it has become clear that numerical
preservation of energy alone is not enough to obtain “good” qualitative descrip-
tions of the system. Other properties like symplecticity and time reversibility have
been shown to produce a favorable propagation of errors, hence better numerical
methods, especially when interested in long-term time behavior.

Another interesting aspect of the work of Moser and Veselov is that their ap-
proach is based on the theory of discrete Lagrangians, which has become apparent
in the computational mechanics community (see, for instance, Marsden and West
[10] and references therein) because the methods derived by this approach naturally
inherit the symplectic structure of the system under consideration, they preserve
the discrete Lagrangian, preserve momentum, and preserve energy. However, this
approach also has some major drawbacks:

(i) it is difficult to obtain numerical methods of an order higher than 2,
(1) it is usually difficult to estimate the numerical error; and
(iii) the derived methods (with a few exceptions) are highly implicit, hence
computationally expensive.

In fact, the DMV algorithm for the 3 x 3 RB is an exception, since, as we shall see
in the sequel, it can be implemented as an explicit numerical method for the re-
duced dynamics (in body coordinates). In passing, we mention that a second-order
accurate equivariant exact energy-momentum conserving symplectic algorithm
for the RB was proposed by Lewis and Simo [8]. Although this algorithm cor-
responds to DMV for the reduced dynamics and has the same reduced discrete
variational interpretation, it has a different configuration update, which renders
the two algorithms, for the full dynamics, different.

Motivated by this, in this paper we revisit the DMV algorithm for the reduced
RB equations (body coordinates) and analyze it as a numerical algorithm for their
time integration.

The original DMV is a second-order integrable method but, unfortunately, it has
a large error constant, so that it is not competitive with other numerical algorithms
(like the splitting method of McLachlan [11], which is second-order, explicit,
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reversible, and norm-preserving, or the implicit midpoint rule (IMR), which is
second-order, norm- and energy-preserving for this problem but implicit, though
remarkably accurate) which are nowadays widely used for the integration of the
RB.

Using tools dear to numerical analysis, like backward error analysis, we are
able to construct a modified vector field which is integrated by the DMV up to order
6 and describe a general procedure for obtaining higher-order approximations. The
study of the modified vector field for the 3 x 3 RB reveals that the DMV algorithm
solves a time reparametrization of the original RB equations. This observation is
hence used to “preprocess” and “postprocess” the initial condition of the original
DMV algorithm so that a fourth- and sixth-order method are obtained, adding
only a tiny percentage to the total expense of the original DMV algorithm! These
observations also hold for the RATTLE methods for the RB, which is shown to
be equivalent to the DMV algorithm. Remarkably, for the 3 x 3 RB, the DMV
algorithm can be implemented as an explicit method, without losing any of its
original integrability.

The present paper is organized as follows. In the rest of this Section 1 we
describe briefly the connection between the DMV algorithm and the discrete La-
grangian approach. In Section 2 we study the modified vector field of the DMV
algorithm deriving the components f3 and f5 explicitly and sketching the proce-
dure for the higher-order components. In Section 3 we focus on the case of the
3 x 3 RB equations and obtain explicit expressions for f3 and f5 as a constant times
[M, 2]. These constants are then used in Section 4 to rescale the initial condition
in order to obtain numerical approximation of order 4 and 6, respectively (DM V4,
DMV6). In Section 5 we discuss the behavior of the methods DMV, DMV4, and
DMV6 as function of the step size h of integration. In Section 6 we establish
the equivalence of the RATTLE method for the RB with the DMV algorithm and
conclude that the scalings for order 4 and 6 for DMV can be used to improve
RATTLE in an analogous fashion. In Section 7 we present some numerical exper-
iments illustrating the results presented in this paper. In Section 8 we discuss the
full dynamics of the RB, including the configuration update. The algorithmic up-
date of the configuration does not correspond to a simple time reparametrization,
therefore the whole algorithm (momentum in body coordinates plus configuration)
is an overall order 2 method. However, for certain values of the initial condition
and the inertia matrix, it is possible to expect substantial error reduction by using
a higher-order DMV on the reduced dynamics. Finally, in Section 9, we describe
the explicit algorithm used to implement the DMV in this paper.

1.1. The DMV via the Discrete Lagrangian Approach

Moser and Veselov [12] consider the functional S(X) determined by

S =Y XX, (1.1)
k
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where X = {X;} with X; € O(N) and J is a symmetric matrix. To obtain the
stationary points of S, they take constrained variations

1
Y (XX - 5 > (Ae(X X[ = 1)),
k k

(where Ay = A} is a Lagrange multiplier), so that §S = 0 becomes
X1 + Xe1J = A Xy,

from which, multiplying by X,;r on the right and taking into consideration the
symmetry of Ay,

XX + X JX] = Av = Al = XiJ X[ + XuJ X/, (1.2)
hence, the discrete analog of the angular momentum in space,
my = Xi I X, — X1 I X

is conserved.

In the body variables, setting wy = XkTXk,l €O(N) and M; = X,j_llkak,l =
wkTJ — Jwy € so(N)* (angular momentum with respect to the body), (1.2) be-
comes

.
My = oMoy, ,

(1.3)
M=ol J — Jox.

the discrete Euler-Arnold equation.

What is the relation between the discrete Lagrangian (1.1) and the Lagrangian
of the continuous RB equations?

Let us consider the continuous RB equations in body coordinates [2],

M =[MQ, M=QJ+JQ, (1.4)

where M is the angular momentum and €2 the angular velocity. M and 2 are skew-
symmetric matrices and J is a diagonal matrix with positive entries, the inertia
operator. The Lagrangian of the continuous RB equations is the kinetic energy,

L=1u(@™M) = iu(-Q%] — QJIQ) =w(QTJQ), (1.5)

where we take into account that Q7 = —& and that the trace is invariant under
cyclic permutations. Following Marsden et al. [9], discretize Q = g~'g, where
g € SO(N) is the configuration of the body, using a finite difference approximation
of the derivative,

. 1
Q=g'g~ E81<T+1(gk+1 — 8k)s gks 8k+1 € SO(N),
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which gives

1
L~ ﬁtr(J — 8 81 — Tgl 18k — 8L 8k+1T 814 180)-

Due to the orthogonality of the g;’s and the cyclicity of the trace, the first and last
terms cancel and, moreover, we can write

2 T
L~ _ﬁtr(gk-]gk-i-l)-

Up to a scaling factor, this is precisely the discrete Lagrangian (1.1) whereas X;
is replaced by g;.

1.2.  The DMV Algorithm for the RB Equations

Assume that we wish to solve the RB equations (1.4) in the interval [#y, #,], where
t, = to + kh, h is the step size of integration, and M is the initial condition.
Without loss of generality, the matrix J is assumed to be diagonal with positive
entries.

The DMY algorithm:

1. Set My := M (ty)h.
2. Fork=0,1,...,n—1,
find the unique w; with the properties below such that M;, = a),;r J—=Jowg
set My = a)kMka),j
end
3. Reconstruct M,, := M,/ h =~ M(t,).

In Step 2 one has to solve, time and again, the Moser—Veselov equation
M=0"J-Jo, (1.6)

where M is a skew-symmetric matrix and J is diagonal with entries Ji, J3, ..., Jy,
for the unknown orthogonal matrix w. The Moser—Veselov equation (1.6) does not
have a unique solution; however, if the set S of eigenvalues A; of W = ' J admits
a splitting S = S U S_, with

S, =38, S_=5_, S_=-8,, S, NS_ =0, (1.7)

then there exists a unique @ = J~!'W T that satisfies (1.6), with spec W = S,
[12]. We recall that the eigenvalues A are all the solutions of the characteristic
equation

P(\) =det(A’] —AM — J?) =0. (1.8)
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For the 3 x 3 RB,

—PW) =2 =2 (T I+ JF —mi, —mi 5 —m3s)
+ W (LTI 4305 —mi o5 —mi 07 —m3 3 J7 ) = T I3 T3

Due to the skew-symmetry of M, P(A) = P(—A), which implies that, introducing
the auxiliary variable . = A2, P(u) is a polynomial of degree 3,

—P(u) =’ = (S + I3+ I3 —miy—mis—m3s)
+ 1 (I + R 40305 =mi 505 —m 305 —m3 3 J7) = I J5 T3
= 1+ ap? +aipn + ap,

whose roots can be explicitly found (see Abramowitz and Stegun [1, p.17]). Once
1, W2, and p3 are determined, we recover the A;’s by

)‘-ii:i«/ﬂi’ l=1,2,3

It must be noted that the coefficients of P(A) are invariants, since the matrix J
is constant, |ml[|3 = m7{, + m] 5 + mj, is a Casimir of the system and H, =
m3 ,J3 +m3 3J5 +m3 3 J} is a combination of the Hamiltonian H and |m||; (see
also Sections 3 and 5). Therefore the computation of the roots A; can be done once
and for all (before Step 2), even if the matrix M, changes at each step. This is
also true for a general dimension N of the system and is a consequence of the
isospectrality of the flow [12].

Having computed the A;’s, one can then proceed to the computation of the
matrix W by solving for eigenvectors corresponding to the A;’s having positive
real part, hence w = J —IWwT is constructed for each iteration k. We refer to this
method as the direct method and it is essentially described in [12].

The matrix w can also be computed indirectly, via Schur real forms, as proposed
by Cardoso and Leite [3]. This approach, and our explicit approach, is described
in greater detail in Section 9.

2. Modified Vector Field of the DMV

In this section, we consider the discrete Moser—Veselov (DMV) algorithm for the
dynamics of the rigid body (RB),

Mk = a)kTJ — ]a)k, Mk+1 = a)kMka)kT, (21)

and assume that o, =~ I — hQ(#), tx = ty + hk, where Q(#) is the angular
momentum of the continuous RB equation at time ¢ = #.
Setting

M1 = ©p(My) = My + h[My, ] + h*dy + hds + hdy + -+, (2.2)
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we look for a modified vector field (see, for instance, Hairer et al. [6]),

M =M, Q)+ hfr(M, Q)+ R (M, Q) + WM, Q) +---,  (2.3)
such that ®;, (M) equals the solution M (tr+1) attime ty41 = to + (k 4 1)h of the
modified vector field (2.3).

2.1.  Deriving the Map ®;,(M})

To arrive at formulation (2.2), we write

o = exp(—hSQp — h>Q — h3H — h*Qs — W3 + -+ ), (2.4)
where Qp, 1, €7, ..., are skew-symmetric matrices computed so that
ol J = Jop = h(Q1)J + JQ2Un)). (2.5)

Next, we expand My, = &, (M}) in (2.1) in terms of powers of / using the series
expansion for wy. Finally, comparison of the Taylor expansion of the solution of
(2.3) and (2.2) allows us to derive the expressions for the f;’s,i =3,4,5,...,in
(2.3).
We commence by expanding wy in powers of &,
we=1—hQ+h*(—Q + 3Q)
+ 1 (=2 + 5 (0 + 21R0) — Q)
1
+ (=D + (@ + Q0 + Q)
1

1
-3 (szgszl + Q02 Q0 + 220 + Eszg)

1
+n <—Q4 + 5(9390 + Q12 + 221 + 20023)
1
= 37 (209 + Q2 + Qo0 + 2 + Q1 + 22
L 3 2 2 3 L s
+I(QOQI + Q52120 + 02125 + 212 — 590
+ Oh). (2.6)
Substituting in (2.5), we obtain

h(Qt)JT + TQUt)) = h (R + Q) +h*( QT + Q) + 2(Q3T — TQ)
+ W3 (T + T2 + Q02 + Q1) J]
+ QI+ IR) + -
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Table 1. M and its first derivatives with respect to time as functions of Q (the commutator is the
usual matrix commutator).

M=QJ+JQ
M =—[Q2,J] =+
M =—[QQ+ QQ, J] =Q'J+JQ
M = —[Q”Q —0—29/2 + QQ”, J] =Q"J + Q"
MW = _[Q"Q+3(Q'Q + Q)+ QQ”, J] =Q 4y

Comparing the left- and right-hand sides, it is trivially observed that the order &
term disappears if (29 — 2)J + J (9 — ) = 0 (to simplify notation, we omit
the dependence of 2 on #;).

This is an equation of the type X J + J X = 0. Since we are looking for a skew-
symmetric matrix X and, moreover, the matrix J is diagonal, we have n(n — 1)/2
equations of the type x; ;(J; + J;) = 0. Because of the positiveness of the J;’s, we
can deduce that the equations have the unique solution x; ; = 0.

Coming back to the order / term, we can conclude that

Q= Q.
In order to annihilate the 42 term, we require that
QI +JIQ +3(Q2T -T2 =0.
Recall that M = QJ + JQ and hence M’ = Q'J + JQ'. On the other hand,
M =[M, Q] =—(Q*] — JQ?). Hence we can write
0=/ +JQ —IM =7 +JQ - 3(QJ+JQ).
Proceeding as above, we deduce that the identity is satisfied if and only if,

Q= 1Q. 2.7

By a similar token, we require that

1 1
QJ + I = —5(931 +JQ) — 5[(Qoszl + Q1Q0), J]
=3 (T + I + M

=L@+ I+ 1(QT+IQ",

Table 2. M and its first derivatives with respect to time in terms of a single occurrence of M.

M=QJ+JQ
M =[M, Q]
M’ =[[M,Q], Q2+ [M, Q]
M" =[[[M,Q], Q1 Q1+ [[M, ], Q] +2[[M, 1, 21+ [M, Q"]
M =[[[[M,Q], Q] Q], Q]+ [[M, 1, 1, Q]+ 2[[[M, Q], 2], Q]
+3[[[M, 2], ], Q1+ [[M, Q"], Q]+ 3[[M, R, Q1+ 3[[M, 2], Q"1+ [M, Q"]
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from which we deduce that
Q= 1Q" — Q. (2.8)
The equation for Q23 is
1
0=Q3J +JQ+ 5[9% + Q02 + 2Q, J]
1
+ 3 (591 + Q1R + 1T + TR + Q1R + 1))
Ligs g
+ 4—![ AR
from which we deduce that
Q3= 10" — L@QQ + QQ+ Q) + 179N J1+ TR U,
where the operator 7 is the linear operator such that 7S = SJ 4 J S. Since J has
diagonal entries of the same sign (they are all positive), the operator 7 is invertible,
as seen before.
Using the relations between M, 2, and J and their derivatives, after some
tedious computations we find
(972, 7] = — ((Q'Q% + QXQ)J + J(Q'Q? + Q2Q)) — [@*, J],
Hence, 23 simply reduces to

Q3 = 1Q" — L(5QQ +2QQ'Q +5Q0'QY). (2.9)

Next, we consider the equation for €24. Setting the coefficient of K3 to zero, we
obtain

1
0=Q4J +JQ + 5[9390 + Q2,21 + 2192 + 20823, J]
1
+ 37 (209 + Q020Q0 + 22 + Q2 + 22 + 2120
+J (252 + Q0200 + 22 + 2097 + 21202 + Q1))
+i[sz3sz + Q2QQ0 + Q2+ Q,Q2, J]
41 N4l on4a1840 Onéa]nég 1840,
+ i(QSJ + 7))
5' 0 0/

At this point, we repeat the tedious work of substituting in the above expression
the known values of €2, €2, ..., and of expressing the whole as Q4J + JQ4 =
CJ + JC, from which we will deduce 24 = C.
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First, we have

0=J + 7 — £ ( Q™M +7QW)
— Q'Y+ Q"+ Q2QAQ+ QU+ QQ + Q'R J]
+ 57 ((Q7Q" + QQ'Q + Q' + QQ2 + Q'QQ + Q*Q)J
+J(Q*Q" + QQ'Q + Q'Q* + QQ* + Q'QQ + Q?Q))
— 5T+ Q).
Second, using the equalities
[Q'Q +Q'Q", J]
= —[M,Q"]—[M" Q]
= [[Q° J]. Q1+ [[QQ+ Q. J]. Q]
= —((Q'Q*+ Q*Q")J + J(Q'Q* + Q°Q")
+Q2M" + M+ [[QQ+ QQ, T, ]
= —(Q'Q*+ Q*Q")J + J(Q'Q* + Q*Q"))
—(QXQQ+ QQ, T+ [QQ+QQ, JIQ)
+[[Q'Q+ QQ', J], Q1],

QXL+ QU+ QP + Q3 T

= [Q2(QQ+ Q) + (Q + QQHQ?, J]

= QAL+ QQ, I+ [QQ+ QQ, JIQ?
—(M'(QQ+ Q) + (Q + QQHM),

we deduce that
[Q'Q + QY+ QL+ QU+ QPQ + Q3 T
= — (("Q% + Q2Q" + Q2Q +29'QQ + QQ?)J
+J(Q'Q? + QQ" + Q?Q +2Q'QQ + QQ?)),

from which we obtain

Q4 = QW — LUQ'Q? + QQ'Q +4Q2Q" 4+ 4Q7Q + TQ'QQ +4QQ7)
+5Q. (2.10)
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Table 3. The functions £2;.

Q=9
Q=5

Q=3Q" - 103

Q3 = Q" — 5 (5Q%Q +2QQ'Q + 5Q'Q%)

In general, the algorithm to derive ©;,i = 1,2, ..., 1is:

(1) Find the coefficient of 4'*! in (2.5) and set it equal to zero. This will give
an equation of the type 2;J + JQ; = C;J + JC; + [D;, J]. Note that the
terms C; J +J C; have an odd occurrence of the €2;,s, while the terms of type
[D;, J]have aneven occurrence of the €2;,s (this statement can be rigorously
proved by writing @ = exp(— f (h)), where f (h) = } 72, h/*'Q;, and then
using the relations between exp and sinh, cosh).

(2) Use the derivatives of M and 2 to express the term [D;, J] as C~‘[ J+J C‘i.

(3) Deduce Q; = C; + C;.

Once the €2;,s are known, substituting back in (2.1) and using the well-known
identity
[o¢]

1
exp(X)Y exp(—X) = expyq, ¥ = Z Ead/;((Y),
k=0 ""

where adyx(Y) = [X, Y] and, recursively, ad’%(Y) = [X, adl)‘(_l(Y)] (see, for in-
stance, Iserles et al. [7]), we obtain the Taylor expansion for the DMV algorithm,

1
My = My — h[Q0, Mi] + 1 (—[21, Mi] + 5[90, (€20, Mi1D)
. !
+ i (—[Qz, M;] + 5([907 (21, Mi]l + [€21, [S20, Mi1])

1
—5[90, [0, [£20, Mk]]])
+ O(h%),
hence,
M1 = My — h[Q, Mi] + Sh2(—[Q, M1 + [, [, M)
+B3(=HQ", Ml + Q. [Q, M+ QL [Q, M)
— HQ,[Q,[Q, M]1] + £[Q3, M])
+ O?).

By the skew-symmetry of the commutator and by comparison with (2.2), we obtain
the explicit expressions for the functions d,, ds, . . .,

d = J(M, Q1+[[M, Q] Q)),
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dy = 1[M, Q"1+ 3[[M, Q1. Q]+ {[[M, Q], Q]
+:llM. Q1. Q). Q] — t[M, @],

dy = ..., @2.11)

where M = M &~ M(t;). The general expression for d; as a function of Q, ...,
Q,‘_l is

i 1/
di = Z ( ) Z akol akoZ tee adgkj M,

!
e

ki, kj€{0,1,...,i—1}. (212

2.2.  Taylor Expansion of the Solution of the Modified Equation

The derivation of the Taylor expansion of the solution of the modified vector field
can be done according to Hairer et al.[6]. Consider

d - - ~ ~
M= F(M) + hfy(M) + h* f5(M) + - -,

where f(M) = [M,Q] = [M,J~'M] is the original vector field of the RB
equations where, as above, 7 is the linear operator suchthat 7Q = QJ+JQ = M.
We assume that M (z) = M(t), and expand M(t + h), the solution of the above
differential equation, in a Taylor series at & = 0. Collecting the corresponding
powers of h,

M(t +h) = M(t) + hf (M) + h* <f2(M) + %f/f(M))

1

1
+ <f3(M) + 5(f’f2(M) + L) + ;(f”(f, (M)

+f/f/f<M>>) o,

where f’ is considered as a linear operator, f” as a bilinear operator, and so on.
In our case,

M) = [z, T 'M1+[M, T 'z]
[z, Q1+ [M, T 'z,
'z, 22) (M) = 2[z1, T 2],

and, since f is quadratic, f” and all the other higher derivatives equal zero.
Taking into account the equalities displayed in Tables 1 and 2, we have

frM) =M, Q1,1+ [M, [T [M, Q. =[[M, ], 2]+ [M, 1],
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FI(f HM) = 2[[M, Q1, T '[M, Q1 = 2[[M, Q1, 2],
F M) =M, Q1 Q1,Ql+ M, T '[[M,Q],Ql+[[M, 2], Q]
+[M, T M, Q)
= [[[M, Q], Q], Q1 + [M, Q"]+ [[M, ], ],

from which we immediately deduce that

1
fzzdz—gf/f(M)ZO,

as we would expect from a second-order method and, moreover,

1
fi=ds = 5 (f" (L OO+ [ f (M) = 5IM, Q" —[Q, Q1-2Q°.
For our computations, it will be convenient to write f3 as
fr= 1 (1M, Q1 - [IM, Q1 Q1+ M, Q1, Q] -2[M, Q). (2.13)

Note that f3 is a quartic polynomial in M. This confirms what has already been
proved in Deift et al. [4] by a completely different argument: Deift et al. used the
theory of loop groups and rank 2 extension, and their expression for K(M) =
f3(M) is given as a limit of a double integral. In the sequel, we shall see that,
due to its simplicity, our formula (2.13) is much more amenable and easy to use
in numerical computations, to dramatically improve the performance of the DMV
algorithm.

At this point it is important to stress an important difference between the ex-
pressions for the modified vector field of Hairer et al. [6] and ours. While the
vector field discussed in [6] is in R”, hence the f” is a symmetric quadratic oper-
ator, this is not the case for our vector field which is on matrices, thus in general
' f, ) #£ f7Cf, f'f). This noncommutative case is discussed with more gen-
erality in Munthe-Kaas and Krogstad [13]. However, we observe that all the terms
containing combinations of f”, f’, and f correspond simply to higher derivatives
of f. The mixed terms are treated instead specifically. Therefore, we have

1 . 1
fa=ds— ZM(W) - i(f/ﬁ + 3.
1 d 2.14)

21 dt

1 1 , ,
fs=ds — ;M(u) by (f Jat fof +

(fif + f/fs)) :

whereby all the vector fields are computed at M.
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By direct computation,

ff=15 (M Q - [Q.Q1-2Q%. Q)+ [M.J (M, Q']-[[M Q.Q]
+ [[M, Q] Q] —2[M, Q°])])
= 1 (M, Q" = [Q, Q- 2Q°], Q1 + [M, Q" = 3(2°Q' + Q' 2Y)]) ,

Af = 5(=2(IM, ), @] + [M, @Q? + Q'Q + Q*Q])
— (M, Q). [, QT+ [M, [2, ")
+[[M, Q], Q"1+ M, T (M, 2], 2], 2D]
+[M, T (M, @1, QD]
+ M, T(IM, QD]+ M, T (M, Q], 2D]
+ M, T (M, T M, Q], Q1))]
+[M, T (M, T M, DD

= L(=2([M, Q], Q]+ [M, QQ* + QQ'Q + Q*Q))

— (M, Q), [, Q1]+ [M, [2, Q")
+[[M, Q1, Q"1+ [M, Q")).

To reduce the second term in f’ f3 we have used the equation for M"” in Table 2,
hence the identities [M, Q] = M' = Q'J + JQ = —[Q?, J].
We have

f' A+ A= 1‘—2 (2[M, Q"]+ 2[[M, Q"], Q] — 4[[M, Q], @*]
—[M,5Q%Q +2QQ'Q + 5Q2'Q%)
+ [[[M, Q'], Q], Q] - [[[M, 2], 2], 21).

By a long and tedious computation, it is verified that, indeed,

1 ) 1
_ _ aiv) _ / / _
fa=ds 4!M 2!(f3f+ff3)—0-
Similarly,

fs= 55 M, QW] — &M, [Q, Q"]+ FIM, @ - QQQ]
WM. 12, Q] - 55[M. QQ"Q] — 5[M. Q" + Q"Q%)

IM, (27, Q1 — KM, Q%Q + QQ7 + Q[Q, Q1Q].  (2.15)

+ + ==

The fact that f> = f4 = 0 is not unexpected. Indeed, it can be proved that all
the functions f5; = 0fori =1, 2, ..., as shown in the result below.
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Theorem 1. The discrete Moser—Veselov algorithm (2.1) is time reversible, hence
fri=0fori=1,2,....

Proof. Itis sufficient to show that if Mj | = &, (M;) and My, = ®_;(My11),
then My, = M.
By construction,

M, = a)kTJ — Jox,
My = O(Mp) = —onJ + Joy .

Recall that, for a positive time step, the orthogonal solution w of the matrix equation
(1.6),

M:wTJ—Ja),

is computed as the unique matrix such that W = " J has eigenvalues with positive
real part (see Section 1.2).
Next, we compute My > = ©_;,(My41). For a negative step size, either:

(i) we compute the unique solution corresponding to eigenvalues A solving
(1.8) having negative real parts; or

(ii) we take the solution with positive real parts and exchange w by ' ; both
procedures are equivalent.

Considering the first case, we have
_ T
My = (UkHJ — Jwi4,
which, by comparison with My = —wyJ + Jo/ , immediately gives
T
Wiy = — Wk

for sufficiently small step size, because of the uniqueness of the orthogonal solution
with the required eigenvalue properties and the O(h?) consistency. Hence,

T T T
Mivr = o iMip10p = o (—oxJ + Joy Yoy

= a),—(r.] — Jwr = M,

which implies that ®_;, = CD;1. This condition is equivalent to f,; = 0, for
i=1,2,..., see[6]. O

Moser and Veselov [12] prove that, for general N, the algorithm (2.1) is a
time reparametrization of the flow of the original vector field of the RB: since the
mapping preserves the underlying Poisson structure and all the integrals F; = ¢;
of the system, it commutes with all commuting Hamiltonian flows generated by
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the F;,s, M' = {M, VF;}. The nonsingular compact level sets 7, = ﬂi(Fi =cj)
consists of a finite union of tori and on each torus the DMV mapping is a shift
along the trajectory depending on an integral quantity H, which will be introduced
later.

This, in combination with Theorem 1, means that (2.1) solves the modified
equation

M = (1 +/’l2‘L’3 +l’l4‘L’5 +"'+h2i1’2,‘+] +--9[M, 2],

where & is the step size of integration and the 7,11, i = 1,2, ..., are constants

that depend only on the function H,, the matrix J, and the Casimirs of the system.
In what follows, we use our results on the modified vector field of the DMV

algorithm to find an explicit expression for some of the t;,s in the 3 x 3 case.

3. Modified Vector Fields and Time Reparametrization of the Discrete
Moser—Veselov Algorithm for the 3 x 3 Rigid Body

The previous results were general and independent of the dimensions of the RB
under consideration. In what follows, unless otherwise specified, we focus on
the 3 x 3 case. In this case, the equations of motion for the components m; =
—mi2, My = —mMy3, My = m;3are

(Jo — J3)mam3
(i + )i+ 1)’
(J1 = J3)mim;
(Ji+ L)+ J3)]

(J1 = Jy)ymimy

(L+ )+ J3)

/—_
m; =

/_
m, =

The correspondence between the matrix and vector notation is well known and is
given by the hatmap function,

0 —da3 as
a=A=| a 0 -a, a=(a,a,a3),
—day aq 0

while commutation [A, B] corresponds to computing the cross product a x b of
the corresponding vectors (A = 4, B = b). The Hamiltonian is
m2 mz m2
=—1 4+ 2 4 3
b+ J3 i+ 5 Ji+

3.1

In Figure 3.1 we display the components m, m;, m3 of the solution of the DMV
algorithm (dotted lines) compared to the exact solutions of the RB equations (1.4)
(solid lines) and the exact solutions of the modified vector fields f + h? f3 (dashed
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1

) 5 10 15 20 25 30 35 40 45 50

Fig.3.1. The DMV solution of the RB equations (dotted lines), the exact solution (solid lines) and the
trajectories corresponding to the modified vector fields f + h2 f3 (dashed lines) and f + k2 f3 + h* fs
(dash—dotted lines) in the interval [0, 50] with & = %

lines) and f + h2 f3 + h* f5 (dash—dotted lines) in the interval [0, 50]. The initial
condition mg and the matrix J are reported in Section 7. The step size of integration
h for the DMV is chosen as h = % The “exact solutions” are computed using
the MATLAB routine ode45 with absolute and relative errors set to machine
precision. The numerics confirm that the order of approximations are 2, for the
RB; 4 for the modified vector field f + h” f3 and 6 for f + h” f3 + h* fs. Figures
3.1 and 3.2 indicate that DMV approximation, though preserving very well the
“qualitative” features of the solution of (1.4), oscillates too rapidly compared to
exact solution.

In what follows, we focus on the 3 x 3 case and we set
Hy = miJ} +m3J3 +m3J3, (3.2)
and

A=+ L)+ J3)(Jr+ J3). 3.3)
Proposition 3.1. The function f3 is of the form
fr=ulM, Q]
where

1
= o ((dett) w() + 23 + 23 + 173 ms

+ BUh + 115 + L J3) + te(J?) Hy)
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Fig. 3.2. Error on the Hamiltonian (top) and Casimir, 2 norm of the solution (bottom), for the DMV

i — 8
with h = 3.

is a constant which depends the integral function H,, on the Casimir |m|, =
[lm(#0) |2, and on the entries of the matrix J.

Proof. We start recalling that H, in (3.2) is an integral of the system,' though it
is not independent of the Hamiltonian H. Reducing the right-hand side of (3.1) to
a common denominator and eliminating it, we obtain

N1+ D)1+ B3+ B H = (J1 L+ L1 3+ LJ3)(mi 5 +mi 5 +m3 ) + Ho.

Note that m$ , + m7 5 +m3 5 = |m|3 is constant, therefore H, cannot depend on
time and must be a constant too.

Second, let us denote by 35 = (f3.1, f3.2, f3;3)-r the three-vector such that
f_g = f3. We show that the first component of this vector is of the form

f3;1 = 1:3m’l.

To this scope, we compute f3.; explicitly using (2.13). Collecting terms carefully,
we have

—(Jo — J3)mams
6(J1 + 1) (Jy + J3)3 (2 + J3)?

Sz = ((3112(1112+J113+12]3)

+ JEUL + I3+ JHm?)

! Moser and Veselov call this quantity H, while we reserve H for the Hamiltonian function (3.1).
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+ GBI+ ITs + D) + 2R+ T2+ J2)m?
+ GBI+ JiJs + Jad3) + JEUE + T3+ J))m3
+ GhLI(h + L+ ) + JLE + JPTS 4 T3 It + m + m3))

from which, using the above expression for H,, the identity m3 + m3 + m3 =
m||3 = lm(t) |13, and the equation for m/, the result follows.
The procedure is analogous for the other components of the vector f;. O

Before proceeding, we introduce the following simplifying notation: for i, j =
1,2,...,let
Crij = JiJj +J1H + 43,
Cri = Cyii,
C_] = CJ,] .
Proposition 3.2. For the 3 x 3 RB, the function fs is of the form
fs =15[M, 2],

where

B tr(J*) +27C;0 + 15 0 (JHCy + 45det(J) tr(J)) H}

EEVTYN]

+ (10C 5 + 50det(J) tr(J)Cy + 10det(J) tr(J) tr(J?)
+2C; 5 tr(J?) — 28 det(J?))|m||3 Hy
+ (60det(J*)Cy +3Cy 4+ 27det(J?) tr(J?)

+ 15det(J)(Cya3 + Cy32)) Im|3)

is a positive constant which depends on the constant function H,, the Casimir
lm||,, and on the entries of the matrix J .

Proof. By direct computation, as in the case of 3. The positiveness of 75 is not
immediate, because of the presence of the term —28 ||m||% det(J?) H,, but can also
be verified by expanding the above expression (s is ultimately a combination of
positive terms with positive coefficients). O

4. Constructing Higher-Order Integrable Approximations

In this section, we wish to use the results derived in the previous section to obtain
higher-order integrable approximations to the RB equations. To preserve the prop-
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erties of the integrable discretizations, we propose simply to scale the initial condi-
tion (since, for the continuous equations, this amounts to a time reparametrization).
The scaling must, of course, depend on the step size & of integration.
Our ansatz is

h(Q ) J + Q1))

14 Th? +Tsh 4+ -
We perform again the backward error analysis with this new initial condition. We
now set @ = exp(—h Qo —h2Q+-- -) and solve for the Q;,sasthe skew-symmetric
matrices that obey

.1

h(1 = Hh2 4+ (7 - T)h* + - ) QI+ T =T — Jb. 4.2)
It is immediately verified that
Q== Q= =1,

hence it is clear that fi=fi = 0and f>» = f» = 0 for the new modified vector
field. The first ; to differ is €2,. Equating the /4 term and taking into account
(2.8), we have

. - 1 1
QJ+ I =—-5(QJ +JQ) — 5(931 +JQ) — 7101+ 2120, /1,

hence
Q= -5+ Q.
Thus,
~ - 1 - . } i
dy = —[Q, M] + 5[91, [Q, M]] =13[R2, M]+d; = —13[M, Q] + ds.
Moreover,
£ 7 Lo ~ r
fy = ds— 3 M" = —HIM, Q +ds - M

= —GIM, Q]+ f3 = (-1 + )M, Q],

hence, in order to have an order 4 scheme, we must set ﬁ = 0 which corresponds
to the choice

‘E3 = T3.

One could be tempted to extrapolate that s = 75 does the job of rendering the
methods of order 6, but, unfortunately, this is not the case, since there are more
complicated nonlinear effects arising from the scaling of the initial condition.
Therefore we need to proceed with our backward error analysis.

The equation for €25 is identical to (2.9), whereby €2, is replaced by €2, hence,

Qs = — 5Q.
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For what §24 is concerned, we also need to take into account the 4> term on the
left-hand side of (4.2), hence

- - ~ ~ | ~ ~ ~
('L'32 — T5)(QJ + JQ) = 94.] + JQ4 + 5[9390 + QzQ] + Q[Qz + 9093, J]
1 ~ ~ -
+ 57 (R0 + 2022 + 205 + 2002} + 2120
+ QIQ0)J + J (250 + Q0o + 0023
+ Q92 + Q2 + Q%QO))
+i[sz3sz + Q202190 + Qo212 + Q1023 J]
41 R4l on&1naQ Qnd]nag 1840,
+ i(QSJ +J)
5‘ 0 0/
from which we deduce
Q=1 -2+ 150 - 350"+ Q4.
We now compute ds according to (2.12),

ds = — (5 — T5)[Q, M1 + 35[Q", M] — 35[Q°, M]
- 35(Q, [Q, M1+ [Q, [Q, M]]) + 35IQ, [Q. [Q, M]]] + ds.

Because of the nature of the scaling, it is evident that f4 = f4 = 0, therefore

f d _lM(V)
5 =4ds 3

having chosen 7; so that f3 = 0. We have

fs = = & - B)IQ M+ 35127, M] - 1520, M] - 352, 2. M)
Q19 MID) + 15[, (@, [2, MIN] +ds — LM

— (7 = B)Q M+ 3H[Q", M] - 35[Q°, M] - (52, [2, M]]
+[Q, [, M1 + 359, [2, [2, M]]]

1 ) 1 1 (v)
+f5 M +4d,(ff'5+f3f) 'M
= (% —f5+fs)[M QI+35[Q7, M- 35[Q°, M1-25(K, [, M]]
+[Q, (2, M]]) + 35, [, [, M+ 15 5+ i)
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Since f3 = 13[M, Q1, wehave f' fs+ f; f =2tz f' f,henced/dt (f' f3+ f3 ) =
2i3(f"(f, )+ f f f) =2t3sM" . Moreover, recall that f5 = 75[M, Q]. It follows
that

fs = (G -+ 15)[M, Q- 35[M, Q'+ 15(M, Q3 - 35([M, Q1. Q]
+[[M, Q1. D - 35[M, Q1. 1. Q]
+ 1n(IM, Q). Q). Q] + [[M, Q1. Q]+ 2([M, Q1. ]+ [M, Q"])

= (f — &5+ 15)[M, Q] — 15(M, Q"]

+[[M, Q1. Q] - [[M, Q], Q] -2[M, Q).
We recognize that the last term is proportional to f3 = 73 f. Hence,
fs = (@ —T5+ 15 — 3T [M, Q] = (=2} — &5 + 15)[M, 2],

and setting f5 = 0 we find
‘ES = T5 — 2‘[32

This value of 75 gives indeed a method of order 6.
The new proposed algorithms of order 4 and 6 are described below.

The DM V4 algorithm:

1. Compute 73 and set My := M (t9)h/(1 4+ h’t3).
2. Compute the roots of (1.8) having positive real parts.
3. Fork=0,1,...,n—1,
find the unique wy, as in Section 1.2 such that M; = a);(rJ — Joy
set My = a)kMka),;r
end
4. Reconstruct M,, := M,(1 + hzfg)/h ~ M(t,).

The DMV6 algorithm:

1. Compute 73, 75 and set Ts = 15 — 277 and My := M (to)h/(1 +h*13 +h*7s).
2. Compute the roots of (1.8) having positive real parts.
3. Fork=0,1,...,n—1,
find the unique wy as in Section 1.2 such that M; = a),;rj — Jog
set My = a)kMka),;r
end
4. Reconstruct M,, := M, (1 + h’t3 + h*%s)/h ~ M(t,).

5. How Large Can the Step Size . Be?

The choice of the step size is intimately related to the accuracy of the method. Other
limitations to the choice of the step size for a method can be loss of stability or
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Fig. 5.1. Real (top) and imaginary (bottom) part of the eigenvalues A; as a function of the step size
h. Legend: DMV corresponds to circles joined by the dotted lines; DM V4 to pentagrams joined by the
dash—dotted lines; and DM V6 to hexagons joined by the dashed lines.

convergence (for instance, for an implicit scheme). For the DM V-type algorithms
described in this paper, there is a further limitation, which comes from the spectrum
S of the polynomial P (1) in (1.8): when two opposite sign roots become purely
imaginary, then the choice of w in the Moser—Veselov equation (1.6) is no longer
unique; in other words, relation (1.6) cannot give rise to a one-to-one map.

In this section we intend to investigate this limit on the step size & for the
original DMV algorithm and the new proposed algorithms DMV4 and DMV6.

In Figure 5.1 we plot real and imaginary parts of the eigenvalues X; of the
characteristic equation (1.8) versus step size 4 for our running test problem (see
Section 7). The roots are computed using MATLABs routine roots for finding
zeros of polynomials. When £ is very small, all the roots are real (they correspond
to plus/minus the squares of the moments of inertia in J). For larger steps, the
typical behavior is that some roots become complex.

For the DMV algorithm (circles joined by a dotted line) the maximum allowed
step size is h ~ 1.2; for this value, two pairs of opposite sign complex and
conjugate roots hit the imaginary axis. This also occurs for the DMV6 algorithm,
though at a larger step size, h ~ 2.2; afterward the spectrum recovers its original
splitting (1.7). Remarkably, the roots of the DM V4 algorithm do not appear to hit
the imaginary axis at all for this test problem and preserve the desired spectrum
splitting (1.7) for all values of &. Does this mean that the limitations on the step
size are dictated only by the accuracy required in the computations? The answer
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is no: let us look more carefully at the polynomial —P(A) in (1.8). Assume that
my is the given initial condition, that we scale through the algorithms DMV4 and
DMV6 to mg/(1 4 h?13) for DMV4 and mg/ (1 + h13 + h*s) for DMV6. Let us
denote by — P, 5, (1) and — Pg ;, (A) the corresponding characteristic polynomials in
which we factor out the dependence on the scaling from the initial condition,

2

(1 + h213)?
2

(1 + h213)?
2

(1 + h2ts + hi%5)2

— Pyp(A)

A6 — <J12 +IE TR - ||mo||2) A

; <J12J22 R BT H2) 2R, G

— Psp(h) = A5 — <J12 +J7+ U - ||m0||2> A4

h2
JPI2 42U+ 0202 — Hy | A2
+<‘2+ R (1 + h2t; + h*55)2 2

—JEI3IE, (5.2)

where H, = HA/(||m0||2(J1 Jr+J1J3+ J2J3)) |l is independent of /. By the same
token,

—Py() = 20— (J2+ I} + JF — K mg|?)?
FJRIZ 4 J2I2 4 J2TE = R H)A? — J2I2 2,

We consider the polynomial as parametrized by the 4 and we analyze their roots
letting h — oo. Starting with Pj,, we have

—Py (%) ~ R (Imo |I*A* — Hy)%)

for h sufficiently large. Two pure imaginary roots go to =00, two pure imaginary
roots go to zero, and two stay real. In particular, this means that (1.6) cannot be
made into a map which is symplectic.

The situation is different for the scaled methods DMV4 and DMV6. Since

h? h?
lim — =
h—oo (1 4 h%t3)?

’

= 1i =
W (1 + h2T; + ho%5)?
we have

—Pyoc = —Pooo=—Pspo=—PFesp
= 20— UL+ I3+ IDA + (PTG + TR + I3 TN — I IS,

which is the same as having & = 0, in other words, no motion! Hence, the map is
still integrable, symplectic, and momentum preserving, but the motion becomes
slower and slower until it stops at infinity. This seems to indicate that there exist



The Discrete Moser—Veselov Algorithm for the Free Rigid Body, Revisited

5

0

-5

-10

©]
€]
o0

o

o@ ©
woo-c § HMEF=t=t=0=2
quDo

o
[©]
O 0

0}

——————¢

0

1

2

3 4

5

6

OF25

Fig. 5.2. Real (top) and imaginary (bottom) part of the eigenvalues A; as a function of the step size /
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joined by the dash—dotted lines; and DM V6 to hexagons joined by the dashed lines.

optimal values of the step size for moderate /. This is interesting in some molecular
dynamics applications, where the cost of long-range forces often dominates so that
the work to implement the RB algorithm becomes unimportant and the maximum
step size one can use becomes potentially more relevant.

The behavior of the roots of —Pj,, —Py;, — P for large h is displayed in
Figure 5.2.

6. RATTLE =DMV

In this section we consider the RATTLE algorithm for the integration of the RB
and prove that RATTLE is the same as DMV.

In brief we mention that the RATTLE algorithm can be derived as a Lie—Poisson
integrator and is described in greater detail in [6]. A reformulation of RATTLE for
the RB equations is in [6, p. 247], which we report here for convenience. Note that
we replace & with —A to obtain the same equations. The notation is as in this paper.

The RATTLE algorithm for the RB equations:
With the same notation of this paper, M (ty) = JQ(ty) + 2(ty)J is the initial
condition.

1. Set Yo = JQ(to).
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2. Fork=0,1,2,...,n—1,
o determine a symmetric matrix S such that Q = I — hJ~'Y; /2 1s or-
thogonal, Y1/2 = YO — hS,
e determine a symmetric matrix 7 such that J~'Y; is skew-symmetric,
where Y| = Yo — hY1pY,},J " = hT;
e set Yy =Y,

end
3. Reconstruct Q, = J~'Y, ~ Q(1,), M, = JQ, + Q.J = M(t,).

The first step in 2 is equivalent to solving the Riccati equation
J'S+ ST = —(Yo —hS)TT (Yo — hS).

This method is of order 2, it preserves the Casimir ||m||§ and the Hamiltonian H
in (3.1).

Theorem 1. The RATTLE method for the RB equation is equivalent to the DMV
algorithm.

Proof. 1t is sufficient to demonstrate that the two algorithms are equivalent for
the first step.

By construction, we have M (ty) = JQ(ty) + Q(t))J = Yy — Y, and ¥y =
J(I — Q)/h+hS, where S is a symmetric matrix determined so that Q is orthog-
onal. Hence, by direct computation,

hM(10) = h(Yo—Y,) = Q"] —JO,

namely, Q is a solution of the Moser—Veselov equation (1.6). Similarly, since T
is a symmetric matrix and Yo — hS = J(I — Q)/h,

I-0)U - QT)JJ_l

J
W =¥ = h(Yo = Y) — = h
_ _ T
L lU =9 a=00J
h h
=Q'J-JQ—-JRI-0-0")+Q@I—0—-Q")J
=Jo"-0J,

which, compared with (2.1), reveals that Y} — Y, IT is precisely the DMV approx-
imation for M(t;) = M(ty) + h) since, for sufficiently small /2, the DMV gives
the only order 2 solution of (2.1) consistent with the dynamics of the flow. Hence
RATTLE coincides with DMV. O
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As a consequence, our results on the DMV can be immediately be extended to
RATTLE for the RB, and it is of no surprise that the method preserves both the
Hamiltonian and the Casimirs of the system, since the method is integrable.

Moreover, our analysis allows us to improve the orders of the RATTLE approx-
imation to orders 4 and 6 simply by scaling the initial condition and scaling back
the final approximation!

The RATTLE4, RATTLEG algorithms:

1. Compute 73 for order 4 and t3, 75, T5 = T5 — 21'32 for order 6. Set Y, =
JQ(t9) /(1 +h213) for order 4 and Yy = J Q2 (t9) /(1 + h?13 + h*%s) for order
6.
2. Fork=0,1,2,...,n—1,
e determine a symmetric matrix S such that Q = I — hJ -y, /2 1s or-
thogonal, Y, = Yo — hS;
e determine a symmetric matrix 7 such that J~'Y| is skew-symmetric,
where Y| = Y, — hYl/zYlT/zJ‘l —hT;
e set Yo = Yl;

end

3. Reconstruct Q, = (1 + k*13)J 'Y = Q(t,), M, = JQ, + Q,J ~ M(1,)
fororder4and Q, = (1+h%t3+h*T5)J 'Y, ~ Q1) M, = T2+ QuJ ~
M (t,) for order 6.

7. Comparison with Other Methods

In this section we compare the numerical results of the DMV algorithm with the
new proposed schemes DMV4 and DMV6 over the integration interval [0, T].
Moreover, we also compare with:

e the explicit second-order Lie—Poisson integrator for the RB of McLachlan
(LP2) [11], which is obtained by splitting the Hamiltonian H into three
pieces, H = Hi + Hy + H3, H; = miz/(l,-,l + Ji+1), whose corresponding
vector fields can be integrated exactly, generating the flows ¢; ;. Then, at
each step, the numerical approximation is computed as

My | = Q34/20921/2 0 P1.h O P2,1/2 © 3,572 (M), k=0,1,2,...;

and
o the well-known implicit midpoint rule (IMR), reading

Yk + Yi+1
2

for the problem y’ = f(y), which is second-order, energy and momentum
preserving—but implicit.

Yk+1=yk+hf< ), k=0,1,2...,
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Table 4. Error for the various methods and selected step sizes.

Method h=% h=1% h=12 h=22 h=25 h=4
LP2 6.7903e—03  5.1043e—01  1.6055¢+00 1.7002e+00 1.9489e+00  1.3902¢+00
IMR 1.5494e—04  9.9329¢—03  1.3119e—01 3.9514e—01 2.5276e—01  6.1905e—01
DMV 1.5014e—02 5.9899e—01 NaN NaN NaN NaN
DMV4  1.757e—07 7.6167e—04 1.0785¢—01  1.6094e+00 5.0245e—01 5.1624e—01
DMV6  1.962e—10 1.6440e—06 7.0269e—02 NaN  7.0407e—01  1.0519e—01

In Figure 7.1 we display the error of the methods versus step size & = %, é, %, %,

and then 0.8, 1, 1.2, 1.5, 2.2, 2.5, 4. The error is computed at 7 = 100 as the 2
norm of the difference between the numerical approximation and the exact solution
for our running example,

0.4165 0.9218 0 0
my = | 0.9072 | , J = 0 0.7382 0
0.0577 0 0 0.1762

(Without loss of generality, my is normalized so that ||mgl|, = 1.)

The slope of the lines agrees with the order of the methods under considera-
tion. The original DMV method is the one that has lowest accuracy and the most
limitations on the step size: it fails at around 7 = 1.2 (see also Table 4) never to
recover. Also DMV6 fails, but at around 2 = 2.2 to recover afterward.

In Figure 7.2 we plot instead the cost of the methods (in floating point opera-
tions) versus their accuracy. We have not taken into consideration the computation
of 73 and 7s, but these are reasonably small (about 40 operations for 3 and 70
for 75) and done only once for all the computations, hence of little relevance to
the overall estimate of the methods.” The computation of the coefficients of the
polynomial P, and the computation of the roots is instead taken into account and
performed at each step. Although this can be avoided and done once and for all, it
appears to give more stable approximations especially for larger step sizes and long
intervals of integration (probably this is due to a different accumulation of round-
ing errors, since the two algorithms are in theory equivalent). Roughly speaking,
the computation of the coefficients of P, requires about 30 operations, while the
computation of its roots requires about 50 operations. The roots are computed by
slightly modifying the explicit formula in [1] in order to avoid cancellations and
other type of errors (see, for instance, Press et al. [14]).

As one can see, the methods DMV, DMV4, and DM V6 have the same floating
point operations—they differ only on the scaling of the initial condition. The gain
in accuracy for the latter two is however so significant that DMV6 is the method
which is the most efficient, especially when good accuracy is required.

2 1t could be observed that the entries in 73 and 75 give the coefficients of the polynomial P; almost
for free.
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Fig. 7.1. Error versus step size computed at 7 = 100 for the methods LP2, IMR, DMV, DMV4, and
DMVe6.

The core of the algorithms DMV, DMV4, and DMV6 (solution of the Moser—
Veselov equation) is implemented using the algorithm described in Section 9, and
it requires about 1250 operations per step, when all the roots are real, and 30%
more (about 2000 operations) for complex roots. When the roots are real, the cost
of a single time stepping with the DMV (and its higher-order implementations) is
about 1330 operations, including the computation of roots, roughly 22 times more
expensive that a step of the LP2 algorithm, which amounts to about 60 operations
per step. This agrees well with the numerical results in Figure 7.2.

Figure 7.3 is similar to Figure 7.2, but now the roots of the polynomial P, are
computed only at the beginning of the computations, which leads to some overall
savings (approximately 1.5%). However, the quality of the solution is somehow
deteriorated, for instance, for the smallest step size h= 1/16, there appears to be
more accumulation of round-off error. For comparison, we have also presented
an implementation of RATTLE with the order 6 improvement. The error is of the
same magnitude as DM V6, however the cost is higher due to the fact that we need
to solve a nonlinear equation. In this numerical experiment, this is done by simply
applying a fixed point iteration to the Riccati equation

JIS+ 87 = —(Yy — hS)TJ2(Yy — hS).

Finally, in Figure 7.4, we plot the solutions obtained with the methods LP2,
IMR, DMV4, and DM V6 for a large value of 4, h = 5. The method LP2 performs
very poorly in this case, the solution completely loses its shape, DMV is not plotted
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Fig. 7.2. Floating point operations versus accuracy (I’ = 100) for the methods LP2, IMR, DMV,
DMV4, and DMV6.

because it does not generate a solution for this choice of step size. As our analysis
predicted, DMV4 and DMV6 still produce a solution, which has precisely the
same integrals as the original problem, but is much too slow compared with the
true solution. Remarkably, the IMR still preserves some form and the integrals as
the original problem. For this test example the IMR fails to converge at & =~ 6.5.

For a comparison, when the step size is large but not too large (for instance,
h = 1), a plot would show that both the IMR, DM V4 and DM V6, give very good
agreement with the exact solution and are indistinguishable from it to the naked
eye. The methods LP2 and DMV are instead much less accurate.

8. The Full Dynamics: The Configuration Update

To obtain the full dynamics of the RB, the output of the DMV algorithm (M, the
discrete body momentum, and €2, the discrete angular velocity, both in body coor-
dinates) has to be combined with the space configuration. If X (¢) is the orthogonal
matrix in SO(3) that gives the position of the body in the fixed coordinate system
at time 7, then it obeys the differential equation

X' =XQ, X(0) = Xop. 8.1)

In the Moser—Veselov derivation of the discrete Lagrangian described in Sec-
tion 1.1, the configuration is associated with the orthogonal matrix Xy, so that the
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Fig. 7.3. Floating point operations versus accuracy (7 = 100) for the methods LP2, IMR, DMV,
DMV4, DMV6, and RATTLE6

time k 4 1 update is given by
Xis1 = Xew[ . (8.2)

As pointed out by Lewis and Simo [8], the resulting pair (X, M;) does not preserve
spatial momentum but a staggered momentum conservation law. To obtain a spatial
momentum conservation, Lewis and Simo [8] suggest replacing (8.2) with the
shifted configuration-momentum pair (X1, M) that, up to relabeling variables,
corresponds to solving (1.3) and then obtaining the configuration update as

Xip1 = Xpo, . (8.3)

Using the series expansion of wy as in (2.4) and performing a backward error
analysis of the configuration update (8.3), as was done earlier in this paper, we
obtain that X is the solution to order 4 of the modified differential equation

X' =XQ+h’g;, (8.4)
where
-
0 —03,3W3 032W7 wi
g=X| o33ws3 0 —ozwy |, Q=w, w=|w| , (4.5

—O32W2 03 1W] 0 w3
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Fig. 7.4. Numerical approximations of the RB equations for 4 large (h = 5).

and

03 = 2det(J) tr(J) + Cya + Ji-1 J2 Jigr)Im|)?

oat (
+ QIUis1 + Jiy) — (JP + T Jim) Ha) (3.6)

i = 1, 2,3, with periodicity over the indices (for instance, it should be intended
that Jo = J3 and so on). The computation of the higher-order terms of the modified
vector field follows in a similar fashion.

It is immediately observed that:

e The modified equation (8.4) is not a time reparametrization of (8.1) since,
in general, 03 ; # o3 ; fori # j.

e Some of the terms appearing in the o3; are in common with the scaling
parameter Ts.

As a consequence, our proposed scaling of the initial condition My, leading to
DMV4 and DMV6, does not generally increase the order of the configuration
update, which remains 2. However, for some values of the initial condition, and of
the inertia moments J;, the configuration error can be substantially reduced, due
to cancellation of common terms.

Finally, we conclude this section observing that higher-order approximation of
the configuration can be obtained by solving

X = X%,
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where €2 is a function which is obtained interpolating to suitable order the values
of Qi (computed by DMV4 and DMV6) and their derivatives.

9. On the Explicit Solution of the Moser—Veselov Equation for the 3 x 3
Rigid Body

9.1.  Reduction to a Matrix Riccati Equation

Consider the matrix equation
M=X"J-JX, 9.1)

where M is a skew-symmetric matrix and J is diagonal. Cardoso and Leite [3]
have shown that every solution of (9.1) (not necessarily orthogonal) can be written
as

X=J"(=3M+9),

for some symmetric matrix S. The proof is immediate. Clearly, if S is symmetric,
X = J’l(—M/Z + §) is a solution of (9.1). Next, assume that X solves (9.1) and
set X = JX. Then (9.1) becomes X — X = M. Recall that any matrix X can be
uniquely decomposed in its symmetric and skew-symmetric part,

X=1X+XDH)+iX-XD),

from which it follows that the skew-symmetric part of X is precisely —M /2,
while the symmetric part is an arbitrary symmetric matrix S. From this it follows
immediately that X = J~'(—M/2 + S).

Furthermore, they have shown that X is an orthogonal solution of (9.1) if and
only if S is a symmetric solution of the Riccati equation

SST+S(M/2)+M/2)TST — (AM*+J%) =0. 9.2)

Thus, the problem is reduced to the well-known problem of solving Riccati equa-
tions.

Riccati equations can be associated to symplectic matrices. For this problem,
the corresponding symplectic matrix is

M2 ! i| . 9.3)

Heympt = |:M2/4 +J2 M2

If M? /A+J 2is positive definite, it has been shown in [3] that (9.2) has a unique
solution S which is symmetric, positive definite, and such that the eigenvalues of

W=(-M/2+S)T
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have positive real parts. This matrix W is precisely the same matrix in [12] such
that WW T = J? and

w=J""W".
In this case, Cardoso and Leite [3] propose the following algorithm for the com-

putation of X, as the unique solution of (9.1) in the special orthogonal group
SO(N):

(1) Find a real Schur form of Hgympi,

T le] 9.4)

QTHsympIQ = [ 0 Ty

where T1; and T, are block upper-triangular matrices such that the real
parts of the spectrum of 77, are positive and the real parts of the spectrum

of T», are pegative.
(2) Partition Q accordingly,
~ |0 On
Q= [Qzl On|’
§=0205"

X=J"! —ﬂ+5 )
2

Areal Schur form of Hgymp can be computed using the QR iteration for eigenvalues
(Golub and van Loan [5]), which is an ON? operation for an N x N matrix M, a
cost that is comparable with that of using implicit ODE methods for the solution
of the RB equations.

In what follows, we focus on the particular case when N = 3. In this case, the
eigenvalues of Hgymp are explicitly known (they are the roots of the polynomial
P (X)), hence it is possible to find an explicit spectral decomposition of Hgympl
(without using the QR eigenvalue method). Only the eigenvectors corresponding
to the roots A1, A», and A3 of (1.8) with positive real part need be computed. We
construct the partial real Schur decomposition (9.4) of this eigenspace and hence
X. This yields an explicit numerical method for the reduced RB equations.

Then, compute

(3) Compute

. x| . . o
To this end, assume that x; = |:xl:| is an eigenvector of Hgymp With eigenvalue
2

M/2 1 X1 — X1
M?/A4+72 M)2| x| T x

we deduce that x, = Ax; — %M x1, hence x; is an eigenvector for the quadratic
eigenvalue problem

A. From

J2x) + AMx; = 22x;. 9.5)
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9.2.  Computation of the Eigenvectors

For the irreducible case (all theroots arereal A1, A», A3 > 0), we solve the quadratic
eigenvalue problem (9.5),

Apxiy, = (TP =2 +0M)x; ,, =0, i=1,2,3,

by computing the QR factorization of A;, = Q,, R,,, where R;, is now an upper-
triangular matrix with the last diagonal element equal to zero (A, is singular,
rank 2). We choose the third component of x ;, # O arbitrary and determine the
remaining components by solving the upper triangular system

R,\,.xm‘. =0.

x
Then we construct x ,, = A;jx1y, — (M/2)x;,,, and x;, = |:x1’k’j| .
2.0

The procedure is analogous in the case of one real and two complex and con-
jugate roots, except for the fact that the complex eigenvalues require complex
arithmetic. In that case, complex arithmetic is avoided in the usual way, comput-
ing the real and imaginary parts of the corresponding eigenvectors. Specifically,
assume that

A=u+iv

is a complex eigenvalue with eigenvector y, = u; + iv;. From the eigenvector
equation J2y, + AMy, — A%y, = 0, separating the real and imaginary parts we
obtain

Ju, + uMuy —vMv, + w2 — Mz)ul +2uvv; = 0,
12v1 +vMu; + uMvy —2uvu; + (v2 — /Lz)vl =0,

which can be written as

JP4+uM+ (V2 — DI —v4+2uvl u | [0
vM —2uvl JP+uM+ > =uAHI||vi |~ |0

If © # 0, the 6 x 6 coefficient matrix on the left-hand side of the above linear
system has rank 4. The vectors u#; and v| can be computed by performing a QR
factorization of the coefficient matrix (eventually, with column pivoting) and then
by solving an upper-triangular system by backward substitution.

Once u; and v, are computed, we also compute

M M
u2=Mu1—VV1—7u1, V2=Vu1+MV1—?V1,

u y
hence, we setu = "andv=|""].
uj V2
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Note that it is not necessary to compute the real Schur form of Hyypi explicitly.
What is needed is only an orthogonal basis that spans the eigenvectors space. This
basis can be obtained either by QR or simply by a Gram—Schmit orthogonalization.

e Construct the 6 x 3 matrix V = [x,,, x;,, X),] if A;, i = 1,2, 3, are all real
and positive; or V = [x,,, u, v] if A, is real and positive and A, = X3 are the
two complex conjugate roots with real part u > 0.

e Compute the QR decomposition (or the Gram—Schmit orthogonalization)

VR = V, and decompose V= [gl}, where 171, \72 are 3 x 3 blocks.
2

e Compute S = \72\71*1.
e Compute W = —%M +S.
e Compute w = J~'WT,

This is the core of the explicit algorithm used to implement Step 2 of DMV and
Step 3 of DMV4, DMV6 for the 3 x 3 RB.

The method can also be implemented in a cheaper way by using LU factor-
izations instead of QR, and even cheaper by computing the explicit spectral de-
composition as described originally in [12]. This usually reduces the cost of the
method by about 50% per iteration, that is, approximately 600 operations per step,
thereby resulting in a method that is roughly 10 times more expensive than LP2,
and retains all the integrals to machine accuracy. However, these algorithms appear
to be less stable over long-term integrations and for large step sizes than the one
used for our implementation due to the inversion of the eigenvectors matrix, which
can be poorly conditioned when the eigenvectors are close to linear dependence.
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