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Abstract
Feature selection aims to select a feature subset from an original feature set
based on a certain evaluation criterion. Since feature selection can achieve efficient feature reduction, it has become a key method for data preprocessing in
many data mining tasks. Recently, many feature selection strategies have been
developed since in most cases it is infeasible to obtain an optimal/reduced feature subset by using exhaustive search. Among these strategies, fuzzy rough
set theory has proved to be an ideal candidate for dealing with uncertain information. This article provides a comprehensive review on the fuzzy rough set
theory and two fuzzy rough set theory based feature selection methods, that is,
fuzzy rough set based feature selection methods and fuzzy rough neural network based feature selection methods. We review the publications related to
the fuzzy rough theory and its applications in feature selection. In addition,
the challenges in the two types of feature selection methods are also discussed.
This article is categorized under:
Technologies > Machine Learning
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1 | INTRODUCTION
In the past few decades, feature selection has become an apparent need in many machine-learning tasks, such as regression, classification, and clustering. The input data of a machine learning task need to be preprocessed before processing
them further for selecting useful and relevant features of the data since some features of the data may be irrelevant to
or redundant for the task. Thus, feature selection (Jovic, Brkic, & Bogunovic, 2015; Saeys, Inza, & Larrañaga, 2007;
Sheeja & Kuriakose, 2018) has been introduced, which is a process to select a feature subset (i.e., a low-dimensional feature set) from the original feature set (i.e., a high-dimensional feature set) based on a certain evaluation criterion. The
objectives of feature selection are manifold, including avoiding overfitting and improving the performance of datasets.
Early algorithms for feature selection include the Branch & Bound algorithm (Clausen, 1999), Focus (Almuallim &
Dietterich, 1991), Relief (Kira & Rendell, 1992), Las Vegas Filter (Liu & Setiono, 1996), Correlation-based Feature Selection (Doshi, 2014), and many others.
The information in the real world is normally vague and incomplete. Since real-world information contains many
subjective concepts, such as tall, good, and young, these concepts generate vagueness. Such concepts have no clear
WIREs Data Mining Knowl Discov. 2021;11:e1402.
https://doi.org/10.1002/widm.1402

wires.wiley.com/dmkd

© 2021 Wiley Periodicals LLC.

1 of 15

2 of 15

JI ET AL.

boundaries, hence are difficult to be processed using set theory. Incompleteness means that the elements in a set with
the same features may lead to different outcomes. For example, a group of patients have the same symptoms but suffer
from different diseases, and hence are indistinguishable. Such vague or incomplete information is incapable to be handled by set theory for feature selection.
The fuzzy rough set theory was developed by Dubois and Prade (1990), which was inspired by the relevance and
complementarity between the fuzzy set theory and the rough set theory. In the fuzzy rough set theory, the relationship
between any two elements in a set was described by a fuzzy relation instead of an equivalence relation. Specifically, the
fuzzy rough set theory defined two operators, named fuzzy rough upper and lower approximations, to approximate a
set according to fuzzy relations. In other words, the fuzzy rough set theory allowed a partial membership of an element
to belong to the upper and lower approximations, and the approximate equalities between elements could be simulated
by the fuzzy relations. Therefore, in the fuzzy rough set theory, the elements in a set were discernible/distinguished
from each other to a certain extent, instead of being distinguishable/discernible or indistinguishable/indiscernible.
The fuzzy rough set theory and its applications are widely used to solve many problems in data mining, pattern recognition, and machine learning. Recently, fuzzy rough set theory has achieved great success in dealing with feature
selection problems. In fuzzy rough set theory based feature selection methods, the fuzzy rough set theory was utilized
to model the strength (or the importance) of each feature in a feature set, and then the redundant features in the feature
set could be removed to obtain an optimal/reduced feature subset. This process reduced the number of features that
would be processed by a decision system and achieved performance gains (Lu & Wang, 2009; Tsang, Chen, Yeung,
Wang, & Lee, 2008).
This article aims to provide a comprehensive review of feature selection methods based on fuzzy rough sets or fuzzy
rough neural networks. The contributions of this review include (i) reviewing the development of fuzzy rough sets and
fuzzy rough neural networks for feature selection, and (ii) discussing the challenges of fuzzy rough sets and fuzzy rough
neural networks for feature selection.
The rest of this review is organized as follows. Section 2 presents the background related to the fuzzy rough set theory, including the concepts in the fuzzy set theory and the rough set theory, as well as the theoretical progress of the
fuzzy rough set theory. Section 3 provides a review of fuzzy rough set based feature selection methods and discusses the
challenges in these methods. Section 4 provides a review of fuzzy rough neural networks based feature selection
methods and discusses the challenges in these methods. Section 5 presents a conclusion of this article.

2 | B ACKGROUND AND P RELIMINARIES
This section first introduces the concepts and operations of fuzzy set theory, rough set theory, and fuzzy rough set theory, and then reviews the theoretical progress of fuzzy rough set theory.

2.1 | Fuzzy set theory
If universe U is a finite and nonempty set, then the mapping from U into the unit interval [0,1] is a fuzzy set defined on
U. The mapping can be written as μA: U ! [0,1], where A denotes a fuzzy set defined on U, and μA(*) is a membership
function which is connected with A.
For each element x  U, the value of μA(x)μA(x) presents a membership degree of the element x to A. Thus, the fuzzy
P
cardinality of A, which is presented as jAj, is the sum of all membership degrees, that is, jAj = x  UμA(x)
The membership function measures the similarity degree between a fuzzy set and an element. Usually, it is designed
by users' arbitrarily, such as the trapezoidal membership function (Pedrycz, 1994), triangular membership function
(Pedrycz, 1994), and Gaussian membership function (Zeng, Li, Liu, Zhang, & Chen, 2015), or machine learning
methods, for example, Genetic Algorithms and Artificial Neural Networks. Thus, the fuzzy set A can be presented as a
collection of ordered pairs: A = {(x, μA(x)), x  U}.
Moreover, Zadeh (1965) defined several operations on fuzzy sets. Given a universe U, two fuzzy sets A and B, and a
particular element x of U, then the union, intersection, and complement operations on the fuzzy sets can be presented
as follows:
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μA[B ðx Þ = maxðμA ðx Þ, μB ðx ÞÞ,

ð1Þ

μA\B ðx Þ = minðμA ðx Þ,μB ðx ÞÞ,

ð2Þ

μ¬A ðx Þ = 1 −μA ðx Þ:

ð3Þ

2.2 | The rough set theory
In the rough set theory, equivalence relations are developed to measure the distinguishability or discernibility between
any two elements in the universe U (Vluymans, D'eer, Saeys, & Cornelis, 2015). If A is a subset of U, then the lower
approximation of A consists of the elements, which are definitely in A, while the upper approximation of A consists of
the elements which may belong to A. Given an equivalence relation R, the upper and lower approximations of A can be
mathematically presented as follows:




 R ðAÞ = xUj½x R \ A≠; = [ ½x R U=Rj½x R \ A≠;
apr

ð4Þ





aprR ðAÞ = xUj½x R ⊆A = [ ½x R U=Rj½x R ⊆A ,

ð5Þ

where [x]R represents the equivalence class of the element x, and U/R represents the quotient set of equivalence classes.
Moreover, in some cases, the first phase of Equations (4) and (5) can be referred to as an element-based definition, and
the second phase of Equations (4) and (5) can be referred to as a granule-based definition.
The boundary region of A is constructed according to the upper and lower approximations of A. The boundary
region of A contains the elements that cannot be certainly determined whether they are inside or outside of A. Formally, the boundary region of A is described by the differences between the upper and lower approximations of A:
 R ðAÞ −aprR ðAÞ.
bndR ðAÞ = apr
If bndR(A) ≠ ;, then A is a rough set defined on U, otherwise, there is no uncertainty in the set (or information).
Figure 1 illustrates the concepts in the rough set theory. In addition, Pawlak (1982) also defined several operations on
rough sets. For any rough sets A, B ⊆ U, the upper and lower approximations of the rough sets follow the following
properties:
 R ð¬AÞ, apr
 R ðAÞ = ¬aprR ð¬AÞ;
(i) aprR ðAÞ = ¬apr
 R ðAÞ;
(ii) aprR ðAÞ⊆ A⊆apr
 R ð;Þ = ;
(iii) aprR ð;Þ = apr
 R ðU Þ = U,
(iv) aprR ðU Þ = apr
(v) aprR ðA \ BÞ = aprR ðAÞ \ aprR ðBÞ, aprR ðA [ BÞ  aprR ðAÞ [ aprR ðBÞ;
 R ðAÞ [ apr
 R ðAÞ \ apr
 R ðBÞ;
 R ðA [ BÞ = apr
(vi) apr

 R ðBÞ, apr
 R ðA \ BÞ⊆apr
 R aprR ðAÞ , apr
 R ðAÞ = aprR ðapr
 R ðapr
 R ðAÞÞ = apr
 R ðAÞÞ.
(vii) aprR ðAÞ = aprR aprR ðAÞ = apr
The rough set theory is capable of dealing with the incompleteness in data. However, to obtain useful results, the
discretization of any real-valued features is required (Vluymans, Fernández, Saeys, Cornelis, & Herrera, 2018). This

F I G U R E 1 Rough approximations. Given a universe U, an equivalence
relation R can be represented as the dotted line that divides U. If A is a rough set
(the area inside the orange circle), then the area inside the green line is the
lower approximation of A; the area inside the blue line is the upper
approximation of A; the area between the blue and green lines is the boundary
region of A
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limits the performance/effectiveness of the rough set theory. Thus, the fuzzy rough set theory has been developed to
address this problem.

2.3 | The fuzzy rough set theory
The fuzzy rough set theory is a hybrid theory, which encapsulates fuzziness and roughness into a single model. It studies the operators that approximate fuzzy sets with fuzzy relations (Vluymans et al., 2015). Thus, the discretization
requirement of the rough set theory is removed by computing the similarity between instances with fuzzy relations
(Ma et al., 2018; Wang et al., 2018; Wang, Ji, & Song, 2018; Zhao & Zhang, 2011).
If R is a fuzzy relation on U, and A denotes a fuzzy set defined on U, then the upper and lower approximations of
A is a pair of fuzzy sets defined on U, which can be presented as:


 R ðAÞ = sup AðyÞjy½x R , xU,
apr

ð6Þ



aprR ðAÞ = inf AðyÞjy½x R ,xU,

ð7Þ

where [x]R is the equivalence class of the element x based on R. If Equation (6) is not equal to Equation (7), then A is a
 R ðAÞ is the fuzzy rough upper
fuzzy rough set of U, where aprR ðAÞ is the fuzzy rough lower approximation of A; apr
approximation of A; bndR(A) is the boundary region of A. Moreover, the operations on fuzzy rough sets follow the same
properties as on rough sets.

2.4 | The theoretical progress of the fuzzy rough set theory
The fuzzy rough set theory was first developed by Dubois and Prade (1990). They defined the approximation operators
according to fuzzy logical connectives. Thus, the upper and lower approximation of a subset A ⊆ U can be defined by a
fuzzy relation R of the Kleene–Dienes implicator and the minimum t-norm (Vluymans et al., 2015). However, this definition of fuzzy rough sets is sensitive to noisy data and perturbations. In other words, mislabeled data may lead to significantly different fuzzy approximations. Later, various fuzzy rough sets were developed.
To address the above limitation, Ziarko (1993) proposed a Variable Precision Rough Set model based on variable precision. In VPRS, if the proportion j[x]R \ Aj/jAj can exceed a certain threshold, then each x  U will belong to the upper or
the lower approximation of A ⊆ U. However, VPRS is incapable to deal with numerical features. Thus, to address this limitation, numerous works have been proposed in the field of the fuzzy rough set theory, which can be divided into three groups:
(i) creating new models, (ii) defining the approximated sets, and (iii) changing aggregation operators.
Creating new models. Vague quantifiers (such as “some” and “most”) were introduced into the definition of upper
and lower approximation by Vaguely Quantified Rough Set (VQRS) model (Cornelis, De Cock, & Radzikowska, 2007).
The influence of mislabeled data was reduced by overseeing outliers in calculating the fuzzy upper and lower approximations to deal with class noise in the Soft Fuzzy Rough Set (SFRS) (Hu, An, & Yu, 2010; Hu, An, Yu, & Yu, 2011).
Then, Variable Precision Fuzzy Rough Set (VPFRS) model was developed by Mieszkowicz-Rolka and Rolka (2004,
2008), which utilized fuzzy inclusion to calculate the fuzzy memberships of data to the upper and lower approximations. This model also can be considered as an extended version of the VPRS model. Further, a fuzzy rough set definition based on residual implication θ and its dual σ was developed by Mi and Zhang (2004). The new definition utilized
fuzzy relations to produce fuzzy granulated spaces. In addition, a variable precision (θ, σ)-fuzzy rough set model was
developed based on granular (θ, σ)-fuzzy rough sets by Yao, Mi, and Li (2014) by using the absolute error limit.
Defining the approximated sets. Some methods introduced a threshold for membership degrees to limit the influence
of outliers. For example, Radzikowska and Kerre (2002) developed a general fuzzy rough set model, named (Ʈ, Ƭ )-fuzzy
rough sets, based on the Ƭ -equivalence relations. In their method, several fuzzy rough sets were defined using the proposed fuzzy similarity relations, and the fuzzy upper and lower approximation were defined by a triangular norm Ƭ
and a fuzzy implicator Ʈ, respectively. Further, a generalized fuzzy rough model was developed by Wang, Tsang, Zhao,
Chen, and Yeung (2007), in which a β-cut was used to define the upper and lower approximation based on the similarity between two elements. Shao, Liu, and Zhang (2007) explored the rough set approximations within Formal concept
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analysis (FCA) in a fuzzy environment, and developed a fuzzy rough method for attribute reduction and rule acquisition. A Fuzzy Variable Precision Rough Set (FVPRS) model was developed by Zhao, Tsang, and Chen (2009), in which
a controlled threshold was introduced into the knowledge representation of fuzzy rough sets and the fuzzy upper and
lower approximations with variable precision were also constructed. Besides, many other methods were proposed and
utilized to define the upper and lower approximations for a fuzzy rough set model, such as Robust Fuzzy Rough Sets
(RFRS; Hu, Zhang, An, Zhang, & Yu, 2011) and β-Precision Fuzzy Rough Sets (β-PFRS; Riza et al., 2014).
Changing aggregation operators. Boixader, Jacas, and Recasens (2000) first studied the fuzzy upper and lower
approximation operators and their relations with fuzzy rough sets. A β-PFRS model developed by Salido and Murakami
(2003). They introduced β-precision aggregation triangular operators by using β-precision quasi t-norms. Yeung, Chen,
Tsang, Lee, and Xizhao (2005) explored the connections among the previous fuzzy rough sets and generalized the fuzzy
rough set theory utilizing arbitrary fuzzy relations. Note that, both Salido and Murakami (2003) and Yeung et al. (2005)
were built on the algebraic structure of unit interval [0,1]. Later, a fuzzy rough set model with a crisp upper (or lower)
approximation was developed by Hu, Xie, and Yu (2007) based on fuzzy inclusion and fuzzy granulation, where a symmetric function was introduced to calculate fuzzy similarity relations among elements, and then the similarity relations
were transformed into fuzzy equivalence relations. In addition, an Ordered Weighted Average (OWA) rough set model
was developed by Cornelis, Verbiest, and Jensen (2010) based on ordered weighted average operators, which respected
monotonicity with regard to the used fuzzy indiscernibility relation.
In addition, a set of axioms on fuzzy rough sets was developed by Morsi and Yakout (1998) using t-norms and Tresiduated implication. However, their research was limited to fuzzy T-rough sets, which were developed by fuzzy Tsimilarity relations. In other words, when these relations degenerate into crisp relations, they can be ordinary (crisp)
equivalence relations. To solve this problem, a general framework for fuzzy rough sets was proposed by Wu, Mi, and
Zhang (2003) using both constructive and axiomatic methods. Specifically, the constructive method defined a pair of
upper and lower generalized approximation operators and explored the relationships between the defined fuzzy rough
approximation operators and fuzzy relations. Meanwhile, the axiomatic method characterized the defined fuzzy rough
approximation operators through different axiom sets.
Later, Wei, Liang, and Qian (2012) introduced several rough set models for hybrid data and investigated the relationships between these models. They also analyzed the relationships between fuzzy hybrid granules and neighborhood
hybrid granules. Further, Chen, Kwong, He, and Wang (2012) proposed a geometric interpretation of membership functions, in terms of the square distances in Krein spaces, utilizing the lower approximations of fuzzy rough sets. This
proved the geometric interpretation of fuzzy similarity relations in a Krein space.
Over the past few decades, various fuzzy rough models were proposed in the development of the fuzzy rough set theory.
These models have successfully been applied to overcome real-world problems (Bhatt & Gopal, 2008; Fernández-Riverola,
Diaz, & Corchado, 2006; Hong, Wang, Wang, & Chien, 2000; Hu, Yu, & Guo, 2010; Leung, Fischer, Wu, & Mi, 2008; Li, Shiu, &
Pal, 2006; Wang, 2003), especially in feature selection (or attribute reduction) (Hassanien, 2007; Hu et al., 2007; Jensen & Shen,
2004a; Jensen & Shen, 2007). This article reviews two types of fuzzy rough set theory based feature selection methods
(i.e., fuzzy rough set based feature selection methods and fuzzy rough neural network based feature selection methods). The
basic idea of feature selection is to remove redundant features from a feature set on the premise of maintaining the classification ability of the set unchanged (Guo, Yi, Wang, Ye, & Zhao, 2014; Wang & Zong, 2018; Yi, Song, Guo, & Wang, 2017; Zhu,
Zhang, Wang, Zheng, & Zhu, 2018). Thus, by utilizing the fuzzy rough set theory to remove redundant or irrelevant features,
the dimensionality of features can be reduced, while the classification ability of the feature set can be maintained.

3 | FUZZY ROUGH SETS FOR FEATURE SELECTION
This section reviews the methods that utilized fuzzy rough sets for feature selection, and then discusses the advantages
and challenges of these methods.

3.1 | Fuzzy rough set based feature selection methods
Fuzzy rough set based feature selection methods are based on the notion of the fuzzy lower approximation, so that realvalued features contained in a set can be reduced (Shen & Jensen, 2004). This process is the same as the crisp set based
methods when processing nominal well-defined features.
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Feature selection via fuzzy rough set models was first proposed by Kuncheva (1992), which was also used for fuzzy
pattern recognition. After that, Shen and Jensen developed a series of fuzzy rough set based methods (Jensen & Shen,
2004a, 2004b, 2007; Shen & Jensen, 2004) for feature selection, which can be considered as pioneering work on fuzzy
rough set based feature selection. Many studies after them were aimed at improving their work. They extended the concept of dependency functions in a crisp rough set into a fuzzy case. By using the developed dependency function, they
developed a fuzzy rough set based method named QuickReduct for feature selection.
A general process of the fuzzy rough QuickReduct algorithm is presented in Algorithm 1. As shown in Algorithm 1,
for a feature set C, a general monotone measure M, which satisfied M(C) = 1, was utilized to determine that a reduced
feature set C' can have the same discernibility as its original feature set C.
The QuickReduct algorithm calculated a minimal reduct without exhaustively generating all possible subsets. However, although the experimental results of QuickReduct performed well, this feature selection method lacked the mathematical foundation and theoretical analysis (Zhao et al., 2009). Thus, Jensen and Shen (2007, 2008) then proposed a
fuzzy discernibility matrix based on an improved dependency function for fuzzy rough set based feature selection.
Moreover, Hu et al. (2007) proved that the computational complexity of the QuickReduct algorithm increased exponentially with the number of input variables and was multiplied by the size of patterns. Bhatt and Gopal (2005a, 2005b)
also indicated that when applying the QuickReduct algorithm to some real-valued datasets, the algorithm was not convergent due to the drawback of stopping criteria. Thus, they defined new fuzzy rough set models for feature selection.
Compared to the model proposed by Jensen and Shen (2004b), Bhatt and Gopal (2005a, 2005b) improved time and computational efficiency by processing on a compact domain.
Inspired by Shannon's information entropy, some research has extended the reduction search methods (Ślezak,
2002; Wang, Zhao, An, & Wu, 2005) in a crisp rough set into a fuzzy rough set. Parthaláin, Jensen, and Shen (2006) first
proposed a fuzzy rough feature selection method by using fuzzy entropy. Hu and Yu (2004) extended the Shannon
entropy to fuzzy rough sets to compute the information of fuzzy indiscernibility relation, and the proposed entropy was
applied to redefine independence of an attribute set, reduct, relative reduct in a fuzzy rough set model. Based on this,
Hu, Yu, Xie, and Liu (2006); Hu, Yu, and Xie (2006) proposed a theory related to fuzzy probabilistic approximation
spaces, and an information entropy based attribute reduction method to measure attribute significance. However, the
notions of attribute reduction in (Hu, Yu, & Xie, 2006) were not according to its fuzzy rough set based knowledge representation. In other words, the two parts of this method, that is, the attribute reduction part and the knowledge representation part, were independent of each other.
Later, a fuzzy entropy based heuristic method was developed by Varma, Kumari, and Kumar (2016) for ant colony
optimization. For real-time intrusion detection, the proposed method could search a global optimal minimum set of
network traffic features. Compared to other rough set based methods, the proposed method did not need an additional
phase of data discretization as a preprocessing stage of real-valued data.

Algorithm 1 Fuzzy-rough QUICKREDUCT 1
Input: Conditional attribute set £
Output: Selected attribute set £'
(i): £'
{};
(ii): do
(iii):
T
£';
(iv):
best
− 1;
(v):
for all x  (£− £') do
(vi):
if M(£' [ {x}) > best then
(vii):
T
£' [ {x};
(viii):
best
M(£' [ {x});
(ix):
£'
T;
(x): until M(£') == best;
(xi): return £'.
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Jensen and Shen (2008) also proposed a fuzzy extension of the crisp discernibility matrix for feature subset selection.
However, such heuristic algorithms may result in an over-reduct or under-reduct instead of a proper reduct because of
their stop criteria (Chen, Hu, et al., 2011; Yang, Chen, Wang, & Wang, 2017). To find a proper reduct, the formal concepts of attributes reduction with fuzzy rough sets was introduced by Tsang et al. (2008). They also analyzed the mathematical structure of attribute reduction and developed a fuzzy rough set based attribute selection algorithm utilizing a
discernibility matrix to compute all the attributes reductions.
The fuzzy rough set based feature selection methods discussed above are limited to the batch calculation. In other
words, these methods process all elements in a data set at once. Such methods are usually costly and cannot be used to
process big data sets (Wang et al., 2016). Therefore, incremental methods were introduced to fuzzy rough set models.
These incremental methods can update knowledge (such as decision rules and approximations used for feature selection) in dynamic data sets, whose elements, features, or feature values will change over time. For example, Yang, Chen,
Wang, and Wang (2017) developed a fuzzy rough set based feature selection method by investigating an incremental
perspective. In their method, features can be added or deleted according to the updated relative discernibility relations
between each feature and the feature set. Yang, Chen, Wang, Tsang, and Zhang (2017) also explored the incremental
feature selection with fuzzy rough sets. Given a sample with multiple features, the proposed methods updated the relative discernibility relation for each feature. In other words, their methods could.
Furthermore, Liu, Cao, and Zheng (2011) proposed a concept of fuzzy similarity measure to evaluate feature
dependence. The results showed that data with smaller variance had a higher measure of fuzzy similarity. Chen,
Zhang, et al. (2011) proposed an attribute reduction method that used minimal elements in a discernibility matrix
to compute reducts and enhanced the computational efficiency of the discernibility matrix. The relative discernibility relations of conditional attributes were defined by them, which can be used to characterize the minimal
elements in the fuzzy discernibility matrix. Later, Chen and Yang (2013) proposed a feature selection method that
combined fuzzy rough set with classical rough set models for decision systems. Their method could deal with heterogeneous condition features based on their discernible ability. They defined a discernibility relation that characterized the discernible ability of each feature according to the decision labels. Based on the obtained the
discernibility relation, a dependence function was proposed to measure the inconsistency between decision labels
and heterogeneous condition features.
Further, a fuzzy rough accelerator, named forward approximation, was developed by Qian, Wang, Cheng, Liang,
and Dang (2015). The proposed accelerator can select features by combing the dimensionality reduction with the sample reduction together. It also accelerated the heuristic process of fuzzy rough feature selection, which was verified by
applying the proposed accelerator to three representative heuristic fuzzy-rough feature selection algorithms.
Moreover, since the labels of multi-label data are independent to each other, the feature selection process of multilabel data usually has a high computation complexity. To deal with this problem, Qu, Rong, Deng, and Yang (2017) proposed a fuzzy-rough feature selection method for multi-label data. Specifically, they developed association rules
between labels so that the combination of labels could be collapsed into a set of sub-labels. Then these relabeled data
were used for fuzzy rough feature selection. Their method avoided the label overlapping phenomenon and reduced the
scale of labels. However, this method did not improve the process of fuzzy rough feature selection for multi-label data
based on the proposed labeling method in terms of association rules.
In addition, Dai, Hu, Wu, Qian, and Huang (2017) defined the definition of reduced maximal discernibility pairs,
which can directly adopt the perspective of the object pair in fuzzy rough set models. After that, two effective attribute
selection algorithms, named Reduced Maximal Discernibility Pair Selection (RMDPS) and Weighted Reduced Maximal
Discernibility Pair Selection (WRMDPS), were developed according to the proposed concept. The developed algorithms
only focused on partial object pairs rather than the entire object pairs in the discourse to achieve efficient attribute
reduction. Selvakumar et al. (2019) proposed a fuzzy rough set based feature selection method for their adaptive intrusion detection system. The proposed feature selection method was able to select a huge number of attack data for effective prediction of attacks in wireless sensor networks. By using such a method, their system enhanced detection
accuracy with reduced false positives in wireless sensor networks.
Recently, Chen, Mi, and Lin (2020) proposed a fuzzy rough feature selection method based on graph theory. They
considered fuzzy rough feature selection as a process of searching the minimal transversal of a derivative hypergraph.
Thus, the proposed method could avoid generating hypergraph for feature selection. This greatly reduced the time complexity of finding reducts, especially when dealing with large-scale datasets.
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3.2 | Summary
The goals of existing feature selection methods based on fuzzy rough set models (Lin, Li, Wang, & Chen, 2018) can be
concentrated on two aspects: (i) optimize fuzzy similarity relation (Hu, Yu, Pedrycz, & Chen, 2010; Maji & Garai, 2012;
Wang, Qi, et al., 2016; Zeng et al., 2015; Zhang, Mei, Chen, & Li, 2016) and (ii) construct robust distance (Ziarko, 1993;
Zhao et al., 2009; Hu, Zhang, et al., 2011; Salido and Murakami, 2003; Aggarwal, 2015; An, Hu, Pedrycz, Zhu, & Tsang,
2015; Gu, Li, & Jia, 2015; Maji, 2010). Three types of methods (i.e., discernibility matrix based methods, dependency
degree based methods, and fuzzy entropy based methods) were proposed to achieve these two goals.
Discernibility matrix based methods. The discernibility matrix was originally developed in the rough set theory,
which determines the distinguishable attributes/features for each pair of instances. In other words, the attributes/features for which the two instances take on different values. Since feature selection aims to obtain an attribute subset,
redundant attributes can be removed from the original attribute set without reducing the discerning capability, so this
discernibility matrix can be used to achieve this goal. In fuzzy rough set based feature selection methods (Chen et al.,
2020; Chen & Yang, 2013; Chen, Zhang, et al., 2011; Dai et al., 2017; Jensen & Shen, 2007; Jensen & Shen, 2008; Qu
et al., 2017; Selvakumar et al., 2019; Tsang et al., 2008; Varma et al., 2016; Yang, Chen, Wang, Tsang, & Zhang, 2017;
Yang, Chen, Wang, & Wang, 2017), this matrix is usually customized depending on the selected fuzzy rough set model.
Dependency degree based methods. The dependency degree is a measure which represents how well a set of attributes
can discern between elements. Some methods utilized a dependency degree as a criterion for feature selection to measuring how a feature set discern between elements. These methods utilized fuzzy dependency functions (Hu, Yu, & Xie,
2006; Jensen & Shen, 2004b; Jensen & Shen, 2007) or fuzzy positive regions (Chen, Hu, et al., 2011; Hu, Zhang, et al.,
2011; Hu, Zhang, Chen, Pedrycz, & Yu, 2010; Hu, Zhang, Zhou, & Pedrycz, 2017; Jensen & Shen, 2002; Tsang et al.,
2008; Wang, Shao, He, Qian, & Qi, 2016; Yao et al., 2014; Zhao et al., 2009) to define the dependency degree.
Fuzzy entropy based methods. The information entropy based information gain was widely used as a measure in feature selection, in which the higher the information gain, the more important the feature is. The fuzzy information
entropy can be utilized for selecting a feature subset from a big data set since the uncertainty of a fuzzy binary relation
can be characterized by the fuzzy information entropy (Hu et al., 2012; Hu, Yu, & Xie, 2006). Thus, some research (Hu,
Yu, Xie, & Liu, 2006; Parthaláin et al., 2006; Zhang et al., 2016) introduced fuzzy entropy as a criterion for fuzzy rough
set based feature selection methods.
In fact, when the fuzzy lower approximation in a fuzzy dependency function is the same as the fuzzy lower approximation in a fuzzy positive region, the reduct based on the fuzzy dependency function is equal to the reduct preserved
by the positive region (Zhang, Mei, Chen, & Yang, 2018). For example, in (Zhang et al., 2016), the fuzzy positive regionpreserved reduct and the fuzzy dependency function based reduct can be equivalently considered by the information
entropy. In addition, some research also proposed algorithms based on mutual information (Lotfabadi, Shiratuddin, &
Wong, 2013; Lotfabadi, Shiratuddin, & Wong, 2015) or fuzzy boundary region (Parthalain, Shen, & Jensen, 2009; Tsang
et al., 2008) to compute the feature reducts for fuzzy rough set based feature selection.

4 | FUZZY ROUGH NEURAL NETWORKS FOR FEATURE SELECTION
The neural network is an important technique in machine learning, which usually contains an input layer, an output
layer, and several hidden layers (Ma et al., 2019). Each layer in a neural network consists of several processing nodes
(i.e., neurons), and the neurons in different layers are connected to each other by using weighted edges. Each neuron
combines its inputs with their corresponding weights and transforms these values utilizing an activation function
(e.g., sigmoid function) to obtain an output. In the training phase, by processing one training instance at a time and
minimizing the prediction errors generated on the training instance, the weights in the neural network can be adaptively modified. Thus, the final output of the neural network can be considered as a complex combination of the initial
inputs.
The neural network adapts to process noise data since it has strong modeling ability and outstanding fault-tolerance
performance. Thus, neural network based feature selection methods (Basak & Mitra, 1999; Pal, De, & Basak, 2000;
Setiono & Liu, 1997; Verikas & Bacauskiene, 2002) were well studied and applied. However, fuzzy rough neural networks for feature selection were not well investigated. In this section, we review the fuzzy rough neural network based
feature selection methods over the past few years and discuss the advantages and disadvantages of these methods.
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4.1 | Fuzzy rough neural network based feature selection methods
The fuzzy rough set theory has been integrated into the neural network design for many years. However, there is no
accurate definition or unified structure has been proposed for fuzzy rough neural networks. Current fuzzy rough neural
networks can be divided into two categories: One is to introduce rough neurons into fuzzy neural networks (Lingras,
1998; Lingras, 2001; Wen, Dan, & Lan, 2001) and the other one is based on fuzzy rough membership functions. The latter has been widely used for feature selection (Bezdek, Ehrlich, & Full, 1984; Ganivada, Dutta, et al., 2011; Sarkar &
Yegnanarayana, 1998; Mao, Caiping, & Yaonan, 2010; Zhang & Wang, 2006, 2007).
The concept of rough neurons was proposed by Lingras (1998), who incorporated roughness into the design of neurons to increase the prediction accuracy. Rough neurons provide an ability to use rough patterns, in which each value
is a pair of upper and lower bounds. The upper and lower bounds of the input and output values are stored by each
rough neuron. After that, Lingras (2001) connected the rough neurons and fuzzy neurons in series and achieved good
performance. In other words, it formalizes such a serial combination of neo-fuzzy neurons followed by rough neurons
as fuzzy-rough neural networks. In addition, Wen et al. (2001) utilized rough neurons to form a sub-network of a fuzzy
neural network to establish a rough fuzzy neural network. The input of the proposed sub-network was fuzzified, and
then the output of the proposed sub-network was defuzzified to an accurate output.
Further, a fuzzy rough neural network for vowel classification was proposed by Sarkar and Yegnanarayana (1998)
based on fuzzy rough membership functions. The proposed neural network was a three-layer feedforward network,
containing an input layer, a hidden layer, and an output layer. The proposed neural network can deal with the uncertainty problem in fuzzy clustering, in which each data sample can belong to more than one cluster. However, the physical meaning of this network was not clear, and the network had limitations in adapting new data and classifying
(i.e., result in low classification accuracy; Mao et al., 2010). Therefore, a four-layer backpropagation neural network
was developed by Zhang and Wang (2006, 2007). The physical meaning of the proposed neural network was more
explicit than the network in (Manish & Yegnanarayana, 1998) and it was suitable for feature selection.
The neural network by Zhang and Wang (2006) contains four layers: an input layer, a cluster layer, a membership
layer, and an output layer. All layers in the network were fully connected. Specifically, the number of neurons in the
input layer was equal to the dimensions of input features; the number of neurons in the cluster layer was equal to the
number of clusters clustered by an unsupervised Fuzzy C-Means algorithm (Bezdek et al., 1984); the number of neurons
in the membership layer and the output layer were equal to the number of output classes.
The mapping relationships between the inputs and outputs of each layer can be described as follows:
Input layer. Raw data is imported to the input layer without any transformation. The value of the ith feature is fed to
the ith input neuron as the input, for each instance. The input and output neurons in the input layer can be represented as:
ð1Þ

I i = x i , i = 1, 2,…, M,
ð1 Þ

ð1 Þ

Oi = I i ,

ð8Þ
ð9Þ

where xi is the ith feature of the input x = (x1, x2, …, xM)T and M is the number of features.
Cluster layer. The fuzzy memberships of each input to clusters are calculated by the cluster layer using a Gaussian
function. wij12 is the connection weight coming from the ith neuron in the input layer to the jth neuron in the cluster
layer. The output of this layer represents the extent that instance x belongs to a fuzzy set Aj. The input and output neurons can be represented as:
ð2 Þ

I j = ðx 1 , x 2 ,…, x M Þ, j = 1, 2, …,H,

ð10Þ

 

T 

ð2Þ
ð2Þ
ð2Þ
I j − cj =2σ 2j ,
Oj = exp − I j −cj

ð11Þ

where H is the number of clusters, and cj and σ j are the center and variance of the cluster, respectively. If Aj represents
the jth cluster, then oj(2) can be expressed as μAj(x).
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Membership layer. The value of fuzzy rough membership degree is represented by the input of this layer, and a tansig function is used as an actuation function. The input and output neurons can be represented as:
ð3Þ

Ik =

H
X

ð2Þ

Oj  w23
jk , k = 1, 2,…, N,

ð12Þ

j=1

 


ð3Þ
ð3Þ
Ok = 2= 1 + exp −2I k
−1,

ð13Þ

where N is the number of output classes, and wjk23 is the connection weight from the jth neuron in the cluster layer to
the kth neuron in the membership layer. wjk23 can be calculated as:
w23
jk



P
1 Aj \ Classk  1
xClassk μAj ðx Þ
 
P P
,
=
=
A j 
H
H k xClassk μAj ðx Þ

ð14Þ

where classk is the kth output class.
Output layer. The output layer computes a membership degree of an input instance to each output class so that the
instance can be classified into the class with the maximum membership value. The input and output neurons can be
represented as:
ð4Þ

Il =

XN

ð3Þ

k=1

Ok  w34
kl , l = 1, 2,…, N,
ð4 Þ

ð4 Þ

Ol = I l :

ð15Þ
ð16Þ

If S is the target output, then W34O(3) = S. The connection weight matrix W34 can be calculated as:

−1
W 34 = Oð3Þ
S:

ð17Þ

The proposed neural network performed feature selection using a backward search. Initially, the network was trained by
all features in a feature set and its corresponding prediction error was calculated. After that, in each iteration, the network discarded the feature with the smallest error and was retrained without the discarded feature. Compared with the resulted error
in the previous iteration, if the resulted error increased too much, then the chosen feature can be included again, otherwise,
the chosen feature can be permanently removed. Continue this process until no more features can be removed.
Similar to the neural network proposed by Liu et al. (2011), Zhao and Zhang (2011) proposed a fuzzy rough neural network
for feature selection based on their defined fuzzy rough membership functions. Specifically, to search the optimal feature subset,
the input nodes in the proposed neural network were pruned based on the descent of classification accuracy.
Moreover, based on the multilayer perceptron, a Fuzzy Rough Granular Neural Network (FRGNN) was developed
by Ganivada, Dutta, et al. (2011). The proposed network integrated the fuzzy rough set theory with fuzzy neural networks, in which the input vector was described by fuzzy granules, the initial connection weights were determined by
fuzzy rough set-theoretic concepts, and the target vector was defined by fuzzy class membership values and zeros. This
network was first applied for classification and clustering tasks (Arunkumar & Ramakrishnan, 2018; Ganivada & Pal
(2011); Ganivada, Ray, et al., 2011; Ganivada, Ray, & Pal, 2012; Qian, Liang, & Wei, 2013), in which the fuzzy rules,
which was used to represent the information granules that was generated by fuzzy rough sets, were incorporated into
artificial neural networks.
After that, Ganivada, Ray, and Pal (2013) defined the notions of the upper and lower approximations of a fuzzy
rough set model and applied a three-layered FRGNN for feature selection based on their fuzzy rough set models. The
proposed FRGNN performed well in solving unsupervised feature selection problems. In other words, the developed
method can be recommended when the data has no class information, that is, class labels, the number of features is
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large, and the feature space is uncertain. However, it required a large number of computational times compared with
other related methods for feature selection.
In addition, Gafar (2016) proposed a feature selection approach based on fuzzy rough neural networks to solve diagnostic breast cancer problems, which could remove unnecessary features from medical data. The lower and upper
approximations of the input features were weighted by input synapses learnt through the training phase.

4.2 | Summary
This section reviews two types of fuzzy rough neural network based feature selection methods. One is to introduce
rough neurons into fuzzy neural networks, and the other is to introduce fuzzy rough membership functions into neural
networks. This article mainly focuses on the latter, which has a proper theoretical foundation and applications. Such
fuzzy rough neural networks generally consist of four layers: an input layer (input data), a fuzzy layer (discrete input
data through fuzzy neurons), a rule layer (each neuron represents a rule), and an output layer. Since most of the existing fuzzy rough neural networks are proposed for classification, the classification accuracy is usually used to measure
the performance of the proposed fuzzy rough neural networks.

5 | C ON C L U S I ON
This section summarizes the contributions of this article and provides the challenges of current fuzzy rough feature
selection methods to be addressed in the future.

5.1 | Summary
Feature selection is a key task in machine learning, which aims to select useful and relevant features on the premise of
maintaining the unchanged classification capability. The fuzzy rough set theory provides the flexibility in dealing with two distinct types of uncertainty (i.e., vagueness and incompleteness) presented in information. It can incorporate the fuzzy set theory
to consider vagueness within a rough set model to process incomplete information. Thus, fuzzy rough feature selection methods
are developed for data preprocessing. It can select a feature subset from the original feature set based on fuzzy rough rules for
special machine learning tasks such as classification and clustering. This article critically reviews the research progresses in the
fuzzy rough set theory, fuzzy rough set based feature selection methods, and fuzzy rough neural network based feature selection
methods. We review the publications related to the fuzzy rough theory and its applications in the past decades.
Fuzzy rough set based methods select features from a feature set according to the notion of fuzzy lower approximation. The existing fuzzy rough set based feature selection methods select effective features by optimizing fuzzy similarity
relation and constructing robust distance. These methods can be divided into three categories (i.e., discernibility matrix
based methods, dependency degree based methods, and fuzzy entropy based methods). Meanwhile, fuzzy rough neural
networks select features from a feature set through two ways (i.e., introducing rough neurons into fuzzy neural networks and introducing fuzzy rough membership functions into neural networks). Both two types of feature selection
methods were thoroughly explored in recent years.

5.2 | Challenges
Although various methods for fuzzy rough feature selection have been proposed, the research on the fuzzy rough sets
and the fuzzy rough neural networks is still immature and needs further study to meet the real-world requirements.
The complexity of real-world problems demands further development of the fuzzy rough set theory and its related techniques
for feature selection. This article identifies two challenges in fuzzy rough feature selection to be addressed. One of the challenges
is how to deal with complex data, such as dynamic data and multi-label data, using fuzzy rough feature selection methods.
Another challenge is how to combine other techniques, such as genetic algorithms, clustering algorithms, and ant colony optimization, with the fuzzy rough set theory to meet the real-world requirements and achieve the desired performance.
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